T
T

EXPERT
TUITION

Maths Questions By Topic:

Differentiation
Mark Scheme

A-Level Edexcel

Q, 0207 060 4494
@ www.expert-tuition.co.uk
1 online.expert-tuition.co.uk

o< enquiries@expert-tuition.co.uk

O The Foundry, 77 Fulham Palace Road, Wé 8JA




Table Of Contents

New Spec




(@)

Question Scheme Marks AOs
1 (a) Sets up an allowable equation using volume = 240
1, 600 M1 3.4
E.g. 57 x0.8h=240=h=—-o.. Al 1.1b
r
Attempts to substitute their /# = ﬂz() into
d dM1 3.4
(S =)%r2 ><0.8+%r2 x 0.8 +2rh +0.87h
S=o.8r2+2.8rh=0.8r2+2.8x@=o.8r2+@ * Al* 2.1
C))
(b) ds 16 1680 M1 3.1a
) T Al 1.1b
ds
Sets d—=0:r3=1050 dM1 2.1
r
r=awrt10.2 Al .1b
“)
(© d’s 3360
Attempts to substitute their positive » into e =1.6+ 5 M L1b
and considers its value or sign
d’s 3360 . d’S :
E.g. Correct e 1.6+ 5 with R 5> Oproving a Al L1b
minimum value of S
2
(10 marks)
Notes:

Volume = 0.47°h

Area=rh

Total surface area = 2rh+0.87> + 0.8
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M1: Attempts to use the fact that the volume of the toy is 240 cm?

Sight of %rz x0.8x h =240 leading to h=... or rh =... scores this mark

But condone an equation of the correct form so allow for kr’h=240= h=... or rh=...
Al: A correct expression for 4 = ﬂz() or rh= 600 which may be left unsimplified.
r
r
: . : 600
This may be implied when you see an expression for S or part of S E.g 2rh=2r X—
r

. . a : :
dM1: Attempts to substitute their 4 = — o.. such as A =< into a correct expression for §
r
r

Sight of %r2 x 0.8+ % > x 0.8+ rh+ rh+0.8rh with an appropriate substitution

Simplified versions such as 0.8r" +2rh+0.8rh used with an appropriate substitution is fine.
Al*: Correct work leading to the given result.

S =, S4 = or surface area = must be seen at least once in the correct place

The method must be made clear so expect to see evidence. For example

S=o&9+2M+08ﬂu:S=08/+erg?+osrx§?:38=08ﬁ+1§@\mmeemm.

r r

ds d
(b)  There is no requirement to see . in part (b). It may even be called ay
r

M1: Achieves a derivative of the form pr+ % where p and ¢ are non- zero constants
r

Al: Achieves (i—SJ =1.6r— 16§O
a

r

ds
dM1: Sets or implies that their . =0 and proceeds to mr’ =n, mxn>0. It is dependent upon a
r

correct attempt at differentiation. This mark may be implied by a correct answer to their pr . )

2
r
Al: r=awrt10.2 or 3/1050
(©)
. . .. . . d’s f
M1: Attempts to substitute their positive » (found in (b)) into o = |ex~ where e and f'are non zero
r r

5=

and finds its value or sign.

2 3
r

2
Alternatively considers the sign of (j 5 :]e ii (at their positive » found in (b))
r

2 d2y

Condone the to be —=-or being absent, but only for this mark.
dx

dr?

2
Al: States that d—f orS"=1.6+ 33360
dr -

=awrt 5 > 0 proving a minimum value of S

. : : d’s 3360
This is dependent upon having achieved » = awrt 10 and a correct ey =1.6+—;
r r

d’s d’s 3360
.Eg. —=1.6+
r? 8 dr? »

minimum value of S. For consistency it is also dependent upon having achieved r =awrt 10

It can be argued without finding the value of >0asr>0,so

d*y .
Do NOT allow o for this mark T | EXPERT
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Question Scheme Marks AOs
2(a) 355
I/:7rr2h:355:>h:—2
r Bl | 1.1b
355 355
or rh=— or 7rh=—
r r
C=0.04(7zr2 +27zrh)+0.09(7rr2) M1 3.4
2 2 355
C=0.137r+0.087rh =0.137r" +0.087r — dM1 2.1
nr
C=0.137r*+ 284, Al* 1.1b
r
(4)
(b) 9§ oemr 282.4 M1 | 34
dr 7 Al 1.1b
dC . 284
4 =0=r —0.26”:>r—... M1 1.1b
r=23 1420 =3.26... Al 1.1b
\/ 137z
(4)
(©) d’c 56.8 56.8
(drz :J 0.267 + 3 =0.267 + 305" M1 1.1b
d*C o
— =1 (2.45..) >0 Hence minimum (cost) Al 2.4
r
(2)
(d) " w2 284
C=0.13 3.26
7z( ) + 326" M1 3.4
(C=)13 Al | L1b
(2)
(12 marks)
Notes
(@)

B1:  Correct expression for 4 or vk or zrh in terms of ». This may be implied by their later
substitution.

M1:  Scored for the sum of the three terms of the form 0.04...»%, 0.09..»?and 0.04x...rh

The 0.04x...rh may be implied by eg 0.04><...r><3—5§ if & has already been replaced
r

dM1: Substitutes 4 or i or zrhinto their equation for C which must be of an allowable form
(see above) to obtain an equation connecting C and r.
It is dependent on a correct expression for 4 or rA or zrh in terms of »
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Al*:

(b)
M1.:

Al:
M1:

Al:

(c)
M1.:

Al:

(d)
M1:

Al:

Achieves given answer with no errors. Allow Cost instead of C but they cannot just have
an expression.

As a minimum you must see

o the separate equation for volume

e the two costs for the top and bottom separate before combining

N i 28.4
e asubstitution before seeing the —— term
r

Eg 355 = 72k and C =0.04772 +0.097 +0.04x 27rrh = 01377 + o.osm(ﬁj

nr

Differentiates to obtain at least 1 = 2

Correct derivative.

Sets ac _ 0 and solves for . There must have been some attempt at differentiation of the

dr
equation for C (...”> —...r or ..r " —..r"*) Do not be concerned with the mechanics of
their rearrangement and do not withhold this mark if their solution for r is negative

Correct value for . Allow exact value or awrt 3.26

2 2
C

Finds d_z at their (positive) » or considers the sign of F .
r r

. . TR B
This mark can be scored as long as their second derivative is of the form 4+— where 4
r

and B are non zero

Requires
2

A correct —
dr?
Either
2

o deduces F > 0 for » > 0 (without evaluating). There must be some minimal
r

explanation as to why it is positive.
2 2

o substitute their positive r into e without evaluating and deduces e >0 forr
r r
>0
2 2

o evaluate e (which must be awrt 2.5) and deduces o >0 forr>0
r r

Uses the model and their positive » found in (b) to find the minimum cost. Their »
embedded in the expression is sufficient. May be seen in (b) but must be used in (d).

(C =) 13 ignore units
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Question Scheme Marks AOs
3(a) H=ax®?+bx+c and x=0, H=3=H=ax*+bx+3 M1 3.3
H =ax’ +bx+3 and x =120, H = 27 = 27 =14400a +1206+3 | M1 | 3.1b
0I’%£:2ax+b:0 when x = 90 = 180a +b =0 Al | 11b
X
H=ax*+bx+3 and x =120, H = 27 = 27 =14400a +120b + 3
and
(jj—H=2ax+b:O when x = 90 = 1804 + b =0 dM1 | 3.1b
X
=a=..b=..
H:—3—g')0x2+§x+3 0.e. Al 1.1b
()
(b)() ( 1 > 3 J
=90=H|=—-(90) +=(90)+3 [=30m
x=90= 205(%0) +£(90) Bl | 34
(b)) H=0:>—?%0x2+%x+3=0:>x=... M1 34
x =(-4.868...,) 184.868...
Al 3.2a
= x=185(m)
3)
() Examples must focus on why the model may not be appropriate or
give values/situations where the model would break down: E.g.
e The ground is unlikely to be horizontal
e The ball is not a particle so has dimensions/size Bl 3.5b
e The ball is unlikely to travel in a vertical plane (as it will
spin)
e Hisnot likely to be a quadratic function in x
(1)
(9 marks)
Notes
(a)

M1: Translates the problem into a suitable model and uses A# = 3 when x = 0 to establish ¢ = 3
Condone with @ =+1 so H =x*+bx+3 will score M1 but little else

M1: For a correct attempt at using one of the two other pieces of information within a quadratic model
Either uses H = 27 when x = 120 (with ¢ =3) to produce a linear equation connecting a and b for

the model Or differentiates and uses an _ 0 when x = 90. Alternatives exist here, using the

dx
symmetrical nature of the curve, so they could use x = _Zi at vertex or use point (60, 27) or (180,3).
a
Al: At least one correct equation connecting a and 5. Remember "a" could have been set as negative
S0 an equation such as 27 =—14400a +120b + 3 would be correct in these circumstances.

dM1: Fully correct strategy that uses H = a x* + b x + 3 with the two other pieces of information in order

to establish the values of both a and b for the model
Al: Correct equation, not just the correct values of a, » and c. Award if seen in part (b)
(b)(i)
B1: Correct height including the units. CAO
(b)(i)
M1: Uses H = 0 and attempts to solve for x. Usual rules for quadratics.
Al: Discards the negative solution (may not be seen) and identifies awrt 185 m. Condone lack of units
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C
(Bi: Candidate should either refer to an issue with one of the four aspects of how the situation has been
modelled or give a situation where the model breaks down
e the ball has been modelled as a particle
e there may be trees (or other hazards) in the way that would affect the motion
Condone answers (where the link to the model is not completely made) such as
e the ball will spin
e ground is not flat
Do not accept answers which refer to the situation after it hits the ground (this isn't what was modelled)
e the ball will bounce after hitting the ground
e it gives a negative height for some values for x
Do not accept answers that do not refer to the model in question, or else give single word vague answers
e the height of tee may have been measured incorrectly
e "friction", "spin”, "force" etc
e it does not take into account the weight of the ball
e it depends on how good the golfer is
e the shape of the ball will affect the motion
e you cannot hit a ball the same distance each time you hit it

The method using an alternative form of the equation can be scored in a very similar way.
The first M is for the completed square form of the quadratic showing a maximum at x =90

So award M1 for H :ira(x—90)2 +cor H= J_ra(90—x)2 +c¢ . Condone for this mark an equation with

a=1 :>H=(x—90)2+c orc=3 :>H:a(x—90)2 +3 but will score little else

Alt (2) H=a(x+b) +c and x=%0at H,, = H=a(x-90) +c M1 | 33
H=3 whenx:(())r:>3=8100a+c M1 3.1b
Al | 1.1b
H =27 when x=120= 27 =900a + ¢
H=3whenx=0 =3=8100a +c¢
and dM1 | 3.1b
H =27 when x=120= 27 =900a +c¢
=a=..c=..
1 2
—_—— (x—90)°+30 0.6
300(x ) + Al 1.1b
(5)
(b) x=90= H=0*+30=30m Bl |34
(1)
H=0=0=——= (x—90)’+30=x=.. ML | 3.4
300
= x=185(m) Al 3.2a
(2)

Note that /7 = ——=— (x —90)? + 30 is equivalent to £ = — = (90— x)* + 30
300 300
Other versions using symmetry are also correct so please look carefully at all responses

E.g. Using a starting equation of H# =a(x—60)(x—120)+5 leadsto H = —%o(x—60)(x—120)+27
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Question Scheme Marks AOs

4 x—4 _dy 2+x—(x-4)3x7 M1 2.1

y=—--==
2+/x dx (2+J;)2 Al | 1.1b

_ 2+\/;—(x—4)%x_% _ 2+x —4/x +2x7? _ 2Jx +1x+2

(2+\/;)2 (2+\/;)2 \/;(2+\/;)2 M1 1.1b
_ x+4x+4 (2+\/;)2 1 AL ’1
2Jx(2+Vx)  2Vx (244 2Vx '
(4)
(4 marks)

Notes

M1: Attempts to use a correct rule e.g. quotient or product (& chain) rule to achieve the following forms

a(2+\/;)—ﬂ(x—4)x_%

2
Quotient : 5 but be tolerant of attempts where the (2 +/x ) has been
(2 ++/x )
-1 1 -2
incorrectly expanded Product: « (2 + \/;) +fBx*(x—4) (2 + \/;)
- 2r(2+0)-(1"-4) 4 1
Alternatively with t =x, y= g = d—y = d—yxE = xix % with same rules

2+t dx dr dx (2+t)2 2

Al: Correct derivative in any form. Must be in terms of a single variable (which could be 7)
M1: Following a correct attempt at differentiation, it is scored for multiplying both numerator and

denominator by +/x and collecting terms to form a single fraction. It can also be scored from 2 —**
v
2
For the ¢ =+/x, look for an attempt to simplify %x%
+t
Al: Correct expression showing all key steps with no errors or omissions. g_y must be seen at least once
X
Question Scheme Marks AOs
4 4 (Vx+2)(vx-2) - ML | 2.1
= = — X —
TN Pty N Al | 11b
d__1 M1 | 1.1b
dr  2x Al 2.1
(4)
(4 marks)
Notes
M1: Attempts to use difference of two squares. Can also be scored using
2
i -4 (t+2)(t-2)
t = = — — —_—
Vr=y t+2 =7 t+2
Al: y=\/;—2 or y=t-2
M1: Attempts to differentiate an expression of the form y = Jx+b
Al: Correct expression showing all key steps with no errors or omissions. g_y must be seen at least once
X
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Question Scheme Marks AOs
5 Any equation involving an exponential of the correct form.
M1 3.1b
See notes
n=Ae" (where 4 and k are positive constants) Al 1.1b
)
(2 marks)
Notes:

M1: Any equation of the correct form, involving » and an exponential in .

+t +t +ht . *t
So allow forexample n=e , n=4e , n=A4e condoning n= A+ Be

Condone an intermediate form where » has not been made the subject.
E.g Allow Inn =kt + ¢ but also condone Inn = kt

Al: E.g. n:Aek’, n=e

kt+c

Note that the two constants need to be different.

, n= e“e” There is no requirement to state that 4 and & are positive constants

Mark the final answer so n=¢" followed by n= e +e’ 0e n=e +Asuchas is M1AO

You may see solutions that don't include "e".

These are fine so you can include versions of »n = 4k using the same marking criteria as above

dn

EY1 9 i ink =inkxn so Yo s

dt

dt

T | EXPERT
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Question Scheme Marks | AOs
6 (a) Uses the model to state dd_V =—c (for positive constant c) B1 3.1b
t
Uses d_V = d_inwith their d_V =_cand d_V = A7r?
dr  dr df dr dr M1 2.1
dr dr c k
e=dgp2 I 9 =_2 = Al* 2.2a
¢ e d¢ d¢ Ar? r?
3)
(b) d}" k 2 H H H n "
P — | »2dr = | —kdr and integrates with one side "correct M1 21
r
1”3
- —kt(+a) Al 1.1b
Uses r=0,r=40=a =... a=64200 M1 1.1b
Uses t=5,r=20 & a=..= k=... M1 3.4
r® = 64000 —11200¢ or exact equivalent Al 33
®)
(c) Uses the equation of their model and proceeds to a limiting value for ¢ ML 34
E.g. "64000-11200¢"...0 = ¢... '
For times up to and including 470 seconds ALlft 3.5pb
(2)
(10 marks)
Notes:
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(@)
dv

B1: Uses the model to state —— 5 (for positive constant c).
t

Any "letter" is acceptable here including £.
Note that 97 _ ¢ 1S BO unless they state that ¢ is a negative constant.

dr
M1: For an attempt to use ar :d_V 9 with their 9" and 97 _ Arr?
de  dr dr dr dr
Allow for an attempt to use —— dv._d” 9" \with their 9 and 9~ dV = a2 (Any constant is fine)

de dr dt dt
There is no requirement to use the correct formula for the volume of a sphere for this mark.
dr c

Al1*: Proceeds to the given answer with an intermediate line equivalent to —— iy
t wr

If candidate started With(Z_V = —k they must provide a minimal explanation how
t

1. .
9 ___k _>ﬂ __k. E.g —is a constant so replace LS with &
dr 47r? dr r? 4 Az
It is not necessary to use the full formula for the volume of a sphere, eg allow V' = - but if it

has been quoted it must be correct. So using V' = 4r° can potentially score 2 of the 3 marks.
(b)
M1: For the key step of separating the variables correctly AND integrating one side with at least one index
correct. The integral signs do not need to be seen.

Al: Correct integration E.g. V_;:_kt(m) or equivalent. The +« is not required for this mark.

This may be awarded if £ has been given a value.
M1: Uses the initial conditions to find a value for the constant of integration «
If a constant of integration is not present, or £ has been given a pre defined value, then only the first
two marks can be awarded in part (b)
The mark may be awarded if the equation has been adapted incorrectly. E.g. each term cube rooted.

M1: Uses the second set of conditions with their value of « to find &
This may be awarded if the equation has been adapted incorrectly. E.g. each term cube rooted.
Al: Obtains any correct equation for the model.

64000 11200 ;
3 3

3
E.g. »° =64000-11200¢ or exact equivalent such as % -

64000

ISW after sight of a correct answer. Condone recurring decimals e.g. 21333.§ for

Do not award if only the rounded/truncated decimal equivalents to say 64000 is used.

(c)
M1: Recognises that the model is only valid when 7 2> 0 and uses this to find t. Condone 7 >0
Award for an attempt to find the value of  when » =0. See scheme.

It must be from an equation of the form ar’ =b—ct, a,b,c>0which give + ve values of .

Alft: Allow valid for times up to (and mcludmg) = seconds 5.71 seconds. Allow < 470 or ¢ <470

There is no requirement for the left hand side of the inequality, O

0

States invalid for times greater than 47 seconds, 5.71 seconds.

. 64000,

Follow through on their equation so allow ¢ < their as long as this value is greater than 5

(#="51s one of the values in the question)
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Question Scheme Marks AOs
7(a) ) 3 20 dy M1 3.1a
x“tan y =9 = 2xtan y+x° sec ya_o Al 11b
Full method to get Y in terms of x using
dx M1 1.1b
sec’ y=1+tan’ y =1+f(x)
9
dx 2( 81) x*+81 Al 21
X 1_{_74
X
(4)
(b) dy 18«
dxr x*+81
d2y —18x(x*+81)—(-18x)(4x°) 54(x"-27)
d? t a1\ = e g OF M1 | 1.1p
(x*+81) (x*+81) Al | 11b
2
States that when x </27 = S_JZ; <0
X
77 =9
when x =327 =>—-=0
g dr? Al | 24
2
AND when x > 4/27 :>3—J2;>0
X
giving a point of inflection when x = 4/27
3)
(7 marks)
Notes:

(a)
dy

M1: Attempts to differentiate tan y implicitly. Eg. tan y — sec’ yg—y or cot y — —cosec’ yd—
X X

9 , dy
You may well see an attempt tan y =— = sec yd— =...
X x
1 1 _3
When a candidate writes x?tan y =9=> x =3tan 2 y the mark is scored for tan 2 y —...tan 2 ysec’ y
Al: Correct differentiation 2xtan y + x*sec’ yj_y =0
X
1
Allow also sec? yd—y = ——? or 2x=-9cosec’ yd—y amongst others
dx X dx
dy. .
MZ1: Full method to get d—yln terms of x using sec® y =1+tan® y =1+f(x)
X
) . dy -18x
Al1*: Proceeds correctly to the given answer of —=—
dx x"+81
1 T" | EXPERT

IC | TUITION



(b)
M1: Attempts to differentiate the given expression using the product or quotient rule.

Vi Uy with u =-18x,v=x" +81,u':i18,v'=...x3

For example look for a correct attempt at
v

i18><(x4 +8l)i18x(ax3)

If no method is seen or implied award for >
(x*+81)

-2
Using the product rule award for i18(x4 +81) i18x(x4 +81) xex.

