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1 (a) A cyclic multiplicative group G has order 12. The identity element of G is e and another element
is r, with order 12.

(i) Write down, in terms of e and r, the elements of the subgroup of G which is of order 4. [2]

(ii) Explain briefly why there is no proper subgroup of G in which two of the elements are e
and r. [1]

(b) A group H has order mnp, where m, n and p are prime. State the possible orders of proper
subgroups of H. [2]

2 Find the acute angle between the line with equation r = 2i + 3k + t(i + 4j − k) and the plane with
equation r = 2i + 3k + λ(i + 3j + 2k) + µ(i + 2j − k). [7]

3 (i) Use the substitution � = x + y to show that the differential equation

dy
dx

= x + y + 3
x + y − 1

(A)

may be written in the form
d�
dx

= 2(� + 1)� − 1
. [3]

(ii) Hence find the general solution of the differential equation (A). [4]

4 (i) By expressing cos θ in terms of eiθ and e−iθ , show that

cos5 θ ≡ 1
16
(cos 5θ + 5 cos 3θ + 10 cos θ). [5]

(ii) Hence solve the equation cos 5θ + 5 cos 3θ + 9 cos θ = 0 for 0 ≤ θ ≤ π. [4]

5 Two lines have equations

x − k
2

= y + 1−5
= � − 1−3

and
x − k

1
= y + 4−4

= �−2
,

where k is a constant.

(i) Show that, for all values of k, the lines intersect, and find their point of intersection in terms of k.
[6]

(ii) For the case k = 1, find the equation of the plane in which the lines lie, giving your answer in the
form ax + by + c� = d. [4]

6 The operation ◦ on real numbers is defined by a ◦ b = a|b|.
(i) Show that ◦ is not commutative. [2]

(ii) Prove that ◦ is associative. [4]

(iii) Determine whether the set of real numbers, under the operation ◦, forms a group. [4]
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7 The roots of the equation �3 − 1 = 0 are denoted by 1, ω and ω2.

(i) Sketch an Argand diagram to show these roots. [1]

(ii) Show that 1 + ω + ω2 = 0. [2]

(iii) Hence evaluate

(a) (2 + ω)(2 + ω2), [2]

(b)
1

2 + ω
+ 1

2 + ω2
. [2]

(iv) Hence find a cubic equation, with integer coefficients, which has roots 2,
1

2 + ω
and

1

2 + ω2
. [4]

8 (i) Find the complementary function of the differential equation

d2y

dx2
+ y = cosec x. [2]

(ii) It is given that y = p(ln sin x) sin x + qx cos x, where p and q are constants, is a particular integral
of this differential equation.

(a) Show that p − 2(p + q) sin2 x ≡ 1. [6]

(b) Deduce the values of p and q. [2]

(iii) Write down the general solution of the differential equation. State the set of values of x, in the
interval 0 ≤ x ≤ 2π, for which the solution is valid, justifying your answer. [3]
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