54(x* - 27 2 .
e ( )oesuchasdy:54x 1458

de’  (x*+81) A’ (x*+81)

Al: Correct simplifie

2
Alternatively score for showing that when a correct (unsimplified) j—f =0=x"=27T= x =427
X

2
Or for substituting x =27 into an unsimplified but correct g—and showing that itis O
X

Al: Correct explanation with a minimal conclusion and correct second derivative.
See scheme.
It can be also be argued from x* <27, x* =27and x* > 27 provided the conclusion states that the
point of inflection is at x = 4/27

. . . . d’y .
Alternatively substitutes values of x either side of ¥/27 and at /27, into d—); finds all three values and
X

makes a minimal conclusion.
3 3

A different method involves finding gy and showing that (;y #0 and (‘jy Owhen x =427
X X X

3
Fyr O _ 23828 o0 when x— 427

de'(x*+81)
Alternative part (a) using arctan
M1: Sets y = arctaniag—i:—%x... where ... could be 1
x 1+[92J
X
A2 y= arctani—>d—y:;x—E

dx 2 xs
1+(92J
X

Al* _ Lx—g = _418x showing correct intermediate step and no errors.
dx 1+§ x° x +1
x4
12 T | EXPERT
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Question Scheme Marks | AOs
8 (a) Temperature = 83°C B1 34

1)

(b) ot _t
18+65¢ * =35=>65¢ =17 ML Lo
i=—8ln[ L Ly - dM1 | LIb
= 65 1n65—§— nl7=t=.. .

t=10.7 Al 1.1b

3)

(c) States a suitable reason
e Ast—>o0,0—>18 from above. Bl 2.4
e The minimum temperature is 18°C

)
(d) A+B=94 or A+ Be =50 Ml 3.4
A+B=94 and A+ Be” =50 Al L.1b

Full method to find at least a value for 4 dM1 2.1
-94 Al 2.2
Deduces u= S0e 19 or accept u =awrt 24.4 a
e_
4)
(9 marks)
Notes
(a)

B1l:  Uses the model to state that the temperature =83°C Requires units as well

(b)
M1l: Us

| ~

+
es the information and proceeds to Pe = = condoning slips

dM1: A full method using correct log laws and a knowledge that ¢* and Inx are inverse
functions. This cannot be scored from unsolvable equations, e.g P> 0,0 <0 . Condone

one error in their solution.

Al: t=awrt10.7

(c)

Bl1: States a suitable reason with minimal conclusion

As t — 00,0 — 18 from above.
The minimum temperature is 18°C (so it cannot drop to 15°C)

Substitutes & =15 (or a value between 15 and 18) into 18+ 65¢ * =15 (may be impied

t

by 15—-18 = -3 or similar) and makes a statement that e * cannot be less than zero or
else that In(—ve) is undefined and hence & #15. All calculations must be correct

(According to the model) the room temperature is 18°C (so cannot fall below this)

T | EXPERT
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(d)

M1:

Al:

dM1:

Al:

Attempts to use (0, 94) or (8,50) in order to form at least one equation in 4 and B

Allow this to be scored with an equation containing ¢’

Correct equations A+B =94 and A+ Be™' =50 or equivalent. ¢’ =1 must have been
processed. Condone A+ B =94 and A+0.37B =50 where ' =awrt 0.37

Dependent upon having two equations in 4 and B formed from the information given. It is
a full and correct method leading to a value of A. Allow this to be solved from a calculator.

Note B =69.6.. or = A=94-"B"

l—-¢!

50e —-94
e—1

Deduces that u = or accept u =awrt 24.4. Condone y = ...

T | EXPERT
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Question Scheme Marks AOs
9(a) *+1
Correct method used in attempting to differentiate y = % M1 3.1a
x+1
dy  (x+1)" x(10x+10)— (5> +10x)x2(x +1) Al b
A oe
dx (x+1)4
Factorises/Cancels term in (x + 1) and attempts to simplify
dy (x+1)><(10x+10)—(5x2+10x)><2 y MI 2.1
dv (x+1Y (x+1)
dy 10
Fe Al 1.1
dx (x + 1)3 b
(4)
(b) For x<-1
A Blft 2.2
Follow through on their d_y = —,n=13 a
dx (x + 1)
1)
(5 marks)
(@)
5x% +10x

M1: Attempts to use a correct rule to differentiate Eg: Use of quotient (& chain) rules on y =

(x+1)

Alternatively uses the product (and chain) rules on y =(5x” +10x)(x+1) ’

(x+1) ><(Ax+B)—(5x2 +10x)><(Cx+D)
(x+1)’

d
Condone slips but expect (ayj =

(4,B,C,D>0) or

1)" x( Ax+B)—(5x> +10x)x(Cx + D
(d_yj:(x"' ) X( X ) ( * x)x( T ) (A,B,C,D>O) using the quotient rule

dx ((x+1y )

d _ _
or (ayj = (x + 1) ? (Ax + B) + (5x2 + 10x)>< C(x + 1) } (A, B,C# 0) using the product rule.
Condone missing brackets and slips for the M mark. For instance if they quote u =5x"+10, v=(x+ 1)?
and don't make the differentiation easier, they can be awarded this mark for applying the correct rule.
Also allow where they quote the correct formula, give values of u and v, but only have v rather than v* the
denominator.

Al: A correct (unsimplified) answer
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or equivalent via the quotient rule.

dy) (x+1) x(10x+10)—(5x" +10x)x2(x+1)
v (ayj - (x+1)4
dy

OR (a] = (x + 1)72 X (IOx + 10) + (sz + IOx) x—=2 (x + 1)73 or equivalent via the product rule

M1: A valid attempt to proceed to the given form of the answer.

vdu —udv ) A
——— and proceeding to

v (x+1)3

) vdu —udv ) A
It can also be scored on a quotient rule of +——— and proceeding to

v G

You may see candidates expanding terms in the numerator. FYI 10x” +30x” +30x+10—10x> —30x> — 20x

It is dependent upon having a quotient rule of *

but under this method they must reach the same expression as required by the main method.
Using the product rule expect to see a common denominator being used correctly before the above

d 10
Al: —=

dx (x+1)3

. . d . :
There is no requirement to see & and they can recover from missing brackets/slips.

dx
(b)

B1ft: Score for deducing the correct answer of x <—1 This can be scored independent of their answer to part

d
(a). Alternatively score for a correct ft answer for their Y where 4 <0 and n=1,3 award for

dx (x+1)"

x>—1.So for example if 4>0 and n=1,3=> x<-1

Question Scheme Marks |  AOs
Alt via 5x2+10 B
division | Writes y:x—zx inform y=A4%+ > A,B#0 M1 3 1a
(x + 1) (x + 1)
) 5x% +10x . 5
Writes y = ———— in the form y=5- > Al 1.1b
(x+1) (x+1)
. dy C
Uses the chain rule= — = - (May be scored from A=0) M1 21
dx (x+ 1)
dy 10 ) .
—-—= - which cannot be awarded from incorrect value of 4 Al 1.1b
dx (x + 1)
4)
(b) For x <—1 or correct follow through Blft 2.2a
1)
(5 marks)
T | EXPERT
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Question Scheme Marks AOs
10@) | f(x)=10e**sin x
M1 1.1b
=1'(x)=—-2.5¢ " sinx+10e°** cos x oe
Al 1.1b
f'(x)=0= —2.5e>" sinx +10e*** cosx =0 Ml 2.1
Slnx:£:>tanx=4* Al* 1.1b
cosx 2.5
(4)
(b) -
"Correct" shape for 2 loops Ml 1.1b
Fully correct with Al 1.1b
decreasing heights
r
)
(©) Solves tan x =4 and substitutes answer into H (¢) M1 3.1a
H(4.47) =[10e ¥ sin 4.47| M1 1.1b
awrt 3.18 (metres) Al 3.2a
@)
(d) The times between each bounce should not stay the same when the
. . . Bl 3.5b
heights of each bounce is getting smaller
1
(10 marks)

(@)
M1: For attempting to differentiate using the product rule condoning slips, for example the power of e .

—025x —025x

So for example score expressions of the form =+...e sinx=*...e cosx Ml

Sight of vdu —udv however is M0

Al: f'(x)=-2.5¢"*"sinx+10e > cos x which may be unsimplified

M1: For clear reasoning in setting their f'(x) =0, factorising/ cancelling out the e **** term leading to a

trigonometric equation in only sinx and cosx
Do not allow candidates to substitute x =arctan4 into f'(x) to score this mark.

sinx 10 sin x

= ——or equivalent leading to = tanx =4%*.
cosx 2.5 q & coSsx

Al1*: Shows the steps
(b)

M1: Draws at least two "loops". The height of the second loop should be lower than the first loop.
Condone the sight of rounding where there should be cusps

must be seen.

Al: At least 4 loops with decreasing heights and no rounding at the cusps.
The intention should be that the graph should ‘sit’ on the x -axis but be tolerant.
It is possible to overwrite Figure 3, but all loops must be clearly seen.
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(©)

M1: Understands that to solve the problem they are required to substitute an answer to tanz =4 into H ()
This can be awarded for an attempt to substitute # = awrt 1.33 or ¢ = awrt 4.47 into H (¢)
H(t) =6.96 implies the use of # =1.33 Condone for this mark only, an attempt to substitute
t =awrt 76° or awrt 256° into H (¢)

M1: Substitutes ¢ = awrt 4.47 into H(t) = | 10e°*" sint |. Implied by awrt 3.2

Al: Awrt 3.18 metres. Condone the lack of units. If two values are given the correct one must be seen to have
been chosen
It is possible for candidates to sketch this on their graphical calculators and gain this answer. If there is no
incorrect working seen and 3.18 is given, then award 111 for such an attempt.
(d)
B1: Makes reference to the fact that the time between each bounce should not stay the same when the heights of
each bounce is getting smaller.
Look for " time (or gap) between the bounces will change”

‘bounces would not be equal times apart'

‘bounces would become more frequent’
But do not accept ‘the times between each bounce would be longer or slower’
Do not accept explanations such as there are other factors that would affect this such as "wind resistance",
friction etc
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11 (a) Attempts to differentiate x =4sin2y and inverts

dx dy 1 M1 1.1b
—=8cos2y=>-—=
dy Y= &~ 8cos2 y
dy 1
At (0,0) =—== Al 1.1b
0.0 3773
)
(b) (1) Uses sin2y = 2y when y is small to obtain x =8y Bl 1.1b
(i1) The value found in (a) is the gradient of the line found in (b)(i) Bl 2.4
)
d .
© Uses their — as a function of y and, using both sin® 2y +cos’2y =1
dx
dx
and x =4sin2y in an attempt to write d_y or — as a function of x
M1 2.1
dx dy
1

Allow for d_y =

dx cos 2y \/7

dx xY
A correct answer —: = _ _| Z
/ " 4 Al 1.1b
81—

and in the correct form —y = Al 1.1b
dx 2\/1 6—x’
(©)
(7 marks)
(@)
M1: Attempts to differentiate x =4sin2y and inverts.
dx d 1
Allow for — =kc052y:>—y=— or lszOSZyd—y:> d Lt
dy dr  kcos2y dx dx kcos2y

. . d
x=4sin2y—>y =...arcs1n[£} N
4

It is possible to approach this from x = 8sin y cos y = — = +8sin’ y +8cos’ y before inverting

Alternatively, changes the subject and differentiates

dy
dy . . . .
Al: o = 3 Allow both marks for sight of this answer as long as no incorrect working is seen (See below)
. . . dx dy 1 ..
Watch for candidates who reach this answer via — =8c0s2x = — = This is MO A0
dy dx 8cos2x
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(b)(i)
B1: Uses sin2y ~ 2y when y is small to obtain x =8y oe such as x = 4(2y) .

Do not allow sin2y = 26 to get x = 8@ but allow recovery in (b)(i) or (b)(ii)
Double angle formula is BO as it does not satisfy the demands of the question.
(b)(ii)
B1: Explains the relationship between the answers to (a) and (b) (i).

For this to be scored the first three marks, in almost all cases, must have been awarded and the statement
must refer to both answers

| 1
Allow for example "The gradients are the same (z gj " ‘both have m = 3 ’

1
Do not accept the statement that 8 and g are reciprocals of each other unless further correct work explains

. . dx dy
the relationship in terms of — and —
dy dx
(©)

M1: Uses their d_y as a function of y and, using both sin® 2y +cos”*2y =1 and x =4sin2y, attempts to
dx

: . d o : :
write ol or —as a function of x. The —ymay not be seen and may be implied by their calculation.

dx dy dx

d dx
Al: A correct (un-simplified) answer for —yor — Eg. d_y = !

"o T
4

d . . .
Al: —=—-—-— The —ymust be seen at least once in part (c) of this solution

Alt to (c) using arcsin

. . x d
M1: Alternatively, changes the subject and differentiates x=4sin2y — y =...arcsin [—] »Z=

2
X
Condone a lack of bracketing on the — which may appear as XZ

Al: d_y_ %

= —F7— O¢€

dx 2
4
Al: d_y !

dx ) 2416 —x7
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Question Scheme Marks | AOs
12(a) xn _)xn—l Ml l.lb
dy)_ . 24 Al 1.1b
dx 2 Al 1.1b

3)
(b) Attempts 6x—2—j>0:>x> M1 1.1b

X
x>3/4 or x>34 Al 2.5
)
(5 marks)
Notes
(@)

. - : 2 -1 -2
M1: x" — x" ' for any correct index of x. Score for x° —xor x —x

L 2 2-1
Allow for unprocessed indices. X~ —>x~ " oe

Al: Sight of either 6x or —2—? which may be un simplified.
X

Condone an additional term e.g. + 2 for this mark
The indices now must have been processed

Al: % =6x— 2—3 or exact simplified equivalent. Eg accept Y =6x' —24x7?

x dx
You do not need to see the % and you should isw after a correct simplified answer.
(b)
M1: Sets an allowable % ...0 and proceeds to x... via an allowable intermediate equation

%must be in the form Ax+ Bx™> where 4,B # 0
and the intermediate equation must be of the form x”...q oe
Do not be concerned by either the processing, an equality or a different inequality.
It may be implied by x =awrt 1.59
1 2
Al: x>3/4 or x>3/4 oesuchas x>43 or x >23
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Question Scheme Marks | AOs
13(3) | 117 tonnes Bl 3.4
1)
®) | 1200 tonnes Bl 22a
)
©) Attempts {1200—3><(5—20)2} —{1200—3><(4—20)2} M1 3.1a
93 tonnes Al 1.1b
2
(d) States the model is only valid for values of n such that »n <20 B1 3.5b
States that the total amount mined cannot decrease Bl 2.3
(2)
(6 marks)
Notes

Note: Only withhold the mark for a lack of tonnes, once, the first time that it occurs.

()

B1: 117 tonnes or 117 t.

(b)

B1: 1200 tonnes or 1200 t.

(©)

M1: Attempts 7y —7, = {1200—3 x(5- 20)2} - {1200 ~3x (4—20)2} May be implied by 525-432

Condone for this mark an attempt at 7, ~7 = {1200—3><(4—20)2} —{1200—3><(3—20)2}

Al: 93 tonnes or 93 t

(d)

For one mark
Shows an appreciation of the model
e States n<20 or n<20

e Condone for one mark n < 40o0r n<40 with "the mass of tin mined cannot be negative" oe

e (Condone for one mark n =40with a statement that "the mass of tin mined becomes 0" oe

e after 20 years the (total) amount of tin mined starts to go down (n» may not be mentioned
and total may be missing)

e after 20 years the (total) mass reaches a maximum value. (Similar to above)
e States T,

max

For two marks
States the limitation on 7 and explains fully. (Total mass, not mass must be used)
e States that n < 20and explains that the total mass of tin cannot decrease.

is reached when n =20

e Alternatively states that n cannot be more than 20 and the total mass of tin would be
decreasing

e 0<n<20 asthe maximum total amount of tin mined is reached at 20 years
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Question Scheme Marks AOs
14(a) dy ! Ml 1.1b
(i) asz—Z—le 2 Al L1b
2 3
(ii) ZX_J;:2+6X 2 Blft 1.1b
(&)
®) . W K
Substitutes x =4 into their a=2x4—2—12x4 2= M1 1.1b
Shows % = ( and states "hence there is a stationary point" oe Al 2.1
(©))
d’y -2
Substitutes x =4 into their— 5 =2+6x4 2 =(2.75) Ml 1.1b
© m
EJ; =2.75>0 and states "hence minimum" Alft 2.2a
2
(7 marks)
(@)

d A d A
M1: Differentiates to ay =Ax+B+Cx * Al: ay =2x-2-12x * (Coefficients may be unsimplified)

(a)(ii)

. d’ . d _d : o
B1ft: Achieves a correct —); for their o ( Their ay must have a negative or fractional index)
(b)
. . . dy . dy
M1: Substitutes x =4 into their E and attempts to evaluate. There must be evidence —| =...

x=4

36

. . : . . d
Alternatively substitutes x = 4 into an equation resulting from ay =0 Eg. —= (x - 1) * and equates
X
A1: There must be a reason and a minimal conclusion. Allow v", QED for a minimal conclusion

d . : .
Shows ay = () and states "hence there is a stationary point" oe

Alt Shows that x =4 is a root of the resulting equation and states "hence there is a stationary point"

All aspects of the proof must be correct including a conclusion
(©)

"y
M1: Substitutes x =4 into their@ and calculates its value, or implies its sign by a statement such as
d’y . . .

when x =4 = @ > 0. This must be seen in (c) and not labelled (b). Alternatively calculates the
gradient of C either side of x =4 or calculates the value of y either side of x =4.

Alft: For a correct calculation, a valid reason and a correct conclusion. Ignore additional work where
2 2
candidate finds —)2/ left and right of x =4. Follow through on an incorrect —J; but it is dependent upon
dx dx

having a negative or fractional index. Ignore any references to the word convex. The nature of the turning
point is "minimum".

Using the gradient look for correct calculations, a valid reason.... goes from negative to positive, and a
correct conclusion ...minimum.
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Question Scheme Marks | AOs
15
dy  (2sin@+2cos@)3cosd—3sinf(2cosd—2sin) 1;/‘[11 HE
do (2sint9+2003«9)2 '
Expands and uses sin® 8+ cos> @ =1 at least once in the numerator or the
denominator ; M1 3 1a
oruses 2sin@cos@=sin20 in = -2 = -
de ... Csinfcos @
Expands and uses sin’ @+ cos” @ =1 the numerator and the denominator
. . P M1 2.1
AND uses 2sinfcosfd =sin260 in = L =
dé Q+Rsin26
d 3 3
Y _ _____ 7 Al | Lib
dé 2+2sin26 1+sin26
(5 marks)
Notes:
M1: For choosing either the quotient, product rule or implicit differentiation and applying it to the given
d d
function. Look for the correct form of é (condone it being stated as ay) but tolerate slips on the
, d(sin0) d(cos6) ,
coefficients and also condone —————= =+cosé and ———= ==*sinf
dée de
, dy (2sin@+2cos@)x+...cosd—3sinf(+...cosf+...sin 6)
For quotient rule look for — = : >
do (2sin@+2cos )

For product rule look for

% =(251n6’+2c:os€)_1 xi...cos@iSsin@x(ZsinHJr2c0s0)_2 x(+...cos 0 +...sin )

Implicit differentiation look for (...cos f+...sin 0) v+ (2 sin @+ 2cos 0) % =...cos @

d

d . .
Al: A correct expression involving é condoning it appearing as ay

M1: Expands and uses sin” @+cos> @ =1 at least once in the numerator or the denominator OR uses

) : d
2sinfcos@=sin20 in =2 = -
do ... Csinfcos @
M1: Expands and uses sin’ @+ cos® @ =1 in the numerator and the denominator AND uses
: : : d P
2sin @ cos @ =sin 26 in the denominator to reach an expression of the form L

d0 O+Rsin20

3 3
A1: Fully correct proof with 4 = = stated but allow for example #
2 1+sin26

Allow recovery from missing brackets. Condone notation slips. This is not a given answer

24
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Question Scheme Marks AQOs
16 (a)(i) 1500  2v dC _ 1500 2 M1 3.1b
C= 0= = Al 1.1b
Sets 96— 0= 12 = 8250 M1 1.1b
dv
= v =4/8250 = v=90.8 (kmh™") Al 1.1b
(if) For substituting their v=90.8in C= 1500 + % +60 M1 3.4
v
Minimum cost =awrt (£) 93 Al ft 1.1b
()
(b) 2
Finds d—f=+30§)0 at v=90.8 M1 1.1b
dv v
d’c -
e (+0.004) > 0 hence minimum (cost) Al ft 24
v
2
(c) It would be impossible to drive at this speed over the whole Bl 3.5h
journey '
@
(9 marks)
Notes
(@)(®)

M1: Attempts to differentiate (deals with the powers of v correctly).
Look for an expression for c(li_C in the form é +B
14 v
dC 1500 2
Al: | — |=— —
( dV ) v2 * 11

A number of students are solving part (a) numerically or graphically. Allow these students to pick
up the M1 ATl here from part (b) when they attempt the second derivative.

M1: Sets ((11_5 = 0 (which may be implied) and proceeds to an equation of the type v' =k, k>0

1
Allow here equations of the type — =k, k>0
v

Al: v=+/8250 or 54330 awrt 90.8(kmh™) .
As this is a speed withhold this mark for answers such as v =+£+/8250

* Condone i—f appearing as % or perhaps not appearing at all. Just look for the rhs.

25
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(a)(ii)

M1: For a correct method of finding C = from their solution to Fo 0.
Do not accept attempts using negative values of v.
Award if you see v=.., C =... where the v used is their solution to (a)(i).
Alft: Minimum cost = awrt (£) 93. Condone the omission of units
Follow through on sensible values of v. 60 <v <110
v C
60 | 95.9
65 | 94.9
70 | 94.2
75 | 93.6
80 | 93.3
85| 93.1
90 | 93.0
95| 93.1
100 | 93.2
105 | 93.4
110 | 93.6
(b)
. d’C : . dC . : .
M1: Finds W (following through on their Ewhlch must be of equivalent difficulty) and

attempts to find its value / sign at their v
2

Allow a substitution of their answer to (a) (i) in their —

v
2

Allow an explanation into the sign of from its terms (as v > 0)

dv?

d’c d’C 3000

Alft: o =+0.004 > 0 hence minimum (cost). Alternatively e =+——>0asv>0
v v v

Requires a correct calculation or expression, a correct statement and a correct conclusion.
2

Follow through on their v (v > 0) and their

2
v

2 2

* Condone d—f appearing as jx—); or not appearing at all for the M1 but for the A1 the correct
v

notation must be used (accept notation C" ).

(c)
B1: Gives a limitation of the given model, for example
e It would be impossible to drive at this speed over the whole journey
e The traffic would mean that you cannot drive at a constant speed
Any statement that implies that the speed could not be constant is acceptable.

26
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Question Scheme Marks | AOs
Y Considers M B1 2.1
Expands (x+h) =x +3x°h+3xh’ + 1 Ml 1.1b
so gradient (of chord) = 3xh+ 3;’72 UL Al | Llb
States as & —>0, 3x*+3xh+h*> —3x> so derivative=3x>  * Al* 2.5
(4 marks)
B1: Gives the correct fraction for the gradient of the chord either (x+ h}): L. or (x+ 5(;): L.
(x+h) —x°

It may also be awarded for oe. It may be seen in an expanded form

x+h—x
It does not have to be linked to the gradient of the chord
M1: Attempts to expand (x+ %)’ or (x+0Jx)’ Look for two correct terms, most likely X oAl
This is independent of the B1
Al: Achieves gradient (of chord) is 3x” +3xA+ A" or exact un simplified equivalent such as

3x* +2xh+xh+h*. Again, there is no requirement to state that this expression is the gradient of

the chord
A1*: CSO. Requires correct algebra and making a link between the gradient of the chord and the
gradient of the curve. See below how the link can be made. The words "gradient of the chord" do

) . d o
not need to be mentioned but derivative, f'(x), ay ,»' should be. Condone invisible brackets for

the expansion of (x + h)3 as long as it is only seen at the side as intermediate working.
Requires either

3 3
e F(x) = WD TY 3 s’ =3
limA—>0 h

e Gradient of chord =3x” +3xh+h> As h— 0 Gradient of chord tends to the gradient of

curve so derivative is 3x’
o f'(x) = 3x +3xh+h =3x

limh—0

e Gradient of chord = 3x” +3xA+/ when /i —0 gradient of curve = 3x
e Do not allow 4 =0 alone without limit being considered somewhere:

so don’t accept h=0=f"(x) —3x" +3xx0+0 =3x

27
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M1: Attempts to differentiate. Allow for two correct terms un-simplified

Al: %:m2 —4x-2

Question Scheme Marks @ AOs
18(a) 3 _n 2 dy o, M1 1.1b
y=2x"—2x 2x+8:>dx 6x  —4x—-2 Al L1b
(2)
(b) | Attempts 6x° —4x—2>0 = (6x+2)(x—1)>0 Ml | L.lb
x=—%,1 Al 1.1b
Chooses outside region M1 1.1b
{x:x<—%}u{x:x>l} Al 2.5
“)
(6 marks)
Notes:
(a)

(b)
dy

M1: Attempts to find the critical values of their % >0 or their v 0

Al: Correct critical values x = —%,1

M1: Chooses the outside region

1 1
Al: {x:x<—§}u{x:x>l}0r {x:xeR x<—§orx>1}

1
Accept also {x:x,, —g}u{x:x...l}
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Question Scheme Marks @ AOs
19(a) | 0.2m’ Bl 3.4
1)
(b) A =0.2¢" Rate of change = gradient = % =0.06¢" M1 3.1b
At ¢ =5= Rate of Growth is 0.06e'* =0.269 m?/day Al 1.1b
(2)
(o) _ 0.3t 03t _ M1 3.1a
100=0.2e™" =e™" =500 Al 1.1b
In(500) M1 1.1b
= =20. 2 17 h
t 03 0.7 days 0 days 17 hours Al 304
“)
At ¢ =5= Rate of Growth is 0.06e'’ =0.269 m?/day Al 1.1b
(2)
(d) The model given suggests that the pond is fully covered after 20 days
17 hours. Observed data is inconsistent with this as the pond is only Bl 35
90% covered by the end of one month (28/29/30/31 days). ~a
Hence the model is not accurate
1)
(8 marks)
Notes:
(2)
B1: 0.2 m’ oe
(b)

0.3¢ 0.3¢

M1: Links rate of change to gradient and differentiates 0.2¢™" — ke

Al: Correct answer 0.269 m?/day

(©

MI1: Substitutes 4=100 and proceeds to e**' =k
Al: ™ =500

M1: Correct method when proceeding from ™ =k =¢=..
Al: 20 days 17 hours
(d)

B1: Valid conclusion following through on their answer to (c).
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3 - (253 B1 1.1b
20 Gradient of chord = Q2+ k) +3) = 2% +3)
x+h-h Ml 2.1
(x+h) =x +3x°h+3xh> + i’ B1 1.1b
3 2 2 3 3
Gradient of chord — Q(x"+3x"h+3xh™+ )+ 5) - (2x +95)
1+h-1
B 2%+ 6x°h+6xh° + 21 +5-2x" -5
1+h-1
B 6x°h + 6xh* + 21’
h
= 6x° + 6xh + 21 Al 1.1b
_ lim (67 + 63k + 247) = 6x> and so at P Y sy =6 Al | 22
& h>0 - TR e
®)
20 Let a point Q have x coordinate 1+ 4, so Vo = 2(1+h)’ +5 Bl 1.1b
Alt1 {P(,7), 00+ h, 20+ 1) +3) P}
2(1 3 -
Gradient PQ = ( J;_]z)htf ! M1 2.1
(1+h) =1+3h+30+ 1 Bl 1.1b
2 3
Gradient PO - 21+ 3h+30 + 1) +5-7
1+h-1
_2+46h+6h +21 +5-7
- 1+h-1
_ 6h+6h” + 21
h
= 6+ 6h+2h1 Al 1.1b
d_  lim (6+6h+207)=6
o ho0 +6h+ = Al 2.2a
®)
(5 marks)
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Question 20 Notes:

B1: 2(x + h)’ + 5, seen or implied

M1: Begins the proof by attempting to write the gradient of the chord in terms of x and 4

B1: (x + h)Y = x’ +3x°h + 3xh> + I, by expanding brackets or by using a correct binomial expansion

M1: Correct process to obtain the gradient of the chord as ax* + bxh + th ,a,b,g10

Al Correctly shows that the gradient of the chord is 6x” + 6x/ + 24> and applies a limiting argument to
deduce when y =2x’ + 5, % =6x". B.g hli—r>n0 (6x2 + 6xh + 2h2) = 6x°. Finally, deduces that
at the point P, % =6.
Note: @x can be used in place of &

Alt1

B1: Writes down the y coordinate of a point close to P.
E.g. For a point Q with x =1+ #, {yQ } =2(1+h)’ +5

M1: Begins the proof by attempting to write the gradient of the chord PQ in terms of /4

B1: (1+h) — 1+3h+3h* + I, by expanding brackets or by using a correct binomial expansion

M1: Correct process to obtain the gradient of the chord PQ as a + bh+gh*, a,b,g 1 0

Al Correctly shows that the gradient of PQ is 6 + 64 + 2k and applies a limiting argument to deduce
that at the point P on y = 2x + 5, % =6. Eg. hlino (6+6/+24)=6
Note: For Alt 1, @x can be used in place of
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21 (a) fi(x) = k - 4x - 3x°
fit(x)=-4-6x=0 Ml 1.1b
Criteria 1
Either
ft(x)=-4-6x=0 P x=i P x=—z
-6 3
or
2) [ 2)
frl -2 =-4-6-2,=0
[ 37 3f
Criteria 2
Either
o fU0(-0.7)=-4-6(-0.7)=02>0
fit(-0.6)=-4-6(-0.6)=-04<0
or
2)
f" -=,=-6%#0
[ 37
At least one of Criteria 1 or Criteria 2 B1 2.4
Both Criteria 1 and Criteria 2
and concludes C has a point of inflection at x = —% Al 2.1
®)
(b) fi(x) = k - 4x - 3x?, AB =42
M1 1.1b
f(x)=kx - 2x* - x° {+ c}
Al 1.1b
£f(0)=0or (0,0) P c=0 P f(x)=kx - 2x* - x°
5 ) Al 2.2a
{f)=0 P} f(x)=x(k-2x-x")=0 P {x=0,} k-2x-x"=0
{x2+2x—k=0}D(x+1)2—1—k=0,x=... Ml | 2.1
b x=-1+k+1 Al 1.1b
AB:(—1+\/k+1)—(—1—~/k+1):4\/5IDk=... Ml 2.1
So, 24k+1=4N2 B k=7 Al 1.1b
()
(10 marks)
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Question 21 Notes:
(a)
M1: | Eg
e attempts to find f ”[— E\
3F
e finds fi(x) and sets the result equal to 0
B1: See scheme
Al: See scheme
(b)
M1 | Integrates fi(x) to give f(x)=+kx +ax’  bx*, &, b1 0 with or without the constant of
integration
Al f(x) = kx - 2x* - x°, with or without the constant of integration
Al: Finds f(x)=kx - 2x* - X’ + ¢, and makes some reference to y = f(x) passing through the origin
to deduce ¢ = 0. Proceeds to produce the result £ - 2x - x> =0 or x> +2x -k =0
M1: Uses a valid method to solve the quadratic equation to give x in terms of £
Al Correct roots for x in terms of k. i.e. x=-1%4k+1
M1: Applies AB = 4\/5 on x=-1%+/k+1 inacomplete method to find k = ...
Al: Finds & =7 from correct solution only
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Question Scheme Marks AOs
22 Attempt to differentiate M1 l.1a
Y =4x-12 Al 1.1b
dx

. dy
Substitutes x=5 = —=... M1 1.1b

dx
Y _q Alft | 1.1b

dx
(4 marks)

Notes:

M1: Differentiation implied by one correct term
Al:  Correct differentiation
M1: Attempts to substitute x = 5 into their derived function

Alft: Substitutes x = 5 into their derived function correctly i.e. Correct calculation of their

f'(5) so follow through slips in differentiation
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Question Scheme Marks AOs
23 2 2
Considers Sty = 3% Bl 2.1
Expands 3(x + h)? = 3x> + 6xh + 3h* M1 1.1b
2 2
So gradient = 73 61431 M’C;ﬂzéﬁwx Al | L1b
X
States as #— 0, gradient — 6x so in the limitderivative = 6x * Al* 2.5
(4 marks)
Notes:
2 2
B1:  Gives correct fraction as in the scheme above or 30+ 5;) 3x
X

M1: Expands the bracket as above or 3(x+0x)’ =3x" +6x5x +3(0x)’
Al:  Substitutes correctly into earlier fraction and simplifies
Al*: Uses Completes the proof, as above ( may use 6x —0), considers the limit and states a

conclusion with no errors
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Question Scheme Marks AOs

: M1 1.1
4@ Gy Yoy sy b
dx Al 1.1b
2
(ii) d—J;:36x2—48x Alft | L1b
dx
&)
(b) Substitutes x = 2 into their % =12x2’ -24x2’ M1 1.1b
Shows % =0 and states "hence there is a stationary point" Al 2.1
2
c 2
© Substitutes x =2 into their ((illx_);=36><22 —48x2 M1 1.1b
d’y
—5 =48> (0 and states "hence the stationary point is a minimum" Alft | 2.2a
dx
2
(7 marks)
Notes:
(@)

M1: Differentiates to a cubic form

At Yope e
dx

(a)(ii)
. d’y . dy 2
Alft: Achieves a correct — for their — =36x" —48x
dx dx
(b)

M1: Substitutes x = 2 into their %

Al:  Shows % = 0 and states "hence there is a stationary point" All aspects of the proof

must be correct

(©)

M1: Substitutes x = 2 into their

dzy

d®
Alternatively calculates the gradient of C either side of x =2

Alft: For a correct calculation, a valid reason and a correct conclusion.
d’y

Follow through on an incorrect —-
dx
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Question Scheme EL S

25

Use of sin(@+ h)—sin @ B1
(@+h)-0

AOs

2.1

Uses the compound angle identity for sin(4+ B) with 4=6, B=h M
= sin(@+ h) =sin@cos h+cosfsinh

1.1b

sin(@+h)—sin@ sin@cosh+cos@sinh—sind
h h

Achieves Al

1.1b

:Slzhcose+(cos}}:_ljsin9 M1

2.1

sin A cosh—1

Uses h— 0, —land —0

Hence the limit,_,, sin(@+#) ~sin6 = cos @ and the gradient of Al*
(@+h)-0

the chord — gradient of the curve = % =cos@ *

2.5

(5 marks)

Notes:

B1:

Mi1:

Al:

M1:

Al*:

sin(@ + h) —sin &
h

or similar such as

States or implies that the gradient of the chord is

sin(@ + 66) —sin 6
0+660—-6
Uses the compound angle identity for sin(4 + B) with 4=6, B=h or 66

for a small / or 60

. sinfcosh+cos@sinh—sinf .
Obtains or equivalent

h

sin A and cosh—1

Writes their expression in terms of

Uses correct language to explain that ((11—3; =cosd

sinh

For this method they should use all of the given statements # — 0, -1,

cosh-1 — 0 meaning that the limit,_,, sin(0+ ) —sin 6 =
h ©@+h)-6

os @

and therefore the gradient of the chord — gradient of the curve — % = cos &
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Question Scheme Marks AOs

25 alt Use of sin(€@ +h)—sin @ Bl 21
@+h)-0
) ) sin 9+ﬁ+ﬁ —sin 0+ﬁ—ﬁ
sin(€@+ h)—sin @ 2 2 2 2
Sets = -
©+h)-0 Ml | Lb
and uses the compound angle identity for sin(4 + B) and
sin(4 - B)with 4=o+", ="
2 2
h
Al 1.1
{sin(é’ + g) cos(%) +cos [9 + gj sin (zﬂ - {sin(@ + gj cos[gj - cos(& + %) sin(ZH b
h
sin (hj
- \2 xcos(9+ﬁj Ml | 21
h 2
2
. [ h
sin| —
h 2 h
Uses h—>0,5—>0hence 7 — land cos 9+E —cosd
) 2 ) Al* 2.5
Therefore the limit,_,, sin(@+#) ~sin6 = cos @ and the gradient of
©@+h)-6
the chord — gradient of the curve — j—; =cos@® *
(5 marks)

Additional notes:

Al*: Uses correct language to explain that j—; =cos @ . For this method they should use the

sin| —
(adapted) given statement 7 — 0, g —s 0 hence

h
? — 1 with cos(9+5) —cosf

2
sin(€@+ h)—sin @
©@+h)-0

chord — gradient of the curve = % =cosd

meaning that the limit, ,, =cosd and therefore the gradient of the
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26(a) Attempts to differentiate using the quotient rule or otherwise M1 2.1
£ (x) = eV x8cos 2x — 4sin 2x x 2eV!
- (e\ﬁx_l )2 Al l.lb
Sets f’(x)=0and divides/ factorises out the e¥*'terms Ml 2.1
Proceeds via sin2x 8 to = tan2x=+/2* Al* | 1.1b
= an2x = .
cos2x 42
4)
(b) (i) Solves tan4x=+/2 and attempts to find the 2™ solution M1 3.1a
x=1.02 Al 1.1b
(ii) Solves tan2x =+/2 and attempts to find the 1* solution M1 3.1a
x=0.478 Al 1.1b
4
(8 marks)
Notes:
(@)
M1: Attempts to differentiate by using the quotient rule with u =4sin2x and v= e or
alternatively uses the product rule with # =4sin2x andv= e
Al: For achieving a correct f'(x). For the product rule
£'(x) = '™ x8cos 2x +4sin 2x x —2e'
M1: This is scored for cancelling/ factorising out the exponential term. Look for an equation in
just cos2x and sin2x
Al1*: Proceeds to tan2x=+/2. This is a given answer.
(b) ()
M1: Solves tan4x =<2 attempts to find the 2" solution. Look for x = M
Alternatively finds the 2™ solution of tan2x = /2 and attempts to divide by 2
Al:  Allow awrt x =1.02. The correct answer, with no incorrect working scores both marks
(b)(ii)
M1: Solves tan2x=+/2 attempts to find the 1** solution. Look for x = arctan 2
Al:  Allow awrt x =0.478 . The correct answer, with no incorrect working scores both marks
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Question Scheme Marks AOs
27 2 52
2(x+h) 2x _ M1 21
h
2 . 2 2
2(x+h) 2x :4xh+2h Al 1.1b
h h
2
d_y: imwzlim(4x+2h)=4x* Al* 2.5
dx #—oo0 h h—0
A3)
(3 marks)
Notes:

Throughout the question allow the use of dx for 4 or any other letter e.g. « if used consistently.
If 8x is used then you can condone e.g. 8*x for x”as well as condoning e.g. poorly formed &'s

M1: Begins the process by writing down the gradient of the chord and attempts to expand
the correct bracket — you can condone “poor” squaring e.g. (x+ h)2 =x"+h’.

2(x—h)2 —2x*

Note that =...1s also a possible approach.

Al: Reaches a correct fraction oe with the x* terms cancelled out.

2 2
B 4xh22h , >f<+4xh22h >,<’4x+2h

AT*: Completes the process by applying a limiting argument and deduces that % =4x with no

d . .
errors seen. The "ay =" doesn’t have to appear but there must be something equivalent e.g.

"f'(x)=" or “Gradient =" which can appear anywhere in their working. If f’(x)is used then

there is no requirement to see f (x) defined first. Condone e.g. % —4xor f ’(x) — 4x.

2
Condone missing brackets so allow e.g. % = lim@ =lim4x+2h=4x
h—0 h—0

Do not allow 4 = 0 if there is never a reference to h=>0

2
' dy lim 4xh+2h

e.g 5~ lim p = %}E% 4x + 2(()) = 4x 1s acceptable

2
bute.g. % = @ =4x+2h=4x+2(0)=4xis not if there is no h->0 seen.
The h—>0 does not need to be present throughout the proof e.g. on every line.

2
They must reach 4x+2#h at the end and not @ (without the /’s cancelled) to complete

the limiting argument.
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Question Scheme Marks | AOs
28(a) 1 Ml 1.1b
f'(x)=)4 —=x|-3 '
(F)=) Cos[zx) Al | LIb
1

Sets f’(x):4cos(§x)—3:0:>x: dM1 3.1a
x=14.0 Cao Al 3.2a

(C))
(b) Explains that f(4) >0, f(5)<0 Bl 24

and the function is continuous '
1)
(¢) < 8sin2.5-15+9
AUempIS X, =3 = 52,537 ML | Llb
(NB f(5)=-1.212... and {'(5)=-6.204...)

x, = awrt 4.80 Al 1.1b

2)

(7 marks)
Notes:
(a)
1
M1: Differentiates to obtain k cos [3 x] + o where a is a constant which may be zero and

no other terms. The brackets are not required.

1 1 1
Al: Correct derivative f'(x)=4cos (—xj —3. Allow unsimplified e.g. f'(x) ==x8cos (— xj 3y

2 2 2
There is no need for f'(x)=... or % =... just look for the expression and the brackets are not
required.
dM1: For the complete strategy of proceeding to a value for x.
Look for

. f’(x):acos(%xj—i-bzo, a,b#0

1
e Correct method of finding a valid solution to acos (E xj +b=0

1 1 -
Allow for a cos(zx) +b=0=> cos(ax] —thk=x=2c0s (ik) where |k| <1
If this working is not shown then you may need to check their value(s).

1
For example 4cos[§xj—3 =0=>x=14... or1l.1... (or 82.8... or 637.... or 803 in

degrees) would indicate this method.
A1l: Selects the correct turning point x =14.0 and not just 14 or unrounded e.g. 14.011...
Must be this value only and no other values unless they are clearly rejected or 14.0 clearly
selected. Ignore any attempts to find the y coordinate.
®) Correct answer with no working scores no marks.
B1: See scheme. Must be a full reason, (e.g. change of sign and continuous)
Accept equivalent statements for f(4) >0, f(5)<0e.g. f(4)xf (5) < 0,”there is a change of

b 1Y

sign”, “one negative one positive”. A minimum is “change of sign and continuous” but do not
allow this mark if the comment about continuity is clearly incorrect e.g. “because x is
continuous” or “because the interval is continuous”
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(c)

f(5
M1: Attempts x, =5- f’(( 5; to obtain a value following through on their f'(x) as long as it is a

“changed” function.
Must be a correct N-R formula used — may need to check their values.

Allow if attempted in degrees. For reference in degrees f (5) =—-5.65... and £'(5) = 0.996...
and gives x, =10.67...

f(5
There must be clear evidence that 5— f’(( 5; is being attempted.

8sin(;x]—3x+9

1
4cos(2xj—3

BUT evidence may be provided by the accuracy of their answer. Note that the full N-R accuracy is

4.804624337 so e.g. 4.805 or 4.804 (truncated) with no evidence of incorrect work may imply the
method.

Al: x =awrt 4.80 not awrt 4.8 but isw if awrt 4.80 is seen. Ignore any subsequent iterations.

f(x,)

=X, F(x) = x, =4.80 scores MO as does e.g. X, =x—

soe.g. x =4.80

1

Note that work for part (a) cannot be recovered in part (c)

Note also:

£(5)

—m =awrt 4.80 following a correct derivative scores M1A1

5 f(S) # awrt 4.80 with id hat 5 f(S) d MO
G) awrt 4.80 with no evidence that 6 was attempted scores
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Question Scheme Marks AOs
29(a) o (4x2 i k) 3¢ —8xe”
f(x)=——=1'(x)= >
e (4x2 +k) Ml 1.1b
or Al 1.1b
3x 2 -1 , 3x 2 -1 3x 2 -2
f(x)=e (4x +k) = £'(x) = 3¢ (4x +k) _8xe (4x +k)
(12x2 —8x+ 3k)e3"
f'(x) = 5 Al 2.1
(4)62 + k)
A3)

(b) If y =f(x) has at least one stationary point then . -

2a
12x° —8x+3k = 0 has at least one root

Applies b’ —4ac(>)0 with a=12,b=-8,c=3k Ml 2.1

0<k< g Al 1.1b
A3)
(6 marks)
Notes:
(a)

0{(4x2 + k)e3x —ﬂxe3x
) 2
(4x +k)

condoning bracketing errors/omissions as long as the intention is clear.
If the quotient rule formula is quoted it must be correct.

(4x2 + k) 3e3x - 8xe3x

(4x2 +k)

M1: Attempts the quotient rule to obtain an expression of the form

, ap>0

Condone e.g. f'(x) =

provided an incorrect formula is not quoted.

-1
May also see product rule applied to e (4x2 + k) to obtain an expression of the form

-1 -2
ae’ (4x2 + k) + ﬂx63 (4x2 + k) a,B0<0 condoning bracketing errors/omissions as

long as the intention is clear. If the product rule formula is quoted it must be correct.

A1l: Correct differentiation in any form with correct bracketing which may be implied by subsequent
work.
3x

> or equivalent

Al: Obtains f'(x) = (12x2 —8x+3k)g(x) where g(x)=
(4x2 +k)
2

e.g g(x)= e (4x2 + k)

Allow recovery from “invisible” brackets earlier and apply isw here once a correct answer is seen.
Note that the complete form of the answer is not given so allow candidates to go from e.g.

(45" k)3 —gxe” P 2 (120 -sve3k)e”
— or 3e“(4x2+k) ~8xe (4x2+k) to
(4x2+k)
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nd_y_n

The "f'(x) =" must appear at some point but allow e.g. I

(b) Note that BOM1A1 is not possible in (b)
B1: Deduces that if y = f(x) has at least one stationary point then 12x° —8x +3k = 0 has at least one

3x

root. There is no requirement to formally state e—2 >0
(4x2 + k)
This may be implied by an attempt at b’ —dac >0 or b —4dac> 0 condoning slips.

M1: Attempts b’ —4ac..0 with a= 12, b=-8, ¢ =3k where ... ise.g. “=", <, >, etc.
Alternatively attempts to complete the square and sets rhs ...0

) , 2 1 1Y 1 1 ) 1 1
Lo, —_ = e —_ = —_— = —_—— _ >
E.g. 12x" -8x+3k=0=x 3x+4k O:>(x 3j 9 4k leading to 5 4k/O

Al: 0<k<g but condone kgg and condone 0 < kgg

Must be in terms of & not x so do not allow e.g. 0 < x < g but condone [0, g} or [O, g}
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Question Scheme Marks AOs
30(a)(i) dy 3 2 M1 | 1.1b
— =20x"—-72 84x—-32
de o fer e Al | 11b
(ii) 2
3 Y — 60x2 —144x +84 Alft | 1.1b
X
| ©)
Ol x=1:>3—y=20—72+84—32 M1 | 1.1b
X
3—y — 0 so there is a stationary pointat x = 1 Al 21
X
Alternative for (b)(i)
20x° ~72x* +84x—32=4(x-1)"(5x—8)=0= x=... M1 | 1.1b
When x =1, dy = 0 so there is a stationary point Al 21
X
(b)(ii) \ o : o (dPy
ote that in (b)(ii) there are no marks for just evaluating o
X x=1
d? d?
E.g( {] =.. [ Jz’j = ML | 21
dx x=0.8 dx x=1.2
2 2
@ ().
dx x=08 dx x=12 Al 2 23_
Hence point of inflection
(4)
Alternative 1 for (b)(ii)
2
[3 );J — 60x2 —144x +84 = 0 (is inconclusive)
X
)g; iy M1 | 21
Y |=120x-144=| 2| =..
dx dx x=1
2 3
d )2/ =0 and d—); #0
dx* ) dx* ) Al 2.2a
Hence point of inflection
Alternative 2 for (b)(ii)
d d
E.g. (—y) =... (—yj =... M1 21
dx /), _og dx ).,
2. 2],
dx ), og dx )., Al 2.2a
Hence point of inflection
(7 marks)
Notes
(a)()
M1: x" — x"* for at least one power of x
Al: d_y =20x> —72x% +84x—32
dx
(a)(ii)
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ALft: Achieves a correct d% for their d_ 20x® —72x? +84x—32

dx dx

(b)(i)
M1: Substitutes x = 1 into their j_y

X
Al: Obtains g_y = 0 following a correct derivative and makes a conclusion which can be minimal

X
e.g. tick, QED etc. which may be in a preamble e.g. stationary point when j_y =0 and then
X
shows d_ 0
dx

Alternative:

M1: Attempts to solve g_y = 0 by factorisation. This may be by using the factor of (x — 1) or
X

possibly using a calculator to find the roots and showing the factorisation. Note that they may
divide by 4 before factorising which is acceptable. Need to either see either 4(x—1)2 (5x—8) or

(x —1)2 (5x—8) for the factorisation or x :g and x = 1 seen as the roots.

Al: Obtains x = 1 and makes a conclusion as above

(b)(ii)
M1: Considers the value of the second derivative either side of x = 1. Do not be too concerned
with the interval for the method mark.

(NB c:_f: (x—1)(60x—84)S0 may use this factorised form when considering x < 1, x > 1 for sign
X

change of second derivative)
2

Al: Fully correct work including a correct d% with a reasoned conclusion indicating that the
X

stationary point is a point of inflection. Sufficient reason is e.g. “sign change”/ “> 0, < 0”. If

values are given they should be correct (but be generous with accuracy) but also just allow “> 0”

and “< 0” provided they are correctly paired. The interval must be where x < 1.4

Alternative 1 for (b)(ii)

M1: Shows that second derivative at x = 1 is zero and then finds the third derivative at x = 1
d’y

Al: Fully correct work including a correct o with a reasoned conclusion indicating that
X

stationary point is a point of inflection. Sufficient reason is “# 0” but must follow a correct third

3

derivative and a correct value if evaluated. For reference (j_fj =_24
X

x=1

Alternative 2 for (b)(ii)

MZ1: Considers the value of the first derivative either side of x = 1. Do not be too concerned with
the interval for the method mark.

Al: Fully correct work with a reasoned conclusion indicating that stationary point is a point of
inflection. Sufficient reason is e.g. “same sign”/“both negative”/”’< 0, < 0”. If values are given
they should be correct (but be generous with accuracy). The interval must be where x < 1.4

x 0 0.1 0.2 03 0.4 05 0.6 0.7 0.8 0.9 1
F(x) 32 | -243 | -1792 | -12.74 | -864 | 55 | -3.2 | -1.62 | -0.64 | -0.14 0
(x) 84 702 | 576 | 462 36 27 192 | 126 7.2 3 0

x 11 1.2 13 1.4 15 | 16 | 17
f@®) | 01| 032 | -054 | 064 | 05| 0 | 098
0 | 18 | 24 -1.8 0 3 | 72| 126
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Question Scheme Marks AOs
31() y=x*~10x2 +27x—23:>j—y = 3x? — 20x + 27 Bl | 1.1b
X
(d_yj :3><52—20><5+27(: 2) M1 1.1b
d'x x=5
y+13=2(x-5) ML | 21
y=2x-23 Al | 11b
4)
(b) Both C and / pass through (0, —23) B1 222
and so C meets / again on the y-axis '
1)
(©)
+ (x3 —10x° +27x — 23—(2x—23)) dx
M1 1.1b
B X_4_Exs+§xz Alft 1.1b
4 3 2
© 10, 25,7
o]
0 dM1 2.1
:(625 1230 N 625J(_0)
4 3 2
625
=0 Al 1.1b
(4)
(c) Alternative:
+J.(x3 ~10x* +27x-23) dx R
Al 1.1b
4
= i[x——ﬂxs +£x2 —23xj
4 3 2
4 5
h_%ﬁﬂ_gﬁ—zsx} +%x5(23+13)
0 dm1 2.1
:—@+90
12
625
=0 Al 1.1b
(9 marks)
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Notes

()
B1: Correct derivative

MZ1: Substitutes x = 5 into their derivative. This may be implied by their value for g_y
X

MZ1: Fully correct straight line method using (5, —13) and their g_y atx=5
X
Al: cao. Must see the full equation in the required form.
(b)
B1: Makes a suitable deduction.
Alternative via equating / and C and factorising e.g.
x®-10x* +27x-23=2x-23
x*—10x* +25x =0
x(x* ~10x+25)=0=x=0

So they meet on the y-axis
(©)
M1: For an attempt to integrate x” — x"*for £* C-1"
Alft: Correct integration in any form which may be simplified or unsimplified. (follow through
their equation from (a))

If they attempt as 2 separate integrals e.qg. J.(x3 —10x* +27x— 23) dx — I(Zx —23) dxthen

award this mark for the correct integration of the curve as in the alternative.
If they combine the curve with the line first then the subsequent integration must be correct
or a correct ft for their line and allow for £* C - /[”

dM1: Fully correct strategy for the area. Award for use of 5 as the limit and condone the omission
of the “— 0”. Depends on the first method mark.

Al: Correct exact value

Alternative:

M1: For an attempt to integrate x" — x"**for +C

Al: Correct integration for +C

dM1: Fully correct strategy for the area e.g. correctly attempts the area of the trapezium and
subtracts the area enclosed between the curve and the x-axis. Need to see the use of 5 as the
limit condoning the omission of the “— 0” and a correct attempt at the trapezium and the
subtraction.

May see the trapezium area attempted as (2x—23) dx in which case the integration and

use of the limits needs to be correct or correct follow through for their straight line
equation.
Depends on the first method mark.

Al: Correct exact value

Note if they do / — C rather than C -/ and the working is otherwise correct allow full marks if

their final answer is given as a positive value. E.g. correct work with / — C leading to —% and

then e.g. hence area is %is acceptable for full marks.

If the answer is left as —% then score AO
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Question Scheme Marks AOs
32(a) d ) dy
—~(32)=6y—==
dx( Y ) ydx
or M1 2.1
d W
dx(qu)—qx T
3px2+qxd—y+qy+6yd—y=0 Al 1.1b
dx dx
dy 2 dy
6y)—=-3 — - =
(qx+6y)—=-3px’ —qy =~ dM1 | 21
d —3px° —
_y:M Al 1.1b
dx  gx+6y
(4)
(b) S (1) AP
p(-1) +q(~1)(~4)+3(-4)’ =26 ML | L1b
19x+26y+123=0:>m=—% Bl 2.2a
“3p(-1) —q(-4) 26 g(-1)+6(-4) 19
(-1)+6(-4) 19 3p(1f+q(-4) 26 ML | 3la
p—4g =22, 57p—-102g =624 = p=...,qg =... dM1 1.1b
r=2, g=-5 Al 1.1b
5)
(9 marks)
Notes

(a)
MZ1: For selecting the appropriate method of differentiating:

Allow this mark for either 3,% — ayj—y or gxy — axj—y+ﬂy
X X

Al: Fully correct differentiation. Ignore any spurious j_y =
X

dM1: A valid attempt to make :_y the subject with 2 terms only in g_ycoming from gxy and 3)?
X X
Depends on the first method mark.
Al: Fully correct expression
(b)
M1: Uses x =-1 and y = —4 in the equation of C to obtain an equation in p and ¢
B1: Deduces the correct gradient of the given normal.
This may be implied by e.g.

19x+26y+123=0= y = —%x+... = Tangentequationis y =%x+...

MZ1: Fully correct strategy to establish an equation connecting p and g using x = -1 and y =—4in
their g_yand the gradient of the normal. E.g. (a) = _1+their—% or -1+(a) = their—%
X
dM1: Solves simultaneously to obtain values for p and g.
Depends on both previous method marks.
Al: Correct values

49
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Alternative for (b):

d—y=ﬂz>y+4= g+24 (x+1)
dx —qg-24 4qg-3p

M1A1

= y(4q—3p)+4(4q—3p):(q+24)x+q+24
M1

19x+26y+123=0= ¢ +24=19= g=-5

3p—-4g=26=3p+20=26=>p=2
M1A1l

M1: Uses (—1, —4) in the tangent gradient and attempts to form normal equation
Al: Correct equation for normal
M1: Multiplies up so that coefficients can be compared
dM1: Full method comparing coefficients to find values for p and ¢
Al: Correct values
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Question Scheme Marks AOs
33() y = cosec’d = g—; = —3cosec’dcosecd cot & B1 1.1b
dy _dy  dx
o do do M1 1.1b
3
dy _ —3cosec’@ cot & Al 1.1b
dx 2co0s 20
3
(b) y:8:>cosec39:8:>sin30:%:>sin9:% M1 3.1a
—3cosec’ (”j cot (”j
6 2cos(27zj
6
or
M1 2.1
3y
_—3 y 0959 —3x8x y
o 1 dy_sin@ sing _ 2
sinf=—= = ST = 1
v 2(1-2sin’9) 2(1—2><]
4
— 243 Al 2.2a
3
(6 marks)
Notes
(a)
B1: Correct expression for d_yseen or implied in any form e.g. —3_0—(43349
deo sin” @

M1: Obtains 3—2 =kcos20 or acos’ @+ Bsin® @ (from product rule on sinfcos)

and attempts dv_dy  dr
dx do dé
Al: Correct expression in any form.
—3cos ¥ 3

May see e.g. — y ————2 —
2sin” @ cos 26 4sin" @cos@ —2sin® @ tan &

(b)

M1: Recognises the need to find the value of sin & or & when y = 8 and uses the y parameter to

establish its value. This should be correct work leading to sin & =% ore.g. d :% or 30°.

M1: Uses their value of sin& or 6 in their g_y from part (a) (working in exact form) in an attempt
X

. d T
to obtain an exact value for d—y May be implied by a correct exact answer.
X
If no working is shown but an exact answer is given you may need to check that this follows their
d
dx’
Al: Deduces the correct gradient
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Question Scheme Marks AOs
34() d—’t/:o.48—o.1h BL | 3.1b
dr dh 1
V =24h—>— =24 OF —=_—
= a7 TAREY) B1 3.1b
dh_dV dz 0.48-0.14
dz det dv 24
or e.g. M1 2.1
AV _drdh . 948-01n=24%"
dz ds dr dz
dh
1200d_t =24-5h* Al* 1.1b
4)
(b)
1200d—h_24 5h = 1200 dh= | dt
dr 24—-5h
= e.g. aln(24—5h) =1t(+c) oe
M1 3.1a
or
1200 _ 24 5, 9L _ 1200
dr dh 24 —-5h
= eg. t(+c)=aln(24-5h) oe
t =—240In(24-5h)(+c) oe Al | 11b
t:O,h:2:>O:—240In(24 10)-|—c:>c— (240In14) M1 3.4
t= 240In(14)—240|n(24—5h) Al 1.1b
f=240in—2 L g w14
24 —-5h 240 24 —-5h 24 —-5h ddM1 21
—14e 7% =24-5h = h =
h=4.8-2.8¢ e e.g. h—2—54—154e %0 Al 3.3
(6)
(c) Examples:
t
o Ast—we 0 50
e Whenh>428, Oclj—V<0
t
e Flowin=flowoutatmax/2s00.12=48-> h=4.8
-L M1 3.1b
o Ase >0 h<48
drv da 1
. — —--0020 —=———
== =002 O T T 00
di =0=>h=438
dr
e h=5=48-28e=5=¢ % <0
e The limit for 4 (according to the model) is 4.8m and the tank
is 5m high so the tank will never become full Al 392

e If 1 =5 the tank would be emptying so can never be full
e The equation can’t be solved when 2 =5
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| @ ]

(12 marks)
Notes
(a)
B1: Identifies the correct expression for Z—V according to the model
t
B1: Identifies the correct expression for :I_Z according to the model
M1: Applies dr _dv x ;j_h or equivalent correct formula with their (2—V and (ZI_Z which may
t t t

be implied by their working
Al*: Correct equation obtained with no errors
Note that: d—V =0.48-0.14 = d—h = 0.48-0.12 = 1200d—h = 24 —5h* scores
dr dr 24 drz
B1BOMOAO. There must be clear evidence where the “24” comes from and evidence of the
correct chain rule being applied.

(b)
M1: Adopts a correct strategy by separating the variables correctly or rearranges to obtain 3_2

correctly in terms of 4 and integrates to obtain # = ¢ In (24—5h)(+c) or equivalent (condone

missing brackets around the “24 — 54) and + ¢ not required for this mark.
Al: Correct equation in any form and + ¢ not required. Do not condone missing brackets unless
they are implied by subsequent work.
M1: Substitutes = 0 and # = 2 to find their constant of integration (there must have been some
attempt to integrate)
Al: Correct equation in any form
ddM1: Uses fully correct log work to obtain /4 in terms of z.
This depends on both previous method marks.
Al: Correct equation
Note that the marks may be earned in a different order e.g.:

¢+c:-240|n(24—5h):>—2%m+d = In(24-5h) = Ae * =245}

t=0,h=2= A=14=14e %0 =24 -5h = h=48-2.8¢
Score as M1 Al as in main scheme then

M1: Correct work leading to 4Ae® =24 —5/ (must have a constant “A”)
t

Al: Ae 20 =245}
ddM1: Uses t =0, h = 2 in an expression of the form above to find A
AL h=48-28¢ %
(c)
M1: See scheme for some examples
Al: Makes a correct interpretation for their method.

There must be no incorrect working or contradictory statements.
This is not a follow through mark and if their equation in (b) is used it must be correct.
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Question Scheme Marks AOs
35(a) 1
Inx > = Bl 1l.1a
X
. . 4x° + x
Method to differentiate — See notes M1 1.1b
2/x
1 1
Eg. 2><§x2 +£><lx 2 Al 1.1b
2 2 2
dy 1 4 12x2+x—-16Vx «
D a2 AL 2.1
dx T adx x axx
4)
(b) 12x° + x—16+/x =0=12x* + x* 16 =0 M1 1.1b
3
Eg. 12x2 =16—+/x dM1 1.1b
2
3 3
xz:f_ﬂzx: 4 Jx )P AlL* 2.1
3 12 3 12
©))
(©) 2
X, :{f—ﬁ M1 1.1
3 12
x2 = awrt 1.13894 Al 1.1b
x =1.15650 Al 2.2a
3
(10 marks)
Notes:
@)
B1: Differentiates Inx — 1 seen or implied
X
] . o AxP4x
M1: Correct method to differentiate X
2x
2 3 1
X X - 5 1 1
Look for —..x% +...x2 being then differentiated to Px2 +... Or ..+ Qx 2
2\x
Alternatively uses the quotient rule on 4x® tx
24x

Al: Correct differentiation of

1

2\/;(Ax+B)—(4x2 +x) Cx 2

(2]

Condone slips but if rule is not quoted expect (d_y) = (A, B,C> 0)

dx

. . _ovu'—uv
But a correct rule may be implied by their u, v, u’, v’ followed by applying ————etc.
%

Alternatively uses the product rule on (4x2 + x)(g/})fl

1 _3
2 2

Condone slips but expect (g_yj: Ax (Bx+C)+D(4x2 +x)x (4,B,C>0)
X

In general condone missing brackets for the M mark. If they quote u = 4x? + x and v = 24/x and don’t
make the differentiation easier, they can be awarded this mark for applying the correct rule. Also allow
this mark if they quote the correct quotient rule but only have v rather than v? in the denominator.

A% +x

2Jx
54 T | EXPERT
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1
24x (8x+1)—(4x° 2 1 3 1 1
Examples: (d—yj= \/;( *+) ( zx +X)x , l)C 2(8x+:|-)—1(4xz+x)x 2, 2><§x2 +£><1x 2
(2vx) 2 4

dx 2 2 2

2
AL*: Obtaing 9» _ 12x" +x —16+Vx via 3\/;+i-ﬂ or a correct application of the quotient or product rule

dx Ax~/x 4\/; X
and with sufficient working shown to reach the printed answer.
There must be no errors e.g. missing brackets.

(b)
M1: Sets 12x? + x—16+/x =0 and divides by +/x or equivalent e.g. divides by x and multiplies by v/x

3
dM1: Makes the term in x2 the subject of the formula

Al*: A correct and rigorous argument leading to the given solution.

Alternative - working backwards:

2
3 3 3
x:£4 \/;J = x? :%_gjlzxz :lG—\/;Z>12x2 :16\/;_x:>12x2 _16\/;—0—)5:0

3 12

M1.: For raising to power of 3/2 both sides. dM1: Multiplies through by v/x. A1: Achieves printed answer and makes a
minimal comment e.qg. tick, #, QED, true etc.

(©)
5

_— : o : 4 ’
M1: Attempts to use the iterative formula with x; = 2. This is implied by sight of x, = LE—EJ or awrt 1.14

Al: x, =awrt 1.13894
Al: Deduces that x = 1.15650
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Question Scheme Marks AOs
36(a) k=¢* or x#¢ Bl 2.2a
1)
b
(b) (Inx—2)><§—(3lnx—7)><1 1
9'(x) = = 5 *= 5
(Inx—2) x(lnx—2)
or
d 1 M1 1.1b
g’(x):—(3— In(x)-2 )= Inx—2)%x==
d (In(x)-2)")=( ) x x(nx-2) Al 2.1
or
() =(Inx—2) x>~ (3Inx-7)(Inx-2) *xt= 1
X X x(lnx—Z)
As x>0 (or 1/x >0) AND Inx -2 is squared so g'(x) >0 Alcso 2.4
®)
(c) Attempts to solve either 3Inx -7 ...0orlnx-2... 0
or3lna-7...00rIna-2...0where ... is “=" or “>" to reach
. . M1 3.1a
a value for x or a but may be seen as an inequality
eg.x>...0ra>...
I
O<a<e? a>ed Al 2.2a
)
(6 marks)

56
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Notes:

(a)

B1l: Deduces k=¢€®> or x#e?> Condone k= awrt 7.39 or x # awrt 7.39

(b)

M1: Attempts to differentiate via the quotient rule and with Inx — 1 so allow for:

X
(Inx-2)x%-(3Inx-7)x~

d X X
—(g(X)) = 2 ) ﬂ >0
dx (Inx—Z)

. ) Covu' —w
But a correct rule may be implied by their u, v, u’, v’ followed by applying ————etc.
v

3|n(x)—7
|n(x)—2

3-(In(x)-2)" > (In(x)-2) <=

Alternatively writes g(x) = (3 In(x)— 7)(In (x)- 2)—1 and attempts the product rule so allow for:

g'(x):(lnx—2)_lx%—(3|nx—7)(|nx—2)_2xé

-1
Alternatively attempts to write g(x) = =3- (In (x) - 2) and attempts the chain rule so allow for:

In general condone missing brackets for the M mark. E.g. if they quote u = 3Inx - 7and v = Inx — 2 and
don’t make the differentiation easier, they can be awarded this mark for applying the correct rule.
Also allow this mark if they quote the correct quotient rule but only have v rather than v2 in the
denominator.

1

1
—— Allow X
x(Inx-2) (Inx-2)
Note that some candidates establish the correct numerator and correct denominator independently and provided
they obtain the correct expressions, this mark can be awarded.

But allow a correctly expanded denominator.
Alcso: States thatasx >0 AND In x — 2 is squared so g'(x) >0

(c)
M1: Attempts to solve either 3In x —7 =0 or In x — 2 = 0 or using inequalities e.g. 3Inx -7 >0
7

Al: O<a<e? a>ed

Al: > 1.e. we need to see the numerator simplified to 1/x
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Question Scheme Marks | AOs
37 (a) {y=x"=} Iny=xlnx Bl l.1a
Way 1

y ld_y:1+lnx M1 1.1b
ydx Al 2.1
{9:0:} Z4lnx=0 or I+lnx=0=Inx=k=x=.. MI 1.1b
dx by
x=e' or awrt 0.368 Al 1.1b
Note: k#0 (5
@) y=x"=} y=e™ Bl I.1a
Way 2 dy X i M1 1.1b
—=|—+Inx [e™
dr \x Al 2.1
{on:s} Ziinx=0 or I+lnx=0=lnx=k =x=.. MI 1.1b
dx X
x=e' or awrt 0.368 Al 1.1b
Note: k#0 (5
(b) Attempts both 1.5'° =1.8... and 1.6'® =2.1... and at least one result is
W Ml 1.1b
ay 1 correct to awrt 1 dp
1.8...<2 and 2.1...>2 and as Cis continuous then 1.5<a <1.6 Al 2.1
2)

(c) Attempts x,,, =2x,'™ at least once with x, =1.5 Mi L1b
Can be implied by 2(1.5)""'* or awrt 1.63 '
{x,=1.67313...=} x, =1.673 (3dp) cao Al 1.1b

2)

(d) Give 1* B1 for any of Give B1 Bl for any of

e oscillates e periodic {sequence} with period 2 B1 2.5
e periodic e oscillates between 1 and 2
e non-convergent Condone B1 Bl for any of
o divergent o fluctuates between 1 and 2
o fluctuates e keep getting 1, 2 BI 55
e goes up and down e alternates between 1 and 2 ‘
e 1,2,1,2,1,2 e goes up and down between 1 and 2
e alternates (condone) e 1,2,1,2,1,2, ...

2)

(11 marks)

Note A common solution

logy =xlogx = ld—y:1+logx
ydx

{onj} l+logx=0 = x=10"
dx

A maximum of 3 marks (i.e. B1 15 M1 and 2" M1) can be given for the solution

e 1Bl for logy=xlogx
st 1 dy X

o [$*MI1 for logy—>/1—a; A#0 or xlogx »>1+logx or —+logx
y X

e 2M1 can be given for 1+logx =0 = logx=k = x=...; k=0

58
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Question Scheme Marks | AOs
37(b) | For x* -2, attempts both 1.5'° —~2=-0.16... and 1.6'° —=2=0.12...
Way 2 . M1 1.1b
and at least one result is correct to awrt 1 dp
—0.16...<0 and 0.12...>0 and as C'is continuous then 1.5<a <1.6 Al 2.1
2
37 (b) For Iny=xInx, attempts both 1.5In1.5=0.608... and M L1b
Way 3 1.6In1.6 =0.752... and at least one result is correct to awrt 1 dp )
0.608...<0.69... and 0.752...>0.69... and Al 21
as C is continuous then 1.5<a <1.6 '
2
37 (b) For logy=xlogx, attempts both 1.5logl.5=0.264... and Mi 116
Way 4 1.6log1.6 =0.326... and at least one result is correct to awrt 2 dp '
0.264...<0.301... and 0.326...>0.301... and Al 21
as C is continuous then 1.5<a <1.6 '
()
Notes for Question 37
(a) Way 1
B1: Iny=xInx. Condone log y=xlog_x or log y=x
M1: For either ]ny—>lg or xInx >1+Inx or £+lnx
ydx X
Al: Correct differentiated equation.
. 1d
ie. ld—y:1+lnx or —2=%1mx or d—y=y(1+1nx) or d—y:x"(l+lnx)
ydx ydx x dx dx
M1: Sets 1+Inx =0 and rearranges to make Inx=k = x=...; kis a constant and £ # 0
Al: x=e¢' or awrt 0.368 only (with no other solutions for x)
Note: Give no marks for no working leading to 0.368
Note: Give M0 A0 MO AO for Iny=xInx — x=0.368 with no intermediate working
(@) Way 2
B1: y=e""
. : xlnx dy xlnx X
M1: For either y=¢""" = azf(lnx)e or xInx »>1+Inx or —+Inx
X
Al: Correct differentiated equation.
ie. ¥_ (f + lnxje““ or ¥ (1+Inx)e™ or Y_ x*(1+Inx)
dr \x dx dx
M1: Sets 1+Inx =0 and rearranges to make Inx=k = x=...; kis a constantand £ #0
Al: x=e' or awrt 0.368 only (with no other solutions for x)
Note: Give B1 M1 A0 M1 Al for the following solution:
{y=x"=! Iny=xhx = %=l+lnx =1+Inx=0 = x=e¢' or awrt 0.368
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Notes for Question 37 Continued
(b) Way 1
M1: Attempts both 1.5'° =1.8... and 1.6'® =2.1... and at least one result is correct to awrt 1 dp
Al: Both 1.5'° =awrt 1.8...and 1.6'® =awrt 2.1..., reason (e.g. 1.8...<2 and 2.1...>2
or states C cuts through y =2), C continuous and conclusion
(b) Way 2
M1: Attempts both 1.5'° —2=-0.16... and 1.6'°®—2=0.12... and at least one result is correct
to awrt 1 dp
Al: Both 1.5'° —2=-0.16... and 1.6'® —2=0.12... correct to awrt 1 dp, reason (e.g. —0.16...<0
and 0.12...> 0, sign change or states C cuts through y =0), C continuous and conclusion
(b) Way 3
M1: Attempts both 1.5In1.5=0.608... and 1.6In1.6=0.752... and at least one result is correct
to awrt 1 dp
Al: Both 1.5In1.5=0.608... and 1.6In1.6=0.752... correct to awrt 1 dp, reason
(e.g. 0.608...<0.69... and 0.752...>0.69... or states they are either side of In2),
C continuous and conclusion.
(b) Way 4
M1: Attempts both 1.5logl.5=0.264... and 1.6logl.6=0.326... and at least one result is correct
to awrt 2 dp
Al: Both 1.5logl.5=0.264... and 1.6log1.6=0.326... correct to awrt 2 dp, reason
(e.g. 0.264...<0.301... and 0.326...>0.301...or states they are either side of log?2 ),
C continuous and conclusion.
(©
M1: An attempt to use the given or their formula once. Can be implied by 2(1.5)''® or awrt 1.63
Al: States x, =1.673 cao (to 3 dp)
Note: Give M1 Al for stating x, =1.673
Note: M1 can be implied by stating their final answer x, =awrt 1.673
Note: x, =1.63299..., x; =1.46626..., x, =1.67313...
(d)
B1: see scheme
B1: see scheme
Note: Only marks of B1BO or B1B1 are possible in (d)
Note: Give B0 B0 for “Converges in a cob-web pattern” or “Converges up and down to «”
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Question Scheme Marks | AOs
38 (a) States or uses 6= 7r°h +§7zr3 Bl l.1a
= hziz—zr, ﬁhz%—zﬁr, ﬁrhzﬁ—gm”z, rhzi—zr2
zr- 3 r 3 r 3 nr
A=mr’ +2arh+27r’ {= A=37zr" +2zrh}
Ml 3.1
A=27r* +27r iz—zr + 7r’ 2
zr- 3 Al 1.1b
A=37rr2+2—i7zr2 = A=2+§7rr2 * Al* 2.1
r 3 r
(4)
(b) {A=12rl +§7rr2 :>} %2—12}’724-&71'7‘ Ml 34
3 dr 3 Al 1.1b
d4 12 10 N 3 18
—=0=; ——+—7r=0= -36+1072r =0=>r" " =..y=—
{ dr } 3 { 57[} M1 2.1
r=1.046447736... = r = 1.05 (m) (3 sf) or awrt 1.05 (m) Al 1.1b
Note: Give final Al for correct exact values for 4)
12 5
A =——"— + = 7(1.046...) M1 4
© w046, T3 ) 3
{4, =1720.. =} A=17 (m’) or A=awrt 17 (m’) Alft 1.1b
)
(10 marks)
Notes for Question 38
(a)
B1: See scheme
M1: Complete process of substituting their 2 =... or zh=... or Zrh=... or rh=..., where '...'=1(r)

into an expression for the surface area which is of the form A= A7zr* + urrh; A, pt#0

Al: Obtains correct simplified or un-simplified {4=} 277" + Zmﬂ(iz —%rj + zr’
r
L . 12 5
Al*: Proceeds, using rigorous and careful reasoning, to 4=— + = 7r
r
Note: Condone the lack of 4=... or S =... for any one of the A marks or for both of the A marks
(b)
M1: Uses the model (or their model) and differentiates i + ur’ to give ar >+ pr; Ao, f#0
r
Al: {% =} —12r72 +Qmﬂ 0.€.
dr 3
M1: Sets their ;ﬂ =0 and rearranges to give »*> =k, k=0 (Note: k can be positive or negative)
r
Note: This mark can be implied.
1 1 1
Give M1 (and A1) for =36 +1077" =0 —> r= (ET or r =(£j3 or r =(ﬁj3
Sm 107z V4
Al: r= awrt 1.05 (ignoring units) or » = awrt 105 cm
Note: Give M0 A0 MO A0 where » = 1.05 (m) (3 sf) or awrt 1.05 (m) is found from no working.
Note: Give final Al for correct exact values for . E.g. r= (ET or r= (ET or r= (ET
Sm 0z V2
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Notes for Question 38 Continued
Note: Give final MO A0 for —%+?ﬂ'r >0 = r>1.0464
r
. 12 10
Note: Give final M1 Al for —— +?7zr >0 =r>1.0464... = r=1.0464...
r
(©)
M1: Substitutes their » =1.046..., found from solving %: 0 in part (b), into the model
r
with equation 4 = 12, 2 o
r
2 d2
Note: Give MO for substituting their » which has been found from solving 37 =0 or from using 3
r r
. . . 2 5 ,
into the model with equation 4=— + = zr
r
Alft: {A=}17 or {A=}awrt17 (ignoring units)
Note: You can only follow through on values of 7 for 0.6 < their » <1.3 (and where their » has been
found from solving %z 0 in part (b))
r
A
' A (nearest integer)
0.6 21.88495... awrt 22
0.7 19.70849... awrt 20
0.8 18.35103... awrt 18
0.9 17.57448... awrt 18
1.0 17.23598... awrt 17
1.1 17.24463... awrt 17
1.2 17.53982... awrt 18
1.3 18.07958... awrt 18
1.05 17.20124... awrt 17
1.04644. .. 17.20105... awrt 17
Note: | Give M1 Al for 4=17 (m®) or A=awrt 17 (m>) from no working
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Question Scheme Marks | AOs
39 %(cos@)z—sin@; as h—)O,%—)l and COSh_l—)O
cos(9+Z)—c0s9 Bl 71
_ cos@cosh —sin@sinh —cosO M1 1.1b
- h Al 1.1b
=— sin sind + (COSh_ljcos9
h h
As h—0, _— Sizhsine + [COSZ_IJCOSQ — —1sin@+0cos @ dM1 2.1
SO i(cos@) =—sinf * Al* 2.5
do
(5)
(5 marks)

Notes for Question 39

cos(6+ h)—cos@ or cos(@ + o6) —cos b

B1: Gives the correct fraction such as
h 00
Allow €080 +M)—c0sO . Note: cos(+h) or cos(+5) may be expanded
©@+h)-06
M1: Uses the compound angle formula for ¢0S(6+ ) to give cos@cos/ +sinOsin i
Ocosh —sin@sin h—cos
Al: Achieves -2 812 ST or equivalent
dM1: | dependent on both the B and M marks being awarded
Complete attempt to apply the given limits to the gradient of their chord
inh - in/ _
Note: | They must isolate % and [COSZ lj, and replace % with 1 and replace (COSZ lj with 0
d .
Al*: cso. Uses correct mathematical language of limiting arguments to prove @(cos 9) =—sinf
Note: | Acceptable responses for the final A mark include:
d lim ink . h-1 : :
o —(cosh) = LN I s cos@ | =—1sin@+0cos@ = —sinf
do h—0 h h
e Gradient of chord = — siz A sinf + (%}1_1] cosd. As n — 0, gradient of chord tends to
the gradient of the curve, so derivative is —sin @
e Gradient of chord = — sin / sinf + [COSh — 1jcos 6. As n — 0, gradient of curve is —sin8
Note: | Give final A0 for the following example which shows no limiting arguments:
when 7 =0, i(cosH) _ _sink sin@ + [COSh_ljcosé’ = —1sin@+0cos@ = —sin O
deo h h
; . sinh _ cosh—1 .
Note: | Do not allow the final A1 for stating 5 1 or =0 and attempting to apply these
Note: | In this question 56 may be used in place of 4
' d ) d
Note: | Condone f'(0) where f(6)=cosf or é where ¥ =¢086 used in place of @(cos 0)
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Notes for Question 39 Continued

Note:

Condone x used in place of @ if this is done consistently

Note:

Give final A0 for

. i(cosx) = jcos@j =—1sin@+0cos@ = —sind

de

d —
0o
e Defining f(x)=c0sf and applying f'(x)=...

h

lim sinh . cosh—1
S ne +
h—=0

o %(cos@)

Note:

d .
Give final Al for a correct limiting argument in x, followed by @(cos 0) =—sind

lim i -
.o i(cosx) = —ﬂsinx + cosh-1 cosx | =—Isinx+0cosx = —sinx
S a0 h

= i(cosé?) = —sind
dée

Note:

Applying 7 —0, sinh— h, cosh—1 to give e.g.
lim (cosOcosh —sin@sinh—cos®)  (cosO(l) —sinO(h)—cos@\ —sinO(h)
h—0 ( h j B ( h J R
is final MO AO for incorrect application of limits

—siné

Note:

lim (cos@cosh — sin@sinh —cosé lim sinh . cosh—1
= — ——sinf + cosd
h—>0 h h—0 h
lim . . .
= (— (1)sin@ + Ocos 6’) =—sind. So for not removing
h—0 h

when the limit was taken is final AQ

lim
-0

Note:

- - —2sin@sinh
cos(9+h) —cos(9—h) which simplifies to —oSmosmA

O+ h)—(0—h) 2h

Alternative Method: Considers

64

T | EXPERT
IC | TUITION




Question Scheme Marks | AOs
d 1 d k
40 (a) Lot — or Toy — (for k or a numerical k) Ml 3.3
de r de r
Jr2 dr = J tkdt = ... (for k or a numerical k) Ml 2.1
1,
gr =+kt {+c} Al 1.1b
t=0,r=5and t=4,r=3 t=0,7r=5 and t=240,r=3
1, 49 125 . ; 49 125 Ml 3.1a
gives -7 =——1t+—, gives —r" =——t+—,
3 6 3 3 360 3
where 7, in mm, is the radius where r, in mm, is the radius
{of the mint} and ¢, in minutes, is {of the mint} and ¢, in seconds, is Al 1.1b
the time from when it {the mint} the time from when it {the mint} ’
was placed in the mouth was placed in the mouth
®)
4 12
(b) r=0:>0=—z9l+75: 0=—-4%+250 =¢=.. M1 3.4
time = 5 minutes 6 seconds Al 1.1b
)
(©) Suggests a suitable limitation of the model. E.g.
e Model does not consider how the mint is sucked
e Model does not consider whether the mint is bitten
e Model is limited for times up to 5 minutes 6 seconds, o.e.
e Not valid for times greater than 5 minutes 6 seconds, o.¢.
e Mint may not retain the shape of a sphere (or have uniform B1 3 5b
radius) as it is being sucked ’
e The model indicates that the radius of the mint is negative after
it dissolves
e Model does not consider the temperature in the mouth
e Model does not consider rate of saliva production
e Mint could be swallowed before it dissolves in the mouth
()
(8 marks)
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Notes for Question 40
(@)
M1: Translates the description of the model into mathematics. See scheme.
. o . . S dr
M1: Separates the variables of their differential equation which is in the form p = f(r) and some
attempt at integration. (e.g. attempts to integrate at least one side).
e.g. J r*dr = J tkdf and some attempt at integration.
Condone the lack of integral signs
1
Note: | You can imply the M1 mark for r’dr = —kdt = §r3 =—kt
Note: | A numerical value of £ (e.g. £ =+1) is allowed for the first two M marks
1
Al: Correct integration to give §r3 =+ kt with or without a constant of integration, ¢
M1: For a complete process of using the boundary conditions to find both their unknown constants
and finds an equation linking » and ¢
So applies either
e t=0,7r=5andt=4,r=3, or
o t=0,r=5and t=240,r=3,
on their integrated equation to find their constants k and ¢ and obtains an equation linking » and ¢
Al: Correct equation, with variables » and ¢ fully defined including correct reference to units.
1 49 125 . . : . . .
o« 1 =— ?t + = {or an equivalent equation,} where r, in mm, is the radius {of the mint}
and ¢, in minutes, is the time from when it {the mint} was placed in the mouth
1 49 125 . . . . .
. §r3 =— %t + T, {or an equivalent equation,} where r, in mm, is the radius {of the
mint} and ¢, in seconds, is the time from when it {the mint} was placed in the mouth
Note: | Allow correct equations such as
3
e in minutes, r:3w’ r3=—£t+125 or t:M
\l 2 2 49
3
° inseconds,r:3w, r3=—£t+125 or t:w
120 120 49
Note: t defined as “the time from the start” is not sufficient for the final A1l
(b)
M1: Sets =0 in their part (a) equation which links » with ¢ and rearranges to make ¢ =...
Al: 5 minutes 6 seconds cao (Note: 306 seconds with no reference to 5 minutes 6 seconds is A0)
Note: | Give MO if their equation would solve to give a negative time or a negative time is found
Note: | You can mark part (a) and part (b) together
(©)
Bl: See scheme
Note: | Do not accept by itself
e mint may not dissolve at a constant rate
e rate of decrease of mint must be constant
o 0<t< 29’ r > 0; without any written explanation
e reference to a mint having » > 5
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Question Scheme Marks | AOs
1+11x-6x B C
41 — =4+ +
(x=3)(1-2x) (x-3) (1-2x)
(@) 1+11x—6x" = A1-2x)(x=3)+B(1-2x)+C(x-3) = B=..,C=... M1 2.1
Way 1 A=3 Bl 1.1b
Uses substitution or compares terms to find either B=... or C=... M1 1.1b
B =4 and C=-2 which have been found using a correct identity Al 1.1b
©)
(a) lone divisi ) 1+11x—6x7 _ 1. —10x+10
Way 2 {long division gives} —(x— 3)1-2x) = —(x— 3)1-2x)
-10x+10= B(1-2x)+C(x-3) = B=..,C=... M1 2.1
A=3 Bl 1.1b
Uses substitution or compares terms to find either B=... or C=... M1 1.1b
B =4 and C=-2 which have been found using Al L1b
—-10x+10= B(1-2x)+C(x-3) ’
4)
b ) =34—0  — 2 o 3ia(x=3)"—2(1-2x)"}: x>3
(b) T (x=3) d-2%) ’
M1 2.1
f'(x) = —4(x~3)" —4(1-2x)" {= - T : 2}
(x=3)"  (1-2x) Alft | 11b
Correct f'(x) and as (x—3)* >0 and (1-2x)* >0, Al )4
then f'(x) = —(+ ve) — (+ ve) <0, so () is a decreasing function '
(©),
(7 marks)
Notes for Question 41
(@)

M1: Way 1: Uses a correct identity 1+11x—6x" = A(1-2x)(x—3)+B(1-2x)+C(x-3) ina

complete method to find values for B and C. Note: Allow one slip in copying 1+11x —6x’
Way 2: Uses a correct identity -10x+10= B(l - 2X) + C(X —3) (which has been found from
long division) in a complete method to find values for B and C

B1: A=3

M1: Attempts to find the value of either B or C from their identity
This can be achieved by either substituting values into their identity or by comparing coefficients
and solving the resulting equations simultaneously

Al: See scheme

Way 1: Comparing terms:
x*: —=6=—24; x: 11=74-2B+C; constant: 1=-34+B-3C

1 5
Way 1: Substituting: x=3: -20=-5B = B=4; x=5: 5=—§C:>C=—2

Note:

Note: | Way 2: Comparing terms: X: —10=-2B+C; constant: 10=5-3C

1 5
Way 2: Substituting: x=3: -20=-5B = B=4; x=5: 5=—§C:>C=—2
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Note: A=3,B=4,C=-2 from no working scores MIBIM1A1
Note: | The final Al mark is effectively dependent upon both M marks
Notes for Question 41 Continued
(a) ctd
Note: | Writing 1+11x—6x" = B(1-2x)+C(x—3) = B=4, C=—2 will get 1 M0, 2™ M1, 1%t AQ
Note: | Way 1: You can imply a correct identity 1+11x—6x> = A(1 - 2x)(x —3) + B(1-2x) + C(x —3)
from seeing 1+11x—6x _ A(1-2x)(x=3)+ B(1-2x)+ C(x-3)
(x=3)(1-2x) (x=3)1-2x)
Note: | Way 2: You can imply a correct identity —10x+10= B(1-2x)+C(x-3)
from seeing —10x+10 _ B(1-2x)+C(x—-3)
(x=3)1-2x) (x—=3)1-2x)
(b)
M1: Differentiates to give {f'(x) =} *A(x=3)" +u(1-2x)" A, u#0
Alft: f'(x) = —4(x—3)7? —4(1-2x) 7, which can be simplified or un-simplified
Note: | Allow Alft for f'(x)= —(their B)(x—3)~ +(2)(their C)(1—2x)~; (their B), (their C) # 0
Al: f'(x) = —4(x—3)" —4(1-2x)" or f'(x)= — = _43)2 ~a —1)6)2 and a correct explanation
e.g. f'(x)= —(+ve) — (+ ve) <0, so f(X) is a decreasing {function}
Note: | The final A mark can be scored in part (b) from an incorrect A=... or from 4 =0 or no value of
A found in part (a)
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Notes for Question 41 Continued - Alternatives

(@)
Note: | Be aware of the following alternative solutions, by initially dividing by "(x—3)"or "(1-2x)"
1+11x-6x" _ —x-T7 20 _3_ 10 20
"(x=3)"1-2x) (1-2x) (x=3)1-2x) ~ (1-2%) (x=3)(1-2x)
20 =D L E L 0=DU-20)+E(x-3) = D=—4, E=-8
(x-3)(1-2x) (x-3) (1-2x)
310 f = V5 4 2 -3 B=4,C=2
1-2x) ((x-3) (1-2x) (x-3) (1-2x)
1+11x-6x 3x-4 5 5 5
o = + =3+ +
(x-3)"d-2x)"  (x-3) (x-3)(1-2x) (x-3)  (x-3)(1-2x)
> =P E o 5_pU-20)+E(x-3)= D=—1,E=-2
(x-3)(1-2x) (x-3) (1-2x)
e b =2 )54 2 43 B4, C==2
x-3) ((x=3) (1-2x) (x-3) (1-2x)
(b)
Alternative Method 1:
—6x° —6x2 _ ) A2 _
f(x) = 1+11x—6x Cx>3 = f(x) = 1+121X 6x : u=1+11x—6x v=-2x"+7x-3
(x=3)(1-2x) =2x"+7x-3" |u'=11-12x Vv =—4x+7
26 4+ 7x=3)(11=12x) = (141 Ly =637 )(=dx + 7 Uses quotient rule | )
iy = C2 A I 120 - (A 1 - 6x )(dx+7) to find '(x)
(=22 +7x-3) Correct differentiation | Al
, —20((x 1) +1
f'(x) = C 2)55): 7)2 - 3)3 and a correct explanation,
Al
e.g f'(x)= — (o) <0, so f(x) is a decreasing {function}
Alternative Method 2:
Allow M1A1A1 for the following solution:
. 4 2 4 2
Given f(x) =3+ _ = 34+ +
(x=3) (1-2x) (x-3) (2x-1)
as decreases when x >3 and decreases when x >3
(x=3) (2x-1)
then f(X) is a decreasing {function}
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Question Scheme Marks | AOs
42 Z%=900(3+767025t)71,t€R,tZO; dN _ NB00-N)
3+7e°* dt 1200
(@) 90 B1 34
1)
~0251 M1 2.1
(b) N 900(3 4702y (7(-0.25)e ") {z 200(0.257)e }
Way 1 dt (B+7e77) Al 1.1b
900(0.25)((9](3]0 - 3))
- — =
& (9()())2 dM1 2.1
N
correct algebra leading to v = NGOWO-N) Al* 1.1b
dt 1200
4
025 M1 2.1
(b) % - _ 900(3 + 7e—0 25¢ )—2 (7(_025)6_0 25[) {: 900(025)_((;72)5? 5 }
Way 2 dt B+7e7™) Al 1.1b
900 \(390_ 900
NBOO-N) _ \3+7¢"* 3470 dMl1 2.1
1200 1200
1575¢7° *
= m 0.€.,
S 900(300(3+ 7e"*") —900) B 1575¢" > o Al* 1.1b
12003+ 7¢°*")? (3+7e"Py
and states hence % = % (or LHS =RHS) *
Q)
() Deduces N =150 (can be implied) B1 2.2a
SO 150:3+3200257 _025T=% M1 3.4
T—_ 41H[EJ or T =awrt 3.4 (months) dMl 1.1b
7 Al 1.1b
(4)
(d) either one of 299 or 300 Bl 3.4
1)
(10 marks)
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Notes for Question 42
42 (b)
M1: Attempts to differentiate using
: . dN —0.25¢ -0.25¢1\-2 iAe_O >
e the chainrule to give — =t e "' (3+7¢e of ——— 3575 O.C.
Y ( Vo ey
e auotiont rule to aive SV = GF 7e"2)(0)+ Ae"*
e the quotient rule to give —— =
qu g dr (3+7e—025:)2
dN
e implicit differentiation to give N(3+7¢ °*") =900 = (3 + 7e'°25’)g + ANe ™ =0, o.c.
where 4=0
Note: | Condone a slip in copying (3+7¢ **") for the M mark
Al: A correct differentiation statement
dN
Note: | Implicit differentiation gives (3+ 76_0‘25[)3 —1.75Ne **" =0
dN
dM1: | Way 1: Complete attempt, by eliminating ¢z, to form an equation linking m and N only
900 dv N(GB00-N
Way 2: Complete substitution of N =———— into —= N@E0O-N)
3+7e dt 1200
900 3
: 900 900 N
Note: Way 1: e.g. substitutes 3+7¢ > = —— and ¢ > = 2= or substitutes e °>* = Y into
N N 7
dN dNv
their m =... to form an equation linking Eand N
dN N@B00-N
Al*: Way 1: Correct algebra leading to — = NGE0WO-N)
dt 1200
Way 2: See scheme
©
B1: Deduces or shows that i is maximised when N =150
900 . . ~025T
M1: Uses the model N = 7o with their ¥ =150 and proceeds as far as e =k, k>0
+ /¢
or ¢"*" =k, k>0. Condone =T
dM1: | Correct method of using logarithms to find a value for 7. Condone t=T
Al: see scheme
d’N _dN( 300 2N .
. 2N 2 2 | 0= N =150 is acceptable for B1
Note: | “37 =4 (1200 1200) = P
Note: | Ignore units for 7
900
Note: | Applying 300 :W =t=..0r 0= % = t=...is M0 dMO0 A0
Note: | M1 dMI can only be gained in (c) by using an N value in the range 90 < N < 300
(d)
Bl: 300 (or accept 299)
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Question

Scheme

Marks | AOs
42 =0 _900G+7e ) 1 eR, 120, W _NGW-N)
347¢ 0 dr 1200
(b) 1 1
— dN=|—dt
Way 3 N(300—N) 1200 Ml 2.1
L(i+ 1 de: LI
300\ N 300-N 1200
1 1 1 Al 1.1b
—InN-—In(300— N)=——¢ {+c}
300 300 1200
1 1 1. (3
{t=0,N=90=} c=—In(90)———In(210) = c=—In| =
300 300 300 |7
LIHN—LIH(:‘;OO—N):Lt-‘rLln(éj
300 300 1200 300 \7
| ; dM1 2.1
lnN—ln(300—N):—t+ln[—j
4 7
N 1 3 N 3.,
1n( ):—t+ln(—j = =—e'
300—-N) 4 7 300-N 7
TN =3e¥(300— N) = 7N +3Ne* =900e"
] 1 it Al* 1.1b
N(7+36) =900t = N =200 N:% *
7+ 3¢ 3+7e
©)
(b) 025y _ ~o2s _ 1 900 ~02s: _ 900-3N
Way 4 N@B+7e77")=900 = e = 7—3 =e =N M1 2.1
= 1 =—4(In(900 —3N) — In(7N))
3£=_4(—_3_Lj Al 1.1b
dN 900-3N 7N
dr 1 1 dr N+300—N
_24( +_j3_=4 N+300-N dM1 | 2.1
dv 300-N N dv N(300—N)
dr 1200 dN N@GB00-N
dr (1200 ) _ d¥_NGOO-N) Al* | 1.1b
dv | N(300-N) dr 1200
4)
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Notes for Question 42 Continued
(b)
Way
M1: Separates the variables, an attempt to form and apply partial fractions and integrates to give
In terms = k¢ {+c}, k#0, with or without a constant of integration ¢
Al: LlnN —Lln(300 -N)= Lt {+c} or equivalent with or without a constant of integration ¢
300 300 1200
dM1: | Uses t=0, N =90 to find their constant of integration and obtains an expression of the form
e =f(N); A#0 or de " =f(N); 1#0
Al*: Correct manipulation leading to N = % *
(b)
Way 4
M1: Valid attempt to make ¢ the subject, followed by an attempt to find two In derivatives,
condoning sign errors and constant errors.
dt -3 7
Al: —=—-4| ———— — — | or equivalent
dv (900 -3N TN j a
dM1: | Forms a common denominator to combine their fractions
Al*: | Correct algebra leading to NV _NBOO-N)
dt 1200
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Question Scheme Marks AOs

74

43(a) f(x)=8—-x)Inx, x>0
Crosses x-axis = f(x)=0 = (8 —x)lnx=0
x coordinates are 1 and 8 B1 1.1b
(1)
(b) Complete strategy of setting f'(x) = 0 and rearranges to make x =... M1 3.1a
u=8-x) v=Inx
W a1
dx dx x
_ M1 1.1b
f'(x) = —Inx + 8-x
X Al 1.1b
x4+ 3F C 0= —x+ 2120
X X
2 2 Al* 2.1
= —=l+hx = x = *
X 1+ Inx
(4)
(5 marks)
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Question 43 Notes:

(@
B1:

(b)

M1:

M1:

Al:

Al*:

75

Either
e land8
e on Figure 2, marks 1 next to 4 and 8 next to B

Recognises that Q is a stationary point (and not a root) and applies a complete strategy of setting
f'(x) = 0 and rearranges to make x = ...

Applies vu' + uv', where u =8—x,v=Inx
Note: This mark can be recovered for work in part (c)
@—x)lnx > —Inx + 8—_x’ or equivalent

X

Note: This mark can be recovered for work in part (c)

Correct proof with no errors seen in working.
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44(a) v _ 1607, V = l;zhz(75 —h) =257h* - Lo
dt 3 3
M1 1.1b
d—V = 507h — 7h’
dh Al 1.1b
dv dh dV ,\dh
— x— = — = |507h — 7h~ |— =160
{dhxdt dt }( wh ~ak ), =160 Ml | 3.1a
When h:lo,{% _dr :»} leow {: 160”} dM1 | 3.4
dt dr dh 5072(10) — 7(10) 4007z
h
9 0.4 (cms™) Al | Lb
dr
®)
I Ml 34
dt  507(20) — z(20)° )
9t 0.5 (ems™) Al | L1b
dt
(2)
(7 marks)
Question 44 Notes:
(@
M1: Differentiates ¥ with respect to 4 to give *ah + ph*, a #0, B0
Al: 507zh — h?
. . dV) da
M1: Attempts to solve the problem by applying a complete method of | their e x m =160x
M1: Depends on the previous M mark.
Substitutes 2 =10 into their model for % which is in the form &
dt ( . de
their —
dh
Al: Obtains the correct answer 0.4
(b)
M1: Realises that rate for of 1607 cm®s™ for 0,, 4,, 12 has no effect when the rate is increased to
3007z cm®s ™' for 12 < &,, 24 and so substitutes /2 =20 into their model for % which is in the
3007z
form T ar)
their —
[
Al: Obtains the correct answer 0.5
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45

Complete process to find at least one set of coordinates for P.
The process must include evidence of
o differentiating
d M1 3.1a
e setting -0 tofind x=..
dx
e substituting x =... into sinx + cosy = 0.5 to find y =...
# - dy
= e cosx—siny—=0 B1 1.1b
{%rx } Tas
. dy cosx
Applies —=0 (e.g. cosx=0or —— =0 = cosx=0) = x= ... Ml 22a
dx sin y
. . V4 V4
giving at least one of either x = 5 or x= 2 Al 1.1b
Vs . (7 1 2 2
X=— =sin| —|+cosy=05 = cosy=—— = y=— or —— .
2 (2) 7 7 2 7 3 3 Mi 1.1b
. . T 2r T 2z
So in specified range, (x, y)=| —, — | and | —, ——— |, by cso Al 1.1b
23 23
T . V4 .
x=-—= = sin| ——= |+ cosy =0.5 = cosy = 1.5 has no solutions,
2 2 Bl 2.1
and so there are exactly 2 possible points P.
()

(7 marks)

Question 45 Notes:
M1: See scheme
B1: Correct differentiated equation. E.g. cosx — sin y% =0
M1: Uses the information “the tangent to C at the point P is parallel to the x-axis”

to deduce and apply % =0 and finds x =...
Al: See scheme
M1: For substituting one of their values from % =0 into sinx + cosy =0.5 and so finds x=..., y =...
Al: Selects coordinates for P on C satisfying % =0 and —% , X< 37” , —T<Yy<T

i.e. finds [g, 2?”) and (%, —2?”] and no other points by correct solution only
B1: Complete argument to show that there are exactly 2 possible points P.
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Question Scheme Marks AOs

46 Attempts the product and chain rule on y = x(2x +1)* M1 2.1
dy _ 4 3
&= @r+D)' +8x(2x+1) Al L1b
Takes out a common factor % =(2x+1)* {(2x+1)+8x} M1 1.1b
%=(2x+1)3(10x+1):>n=3,A:10,B=1 Al ) Llb
(4 marks)

Notes:

M1: Applies the product rule to reach % =2x+1D)*+Bx(2x+1)’

Al: % =(2x+1)* +8x(2x+1)’
M1: Takes out a common factor of (2x+1)°

Al:  The form of this answer is given. Look for % =2x+1)’10x+1)=>n=3,4=10,B=1
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Question Scheme Marks AOs

47(@) | Sets 500 =7zr’h Bl 2.1
Substitute 4 = 5—0(2) into S =271 +27rh=27r"+2xrx 5—0(2) M1 2.1
r r
o . , 1000
Simplifies to reach given answer S =27zr" + * AT* 1.1b
r
3
(b) Differentiates .S with both indices correct in ((11—5 Ml 34
-
ds 1000
—=d4nr——; Al 1.1b
r r
ds 3 .
Sets T =0and proceeds to " =k, k is a constant M1 2.1
r
Radius =4.30cm Al 1.1b
. . : 500 :
Substitutes their » =4.30into #=— —> Height =8.60cm Al 1.1b
zr
)
(c) States a valid reason such as
e The radius is too big for the size of our hands
e If r=43cmand /& =8.6cmthe can is square in profile. All
drinks cans are taller than they are wide Bl 3.2a
e The radius is too big for us to drink from
They have different dimensions to other drinks cans and
would be difficult to stack on shelves with other drinks cans
1)
9 marks
Notes:
(a)
B1:  Uses the correct volume formula with ¥ =500. Accept 500 = z+*h
M1: Substitutes /= ﬂ or rh= 500 into S = 271> +27rh to get S as a function of »
r r
, 1000 . .
Al*: S=2nr + Note that this is a given answer.
r
(b)
M1: Differentiates the given S to reach ;ﬁ =Ar+Br~
r
Al: as =4xr— 10(2)0 or exact equivalent
dr r
MI1:  Sets 35 _ 0 and proceeds to ° =k, k is a constant

dr

Al: R=awrt4.30cm
Al: H=awrt 860 cm

(©)

B1: Any valid reason. See scheme for alternatives
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Question
Number

Scheme

Marks

48(i)

Mark (b)(i) and (ii) together and must be differentiating the original
function not their answer to part (a)

MI1: For x" — x™*

ie. x> 5x " or6x—6

Al: For % x % —6or equivalent.

May be un-simplified.
3
Allow A 6.

Ix

MIA1

2

(i)

“x ¥ _6=0=x"=...

Sets their % = (0 (may be implied

by their working) and reaches
x" = C (including n = 1) with
correct processing allowing sign
errors only — this may be implied

1
by e.g. \/;=Zor L:4.

Jx

Ml

X =—CSO
16

Allow equivalent fractions e.g.

9 )
121 or 0.0625. If other solutions

are given (e.g. likely to be x = 0 or
x =-1/16) then this mark should be
withheld.

Al

2

(4 marks)
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Question

Number Scheme Marks
MI: 1 or —2
X
dy 1 27 1 2
49(a) F___ =L Al: d—y:———z MI1ALl
d« 2 «x dx 2 «x
oeeg —x"—27x"
) . . dy
B dy 1 27 (5 Substitutes x = 3 into their— to
S P dv M
obtain a numerical gradient
The correct method to find the
5 equation of a normal.
My =75 = My __1__5 Uses _ L it (3,—2] where
3) 2 M 2 Ml
=>y- [_Ej = g(x - 3) m, has come from calculus. If using
y =mx + ¢ must reach as far as ¢ =
10y = dx —27* Cso (correct equation must be seen AL*
in (a))
()
(b) Equate equations to produce an
1 . 27 - Ay—27 equation juit in x or just in y;tDo ;;t
f— x — — o J—
X 10 allow e.g. —x>+27—12x= al
2
o 127 4x-27 Mi
10y +27 108 Unless —x+——12= was
T8 Topear 7 20X
- seen previously. Allow sign slips
only.
Correct 3 term quadratic equation
x*—93x+270=0 (or any multiple of). Allow terms on
or both sides e.g. x* —93x=-270 Al
20y* —636y—999=0 (The “= 0" may be implied by their
attempt to solve)
(x—90)(x-3)=0=x=... or
' 2
y = 93£V93" —4x270 or Attempt to solve a 3TQ (see general
2 guidance) leading to at least one for dM1
(10y—-333)(2y+3)=0=y=... or | x or y. Dependent on the first
636:+,[636% —4x20x(-999) | Method mark.
T 2%20
Cso. The x must be 90 and the y an
x=90 ory=33.3oe equivalent number such as e.g. 333 | Al
10
Cso. The x must be 90 and the y an
x=90 and y =33.3 oe equivalent number such as e.g. 333 | Al
10
()
(10 marks)
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Question
Number

Scheme

Marks

50.

1 1

y=\/;+i+4=x§+4x_§+4

N x

Decreases any power by 1. Either
1 1 1 _3
x? >x?20rx?—>x2o0r4-0or

theirn their n

x™ — x™ " for fractional .

M1

Correct derivative, simplified or un-
simplified including indices. E.g.
allow 1-1for —1and allow —1 -1

3
for —3

Al

Attempts to substitute x = 8 into
their ‘changed’ (even integrated)
expression that is clearly not y. If
they attempt algebraic manipulation
of their dy/dx before substitution,
this mark is still available.

M1

1 2 1 2 1 1\,,5

2B (5] 2B 8B &2 16

Bl: /8 =2/2seen or implied
anywhere, including from
substituting x = 8 into y. May be
seen explicitly or implied from e.g.
8¢ —16/2 OF 8% —128/2 Or

48 =82

1 2
Al:cso —+/2 or X< and allow
16 16

rational equivalents for ie 2
f 169 512

Apply isw so award this mark as
S00N as a correct answer is seen.

B1Al

(5 marks)
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Question
Number

Scheme

Marks

51

6—5x4°

N

f1(4)=30+

Attempts to substitutes x =4 into

6—5x°
f'(x)=30+
(x) N

algebraically manipulated

or their

M1

f(4)=—7

Gradient = -7

Al

y—(-8)="-7"%(x—4)
or

y="-T"x+c=-8="-7"%4+c

=>Cc=..

Attempts an equation of a tangent
using their numeric f'(4) which has
come from substituting x = 4 into
the given or their algebraically

manipulated and (4,-8) with

the 4 and -8 correctly placed. If
using y = mx + ¢, must reach as far
asc=...

M1

y=—/x+20

Cao. Allow y =20—7x and allow

the “y =" to become “detached” but
it must be present at some stage.

Al

(4)

(4 marks)
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Question
Number

Scheme

Marks

52(a)(i)

k=(-5) x3=75

M1: Attempts to find the 'y" intercept.
Accept as evidence (-5)° x3with or

without the bracket. If they expand
f(x) to polynomial form here then
they must then select their constant
to score this mark. May be implied
by sight of 75 on the diagram.

Al: k =75.Must clearly be identified
as k. Allow this mark even from an
incorrect or incomplete expansion as
long as the constant £ = 75 is
obtained. Do not isw e.g. if 75 is seen
followed by k = -75 score M1AO.

M1Al

(i)

c—éonly
-2

c =g oe (and no other values). Do

not award just from the diagram —
must be stated as the value of c.

Bl

@)

(b)

f(x)=(2x-5)*(x+3) = (4)62 —~20x+ 25)(x+3) =4x* —8x* —35x+75
Attempts f(x) as a cubic polynomial by attempting to square the first
bracket and multiply by the linear bracket or expands (2x—5)(x+3) and
then multiplies by 2x—-5
Must be seen or used in (b) but may be done in part (a).
Allow poor squaring e.g. (2x—5)* =4x*+£25

M1

(f'(x) =)12x* —16x—35*

M1: Reduces powers by 1 in all terms
including any constant —0

Al: Correct proof. Withhold this
mark if there have been any errors
including missing brackets earlier e.g.
(2x—-5)*(x+3) = 4x* —20x +25(x +3) =...

M1A1*

@)
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(©)

f'(3) =12x3? —16x3—35

Substitutes x = 3 into their f'(x)or
the given f'(x). Must be a changed
function i.e. not into f(x).

M1

12x* —16x—35="25"

Sets their f'(x)or the given f'(x)=
their f'(3) with a consistent f .

Dependent on the previous method
mark.

dM1

12x* —16x—-60=0

12x* —16x—60 = 0or equivalent 3
term quadratic e.g. 12x* —16x =60.
(A correct quadratic equation may be
implied by later work). This is ¢cso so
must come from correct work —i.e.
they must be using the given f'(x).

Al cso

(x—3)(12x+20)=0=x=...

Solves 3 term quadratic by suitable
method — see General Principles.
Dependent on both previous
method marks.

ddM1

x= —g oe clearly identified. If x =3

is also given and not rejected, this
mark is withheld.

(allow -1.6 recurring as long as it is
clear i.e. a dot above the 6). This is
cso and must come from correct
work — i.e. they must be using the

given f'(x).

Al cso

()

(11 marks)

Alt (b)
Product
rule.

f(x)=(2x—-5>*(x+3) =f'(x) =(2x—5)* x1+ (x+3) x4(2x —5)
M1: Attempts product rule to give an expression of the form
p(2x—5)* +g(x+3)(2x—5)

M1: Multiplies out and collects terms
Al: f'(x) =12x* —16x—35*

M1
M1A1*
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Question
Number

Scheme

Notes

Marks

53.

y=3x% +6x° +

1

2x° -7

3x

23 -7 248 7

3/x  3Jx 3Vx

5
2

=

2 7
—Xx?——x
3 3

Attempts to split the fraction into 2 terms
and obtains either ¢ x* or px~*. This may
be implied by a correct power of x in their
differentiation of one of these terms. But
beware of ﬂx_% coming from

2x° =7

3Jx

=23 —T7+3x "

M1

Differentiates by reducing power by one for
any of their powers of x

M1

Al: 6x. Do not accept 6x'. Depends on
second M mark only. Award when first seen
and isw.

Al: 2x *. Must be simplified so do not

accept e.g. %x’% but allow _2_. Depends
3 X2

on second M mark only. Award when first

seen and isw.

Al: gx;_ Must be simplified but allow e.g.

1§x1'50r e.g. 2\/;3 Award when first seen

and isw.

Al %x_%. Must be simplified but allow e.g.
7

6x*

! . Award when first

1 o
1—x 2 ore.g.
5 g

seen and isw.

AlA1AL1AL

In an otherwise fully correct solution, penalise the presence of + ¢ by deducting the final

Al

[6]

Use of Quotient Rule: First M1 and final ALA1 (Other marks as above)

2x° =7
d( 3Wx j:3\/;(6x2)—(2x3—7)§x_%
N

Uses correct quotient rule

M1

1

10x? +7x 2
6x

Al: Correct first term of numerator and
correct denominator

Al: All correct as simplified as shown

AlAl

so I _ Bx + 2x ° +
dx

10x? +7x7%

scores full marks

6x

6 marks
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Question

Number Scheme Marks
54. (a) y=2x3+kx* +5x + 6
d M1: x" — x"*for one of the terms including
[d—y=]6x2+2kx+5 6>0 M1Al
i Al: Correct derivative
[2]
(b) Uses or states % or equivalent e.g. 8.5.
Gradient of given line is ir Must be stated or used in (b) and not just Bl
? seen as part of —Ex +E
ST
dyj 2 Substitutes x = —2 into their derivative (not
= =6(-2) +2k(-2)+5
(dx (o2 (-2) 2k (=2)+ the curve) M1
dM1: Puts their expression = their %
(Allow BOD for 17 or -17 but not the
nod_a 450l AL normal gradient) and solves to obtain a dM1 Al
2 8 value for k. Dependent on the previous
method mark.
Al: 4 or 5l or 5.125
8 8
Note:
6x° +2kx +5= Ex + % scores no marks on its own but may score the first M mark if they
substitute x = -2 into the lhs. If they rearrange this equation and then substitute x = -2, this scores
no marks.
[4]
© M1: Substitutes x = -2 and their numerical &
intoy = ...
p =16+ 4k—10+6=4"k"-20= L M1 Al
2 : 1
Al: y==
2
Allow the marks for part (c) to be scored in part (b).
[2]
(d) I 3 M1: Correct attempt at linear equation with
Yoo TS (x=2)=-17x+2y-35=0 | yigs gradient (not the normal gradient)
or using x = -2 and their %
y="—"x+c=>c=..=2-17x+2y-35=0 M1 Al
or . . .
2y -17x=1+34= —17x+2y—35=0 Al: cao (allow any integer multiple)
[2]
10 marks
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Question

Number Scheme Marks
55. y=ax’ - iz
X
Ml: x" - x™"
1
e.g. Sight of X* or X or —
X
. 2 -3
X (Ignore + ¢ for this mark)
Al: 12x° +£ or 12x*> +10x™" all on one line and no
X
+cC
Apply ISW here and award marks when first seen.
3)
(3 marks)
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Question
Number

Scheme

Marks

56(a)

(X +4)(Xx=3)=x =3x> +4x—-12

Attempt to multiply out the
numerator to get a cubic with 4
terms and at least 2 correct

Ml

X3 =3x*+4x—-12 x> 3

=" - x+2-6x"
2X 2 2

MI1: Attempt to divide each term
by 2X. The powers of X of at least
two terms must follow from their
expansion. Allow an attempt to
multiply by 2x!

A1l: Correct expression. May be
un-simplified but powers of X must
be combined

2 3
e.g. —not x

2 2X

MIA1

dyX36

a2 X
2% =3x* +12
2x?

oe e.g.

ddM1: x" - x""or 20
Dependent on both previous
method marks.

Al: x—§+£2oe and isw
2 X

2X
Accept 1x or even 1x' but not 5

and not X". If they lose the previous
A1 because of an incorrect
constant only then allow recovery
here and in part (b) for a correct
derivative.

ddM1Al

€))

See appendix for alternatives u

sing product/quotient rule

(b)

At x=-1, y=10

Correct value for y

B1

(ﬂzj—l—§+§=3.5
dx 2 1

M1: Substitutes X =—1 into their
expression for dy/dx

Al: 3.50ecso

MIA1

y—'10"="3.5'(x——1)

Uses their tangent gradient which
must come from calculus with

X =—1and their numerical y with a
correct straight line method. If
using y = mX + C, this mark is
awarded for correctly establishing a
value for C.

Ml

2y-=7x=-27=0

+k (2y —7x—27)=0cso0

Al

€)]

(10 marks)
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Appendix

56(a)
Attempt to multiply out the
(X +4)(x=3) =X =3x* +4x-12 numerator to get a cubic with4 | M1
terms and at least 2 correct
q 2x(3x2 —6x+4)—2(x3—3x2+4x—12) Ml:'Correct application of
a _ _ quotient rule MIA1
dx (2x) Al: Correct derivative
Way 2 MI1: Collects terms and divides
Quotient by denominator. Dependent on
ax>  6x* 24 3 6 both previous method marks.
A A a2 e 3,6
A . Al: X——+— oe and isw ddM1A1
2%X° =3x* +12 2 X 1
oc ¢.g. % Accept 1X or even 1x but not
X
=2 and not X"
2
) 1 3 ..
y=|<+- (X—3)or(x +4) > ox Divides one bracket by 2x Ml
dy _ (x-3) 1 2 X2 o M1: Correct application of
dx 2 X 2 X product rule
d 3 1 3 MIAL
Yy :(x2 +4)—2+2X ——— Al: Correct derivative
dx 2X 22X
I}Vily 3t M1: Expands and collects terms.
roduc 3 6 3 6 Dependent on both previous ddM1A1
=—+ S +X-3=X-—+— method marks.
2 X 2 X
3 6 .
oe e.g. Al: X—E+Foe and isw
2x° =3x* +12 Accept 1x or even 1x' but not
2%2 X 0
— and not X".
2
Attempt to multiply out the
(X* +4)(x=3) =X’ =3x> +4x—12 numerator to get a cubic with4 | M1
terms and at least 2 correct
dy /.5 2 I o, 1 2
&—(x 3X" +4X 12)>< EX +5x (3x 6x+4) MIAI
M1: Correct application of product rule Al: Correct derivative
Way4 ﬂ—_§+§_g+£+3_x_3+z—x_§+£
Product dx 2 2 x x> 2 X 2 X
ddM1: Expands and collects terms Dependent on both previous method marks.
3 a2
Al: x _3 +%oe e.g.sz+12 and isw. Accept 1x or even 1x' but not ddMIAT
2 X 2X
2X
=~ and not x".
2
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X 2 1 3
y=|-+- (X—3)0r(X2+4) ———| | Divides one bracket by 2x M1
2 X 2 2x
2 3 . M1: Expands
=———X+2-06X : MIAI
2 2 Al: Correct expression
ddM1: x" > x""or 2—>0
Dependent on both previous
Way 5 method ;naré(s.
d_Y_X_i_'_i Al: X——+— oe and isw
x = 2 X X
R X . 2x | ddM1A1
22X =3x"+12 Accept 1X or even 1X but not —
oe e.g.T 2
If they lose the previous Al
because of an incorrect constant
only then allow recovery here for
a correct derivative.
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Question
Number

Scheme

Marks

57

M1: Gradient of

2y+x=01is i%(m):ﬂ:—Ll

Gradient of normal is —l =
2 dx

+
[’}

Gradient of tangent = +2

Al: Gradient of tangent = +2 (May be
implied)

MI1A1

o |—

The Al may be implied by S == — L—=-

2 a4l

30X 9 rnes 3\/— 9 Set; the given f’(x) (()ir thel; f'(x)
P = = their changed m and not their m
2 \/_ 4& where m has come from 2y + X =0

Ml

><4x/; or equivalent correct algebraic
processing (allow sign/arithmetic errors
only) and attempt to solve to obtain a

value for x. If f '(X) # 2 they need to be
A X = 6X—9=0=x=.. . o
solving a three term quadratic in Jx

correctly and square to obtain a value for
X. Must be using the given f'(x) for this

mark.

Ml

x =3 (1.5) Accept equivalents e.g . X =2

If any ‘extra’ values are not rejected, score A0.

Al

©)

—4\/_1

1
Beware —L— = — —— =——cetc. leads to the correct
oo LT 2 3k 2 2

answer and could score M1A1M1MO(incorrect processing) A0

(5 marks)
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Question Scheme Marks
Number
58. (a) (1-2x)" =1-4x+4x’ Ml
i(1—2x)2 =i(1—4x+4x2)=—4+8x 0.€. MI1A1l
dx dx
A3)
Alternative method using chain rule: Answer of -4 (1 — 2 x) MIMIAL 3)
5 5 3
RS SRR ST M1,AL
2x 2x 2x 2
3 5
Attempts to differentiate x 2 to give k x 2 Ml
5
AN 0.€. Al
2 2
Quotient Rule ( May rarely appear) — See note below 4)
(7 marks)
Notes

(a) M1 Attempt to multiply out bracket. Must be 3 or 4 term quadratic and must have constant term 1
M1 x" — x""'. Follow through on any term in an incorrect expression. Accept a constant — 0
Al —4+8x Accept -4 (1 —2x) or equivalent. This is not cso and may follow error in the constant term
Following correct answer by -2 + 4x — apply isw
Correct answer with no working — assume chain rule and give MIM1A1 i.e. 3/3

Common errors: (1—2x)* =2—4x+4x" is MO, then allow M1AL1 for -4 + 8x

(1-2x)* =1—4x’ is MO then -8x earns MI1AO or (1—2x)> =1-2x" is MO then -4x earns M1A0

Use of Chain Rule:
MIMI: first M1 for complete method so 2 x (£2)(1—2x) second M1 for (1 — 2x) (as power reduced)

Then Al for -4 (1 —2x ) or for -4 + 8x
So (1) 2(1 — 2x) gets MO M1AO for reducing power and (ii) 2x2(1 —2x) gets M1 M1AO

(b) M1 An attempt to divide by 2x” first. This can be implied by the sight of the following

5
Some correct working e.g. x—2+ 6£)Z or (x* + 6\/;)(2)62 )" leading to ax” +bx? in either case
2x 2x

o 1 . . .
or can be implied by —x" +3x” (after no working) i.e. both coefficients correct and power 3 correct
2

3 5

Common error: (x° + 6/x )2x7? is MO (may earn next M mark for the differentiation x > — x *)

3 3 1

.. . . 1 - - -l
Al Writing the given expression as —x’ +3x * or 0.5x" +$x* or 0.5x" +$x * oretc...
2

3 5 5
2 3, 9 ° 3 9 , ,
Ml x?2—>x? Al Cao—x'-—x * o€ eg —x — then isw. Allow factorised form. Do not
2 2x2\/;

5 5

. - . 9 -
penalise +— —x *used instead of — —x
2 2

1 1 3
. 2x°(5x* + 3x 2)—4x(x’ +6x2 6x° —18x?

Use of Quotient Rule: M1,Al:Reaching x (O a p )4 it a ), = i a
X X

3

o . . 3x° —9x>
Send to review if doubtful ~ M1A1: Simplifying (e.g.dividing numerator and denominator by 2) to reach )62—4)6 o.e.
X
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Question
Number Scheme Marks
1
. Sub x=4 into f'(x)=§x2 _10x 2 +1 M1
3 1
:>f'(4)=§><42 —10x4 2 +1
=>f'(4)=2 Al
Gradient of tangent =2 = Gradient of normal is —1/2 dM1
Substitute x =4, y = 25 into line equation with their changed gradient
1 -
e y-25=——(x—4) dM1
2
+k(2y+x-54)=0 o.e. (but must have integer coefficients) Alcso
()
(5 Marks)
Notes

M1  Attempt to substitute x =4 into f’(x) must be in part (b)
Al f'(x)=2atx=4
dM1 (Dependent on first method mark in part (b)) Using m, xm, =—1to find the gradient of the

normal from their tangent gradient (Give mark if
gradient of 1 becomes -1 as they will lose accuracy)
dM1 (Dependent on first method mark in part (b)) Attempt to find the equation of the normal (not
tangent). Eg use x=4, y=25 in y= ‘—1/2’x+c to find a value of ¢ or use
L 2= 25 with their adapted gradient.
2 x—4
Al cso +k(2y+x—54)=0(where k is any integer)

94 T | EXPERT
IC | TUITION



Question Scheme Marks
Number
60. (a) Discriminant = »* —4ac =8> —4x2x3,=40 M1, Al
(2)
() 2x° +8x+3=2(x"+.coeo...... ) or p=2 B1
=2((x+2)+..) org=2 M1
=2(x+2)° -5 orp=2, g=2andr=-5 Al
3)
(c ) Method 1A: Sets derivative"4x+8"=4 = x=, x=-1 M1, Al
Substitute x=-11in y=2x"+8x+3 (= y=-3) E dM1
Substitute x =-1 and y=-3 in y =4x + c or into (y + 3)=4(x + 1) and expand dM1
c=1orwritingy=4x+ 1 Alcso
(5)
Method 1B: Sets derivative"4x+8"=4 = x=, x=-1 M1, Al
Substitute x=-11in 2x*+8x+3 = 4x+c E dM1
Attempts to find value of ¢ dM1
c=1orwritingy =4x + 1 Aleso )
Method 2: Sets 2x* +8x+3 =4x+c and collects x terms together M1
Obtains 2x° +4x+3—c =0 or equivalent Al
States that 5*> —4ac =0 dM1
4 —4x2x(3-c)=0 andsoc= dM1
=1 Alcso
(5)
Method 3: Sets 2x* +8x+3 =4x+c and collects x terms together M1
Obtains 2x° +4x+3—c =0 or equivalent Al
Uses 2(x+1)> —2+3—c =0 or equivalent dM1
Writes -2 +3 —c =0 dM1
Soc=1 Alcso
()
Also see special case for using a perpendicular gradient (overleaf) (10 marks)
Notes
(a) Ml Attempts to calculate b*> —4ac using 87 —4x2x3 - must be correct — not just part of a quadratic formula
Al Cao 40
(b) B1 See 2(....)orp=2
M1 .((x+2)*+...)is sufficient evidence or obtaining ¢ = 2
Al Fully correct values. 2(x+2)* =5 orp=2,¢=2,r=-5 cso.

Ignore inclusion of “=0".

[In many respects these marks are similar to three B marks.
p=2isBl; ¢g=2isBIl and p=2, ¢ =2 and r=-5 is final Bl but they must be entered on epen as B1 M1 Al]

Special case: Obtains 2x” +8x+3 = 2(x+2)—1 This may have first B, for p = 2 then MOAO
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(c) Method 1A (Differentiates and puts gradient equal to 4. Needs both x and y to find ¢)

d
M1 Attempts to solve their Ey =4 . They must reach x =... (Just differentiating is M0 A0)

d
Al x=-1 (If this follows Ey =4x + 8, then give M1 A1 by implication)

dM1  (Depends on previous M mark) Substitutes their x = -1 into f(x) or into “their f(x) from (b)” to find y

dM1 (Depends on both previous M marks) Substitutes their x = -1 and their y = -3 values into y = 4x + ¢ to find ¢
or uses equation of line is (y+ “3”)=4(x + “1”) and rearranges to y = mx +c
Al c¢=1orallow for y=4x + 1 cso

(c) Method 1B (Differentiates and puts gradient equal to 4. Also equates equations and uses x to find ¢)
MI1A1 Exactly as in Method 1A above
dM1  (Depends on previous M mark) Substitutes their x = -1 into 2x° +8x+3 = 4x+c¢
dM1  Attempts to find value of ¢ then Al as before

(c) Method 2 ( uses repeated root to find ¢ by discriminant)
Ml Sets 2x° +8x+3 =4x+c and tries to collect x terms together
Al Collects terms e.g. 2x*> +4x+3—c=0 or —2x°> —4x—3+c=00r 2x> +4x+3 =coreven
2x* +4x=c—-3  Allow “=0 to be missing on RHS.
dM1 (If the line is a tangent it meets the curve at just one point so repeated root and 5> —4ac =0)
Stating that b*> —4ac = 0 is enough

dM1 Using b* —4ac =0 to obtain equation in terms of ¢
(Eg.4’ —4x2x(3—-c)=0) AND leading to a solution for ¢
Al ¢ =1 or allow for y=4x+ 1 cso

(c) Method 3 ( Similar to method 2 but uses completion of the square on the quadratic to find repeated root )
M1 Sets 2x* 4+ 8x+3 =4x +c and tries to collect x terms together. May be implied by 2x*> +8x+3 —4x+con

one side
Al Collects terms e.g. 2x> +4x+3—c=0 or —2x> —4x—-3+c=00r 2x* +4x+3=c
oreven2x’ +4x=c—3 Allow “=0" to be missing on RHS.

dMmi1 Then use completion of square 2(x+1)> =2 +3—c =0 (Allow 2(x+1)* =k +3—c=0)

where & is non zero. It is enough to give the correct or almost correct (with k) completion of the square
dM1 -2+3-¢=0 AND leading to a solution for ¢ (Allow -1 +3 -¢=0) (x=-1 has been used)
Al c=1cso

In Method 1 they may use part (b) and differentiate their f(x) and put it equal to 4
They can earn M1, but do not follow through errors.

In Methods 2 and 3 they may use part (b) to write
their 2(x+2)* —5=4x+c . They need to expand and collect x terms together for M1

Then expanding gives 2x* +4x+3—c =0 for Al — do not follow through errors
Then the scheme is as before

If they just state ¢ = 1 with little or no working — please send to review,

PTO for special case
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Special case uses perpendicular gradient (maximum of 2/5)
33

Sets 4x+8:—l:> x=, X =
16

639
Substitute X=——in y=2x>+8x+3 (= y=——
ubstitute 16 mny =y 128)

639

3 639
Substitute X =——and ¥ =——— into y=4x + corinto (y + —— )=4(x +—) and expand

16 128 128
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Question

Number Scheme Marks
6
61 =2 +——
SRR
n N xn—l Ml
dy 4 -2
—=10x"-3x ? oe AlAl
dx
3)
(3 marks)
_3
Ml  For x" > x"".ie. x*orx 2 or | — | seen
x2
1 -2
Al For 2x5x* or 6x —Ex 2 (oe). (Ignore +c for this mark)
3 3
Al For simplified expression 10x* —3x 2 or 10x* ——- o.e. and no +c
Apply ISW here and award marks when first seen.
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Question Scheme Marks
Number
62(a) Substitutes x =2 into y =20—-4x2-4% and gets 3 Bl
1
4,18 MI Al
dx X
1
Substitute x=2= % = (EJ then finds negative reciprocal (-2) dM1
Method 1 Method 2
States or uses y—3=-2(x—2) or Or: Check that (2, 3) lies on the M1
y = -2x + ¢ with their (2, 3) line y=-2x+7
Deduce equation of normal as it
to deduce that y=-2x+7 * has the same gradient and Al*
passes through a common point
(6)
(b) Put 20—4x—§=—2x+7 and simplify to give 2x* —13x+18=0 M1 Al
X
Orput y=20-4 oy 18 to give 1 —y-6=0
2 T—y
2
2x-9)(x-2)=0s0 x= or (y-3)(y+2)=0soy= dM1
9
x=5,y=—2 Al, Al
(5)
(11 marks)
PTO for notes on this question.
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(a) B1 Substitutes x = 2 into expression for y and gets 3 cao (must be in part (a) and must use curve
equation — not line equation) This must be seen to be substituted.
M1 For an attempt to differentiate the negative power with x> x.
d 18
Al Correct expression for ay =—4+—, accept equivalents
X
dM1  Dependent on first M1 Substitutes x = 2 into their derivative to obtain a numerical gradient and find
negative reciprocal or states that —2x4=-1
(Method 1)

dM1  Dependent on first M1 Finds equation of line using changed gradient (not their % but -1/2, 2 or -2)
eg. y—"3"=-"2"(x-2) ory=*“2"x+canduse of (2, “3”) to find c=

Al*  CSO. This is a given answer y = —2x+ 7 obtained with no errors seen and equation should be stated

(Method 2)- checking given answer

(b)

100

dM1  Uses given equation of line and checks that (2, 3) lies on the line
Al1*  CSO. This is a given answer y =—2x+7 so statement that normal and line have the same gradient
and pass through the same point must be stated

M1 Equate the two given expressions, collect terms and simplify to a 3TQ. There may be sign errors
when collecting terms But putting for example 20x —4x” —18 =—2x+7 is MO here

Al Correct 3TQ = 0 (need = 0 for A mark) 2x>—13x+18=0
dM1  Attempt to solve an appropriate quadratic by factorisation, use of formula, or completion of the square
(see general instructions).

Al x= 5 oe or y=-2 (allow second answers for this mark so ignore x =2 or y = 3)

9 9
Al Correct solution only so both x = E ,y=—2 or (E,—2j

If x =2,y =3 is included as an answer and point B is not identified then last mark is A0
Answer only — with no working — send to review. The question stated “use algebra”
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Question
Number

Scheme

Marks

63 (a)

(3-x%)?=9-6x"+x"

An attempt to expand the numerator
obtaining an expression of the form

9+ px* £qx*, p,q#0

M1

Ox 2 + x2

9+ x*

2
X

Must come from

Al

-6

2

Must come from

2
X

Al

Alternative 1: Writes

(3-x%)*

2
X

as (3x" —x)®and attempts to expand = M1

then A1A1 as in the scheme.

Alternative 2: Sets (3—x?)* =9+ Ax” + Bx", expands (3—x*)*and compares

coefficients = M1 then A1A1 as in the scheme.

3)

(f'(x) =9x7° —6+x?)

(b)

—18x7 +2x

M1: x" — x"Lon separate terms at least
once. Do not award for 4 — 0
(Integrating is MO0)

Alft: —18x~° + 2" B"xwith a numerical B
and no extra terms. (A may have been
incorrect or even zero)

M1 Alft

@)

(©)

3

f(x)=-9x" —6x+ % (+c)

M1: x" — x"* on separate terms at least
once. (Differentiating is MQ)

3

ALft: —9x + Ax + % (+¢) with

numerical 4 and B, 4,B #0

M1ALft

Uses x = -3 and y =10 in what they think
is f(x) (They may have differentiated
here) but it must be a changed function
i.e. not the original f'(x), to form a linear
equation in ¢ and attempts to find c¢. No
+ ¢ gets MO and AO unless their method
implies that they are correctly finding a
constant.

M1

c=-2

CSO

Al

c

3

(F(x) =) —9x ! —6x +% + their

Follow through their ¢ in an otherwise
(possibly un-simplified) correct
expression.

-1

AIIow—g for —9x toreven 9x1 .
x —

Alft

Note that if they integrate in (b), no marks there but if they then go on to
use their integration in (c), the marks for integration are available.

)

[10]
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Question
Number

Scheme

Marks

64
(@)

(

-Z0
4

3

j. Accept x=-32

Bl

1)

(b)

y=4

B1: One correct asymptote

x =0 or ‘y-axis’

B1: Both correct asymptotes and no
extra ones.

B1B1

Special case x = 0and y = 4 scores B1B0

@)

(©)

Y =-3x7
dx

d_y = Jx? (Allow d_y =kx %+ 4)
dx dx

M1

At x =-3, gradient of curve =

Cao (may be un-simplified but must
be a fraction with no powers) e.g.

. —3(-3)?scores A0 unless evaluated
-3

ase.g. %3 or is implied by their

normal gradient.

Al

Gradient of normal = -1/m

Correct perpendicular gradient rule
applied to a numerical gradient that
must have come from substituting x
= -3 into their derivative.
Dependent on the previous M1.

dM1

Normal at P is (y—3)=3(x+3)

M1: Correct straight line method
using (-3, 3) and a “changed”
gradient. A wrong equation with no
formula quoted is MO. Also
dependent on the first M1.

Al: Any correct equation

dM1Al

()

(d)

(-4, 0) and (0, 12).

Both correct
(May be seen on a sketch)

Bl

S0 AB has length /160
or AB? has length 160

M1: Correct use of Pythagoras for
their 4 and B one of which lies on
the x-axis and the other on the
y-axis, obtained from their
equation in (c). A correct method
for AB? or AB.

Al: V160 or better e.g. 4410 with
No errors seen

M1 Alcso

3)

[11]
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%ﬂ?ﬁggp Scheme Notes Marks
65. \ dy , M1: x” = x" including 1-0
y=x+4x+1= o 3x® +4(+0) ["AL: Correct differentiation (Do not allow | M1AL
4x° unless x° = 1 is implied by later work)
M1: Substitutes x = 3 into their j_y (not y)
X
substitute x =3 = gradient = 31 SUbSt_'tUteS x =3 Into a “changed M1Al
function. They may even have
integrated.
Al: cao
[4]
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Question
Number

Scheme

Notes

Marks

66.(2)

M1: Correct attempt to split into 2
separate terms or fractions. May be

implied by one correct term. Divides
1 1

by x2or multiplies by x 2.

1 1
Al: x? +9x 2or equivalent

M1Al

M1: Independent method mark for
x" > x™* on separate terms

Al: Allow un-simplified answers. No
requirement for + ¢ here

M1Al

Substitutes x =9 and y = 0 into their
integrated expression leading to a value for
c. If no ¢ at this stage MOAO follows unless
their method implies that they are correctly
finding a constant of integration.

M1

There is no requirement to simplify their
f(x) so accept any correct un-simplified
form.

Al

(6)

(b)

x+9

NS

f(x) = =10= x+9=10Vx

x+9
Jx

by \/; The terms in x must be in the

Setsf'(x) = =10 and multiplies

+9
numerator. E.g. allow xl—O = \/;

M1

They must be setting either the original f'(x) =10 or an equivalent correct
expression = 10

W -9)Wx-)=0=x=..

Correct attempt to solve a relevant
3TQ in x leading to solution for \x.
Dependent on the previous M1.

dm1

x=8lx=1

Note that the x = 1 solution could be
just written down and is B1but must
come from a correct equation.

Al, Bl

(4)

[10]

Alternative
to part (b)

(

x+9

Jx

)2 =10* = x* +18x+81=100x

x+9

NS

by x. They must be setting either the
original f'(x) =10o0r an equivalent

correct expression = 10

Sets

=10 , squares and multiplies

M1

(x-8D)(x-1)=0=>x=..

Correct attempt to solve a relevant
3TQ leading to solution for x.
Dependent on the previous M1.

dm1

x=8lx=1

Note that the x = 1 solution could be
just written down and is B1but must
come from a correct equation.

Al, Bl
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Question

Scheme Marks
Number
67. C:y=2x—8x/;+5, x>0
@ | So, y=2x-8x"+5
d
d—y—2—4x2+{0} (x >0) M1 Al AL
X
[3]
(b) (When x =4, y=2(%)-8,/(%) +5 s0) y=43 B1
. dy 4
(gradient= — =) 2 — {=-6} M1
4
(%)
Either: y -"3"="-6"(x-1) or: y="-6"x+c and
II%II :lI_GII(%)_’_C = c:||3|| dMl
S0 y=-6x+3 Al
[4]
(©) Tangent at Q is parallel to 2x — 3y +18 =10
(y=%4x+6 =) Gradient = 2. so tangent gradient is % B1
So. "2 4., .2, Sets their gradient function = their
0 e Jx 3 numerical gradient. | M1
= ﬂ—iz x=9 Ignore extra answer x = -9 | Al
T g X wer x = -
Substitutes their found x into equation of curve. | dM1
When x =9, y=2(9) -89 +5=-1 y=-1. | A1
[5]
12 marks
Notes
@) M1: Evidence of differentiation, so x” — x"* at least once so x* —1or x° or x* — x % notjust 5—0
Al: Any two of the three terms correct — do not need to see zero — the 5 disappearing is sufficient; need not
be simplified.
Al: 2 - 4x% Both terms correct, and simplified. Do not need to include domain x > 0
(b) B1: Obtaining y = 3/2 or fractional or decimal equivalent (no working need be seen)
M1: An attempt to substitute x = + intog—y to establish gradient. This may be implied by —6 or m = -6 but
x .
not y = - 6. Can earn this M mark if they go on to use 7 = or use their numerical value of j_y
x .
dM1: This depends on previous method mark. Complete method for obtaining the equation of the tangent,
using their tangent gradient and their value for y, (obtained from x = ¥4, allow slip) i.e.
y — ¥, = my (x—%)with their tangent gradient and their y,
or uses y=mx+c with (%, their y, ) and their tangent gradient.
Al:y=-6x+3 or y=3-6x ora=-6andb=3
) B1: For the value 2/3 not 2/3 x not -3/2
M1: Sets their gradient function dy/dx = their numerical gradient
Al: Obtains x =9
dM1: Substitutes their x (from gradient equation) into original equation of curve C i.e. original expression y =
Al: (9,-1) orx=9,y=-1,orjusty=-1
Special Cases: In (b) Finds normal could get B1 M1 MO0 AQ i.e. max of 2/4
In (c) Uses perpendicular instead of parallel then award BO M1 A0 M1 AQ i.e max 2/5 — see over
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Question
Number

Scheme Marks

68. (a)

(b)

4

y=5x"—6x3+2x-3

1
{d_y z} 5(3)x* — G(EJX?’ +2 M1
dx 3

= 15x% — 8x% + 2 Al Al Al

[4]
2 _2

{d_y :} 30x_§x 3 M1 AL

2]
6

Notes

(@)

(b)

4
M1:  for an attempt to differentiate x” — x" " to one of the first three terms of y = 5x° — 6x3 + 2x — 3.
4 1
So seeing either 5x° — + Ax® or — 6x° — + ux3 or 2x — 2 is M1.

1 A1 for 15x° only.
1
2" AL: for —8x3 or —8 ¥/x only.
3" Al: for +2 (+c included in part (a) loses this mark). Note: 2x°is AO unless simplified to 2.

M1: For differentiating j—y again to give either
X

e acorrect follow through differentiation of their x* term
1 2

o orfor +ax® -+ fix 3.
Al: for any correct expression on the same line (accept un-simplified coefficients).

1 4
For powers: 30x°" — §x3 ' is AO, but writing powers as one termeg: (15x 2x) — %x ¢ is ok for Al.

dx 2

1 2 _2
Note: Candidates leaving their answers as {d—y :} 15x% — 2—34x3 +2 and [d—y =j 30x — %x 3 are
X

awarded M1A1AOQALl in part (a) and M1A1 in part (b).

1
Be careful: 30x —%x 3 will be AO.

_2
Note: For an extra term appearing in part (b) on the same line, ie 30x — %x 3 +2is M1A0

1 _2
Note: If a candidate writes in part () 15x* — 8x® + 2 + ¢ and in part (b) 30x — %x S +c

then award (a) M1A1A1AO (b) M1A1
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Question
Number Scheme Marks
P(4,-1) lieson C where f'(x)= 1x - i +3, x>0
2" Jx
69. () f’(4)—£(4)—£+3'—2 M1; Al
. 2 ,\/Z H y
T: y—=1=2(x-4) dM1
T: y=2x-9 Al
[4]
1
141 6 -3+t )
(b) f(x) =2 - 2— +3x(+¢) or equivalent. | M1 A1
2(2) (3)
16
f(4)=-1=} 7—12(2)+3(4)+c_ -1 dm1
{4-24+12+c=-1 = c¢=T7}
1
¥ 2
o, {f(x) =} = 61‘ +3x+7 Al cso
22) ()
2 4
{NB f(x):T—12\/;+3x+7} X
8
Notes
(a) 1% M1: for clear attempt at f'(4).
1% A1: for obtaining 2 from f'(4).
2" dM1: for y—-1= (their f'(4))(x —4) or b4 __41 = (their f'(4))
X —
or full method of y = mx + ¢, with x =4, y =—1 and their f'(4) to find a value for c.
Note: this method mark is dependent on the first method mark being awarded.
2" AlL: for y=2x—-9 or y=—9+2x
Note: This work needs to be contained in part (a) only.
(b) 1% M1: for a clear attempt to integrate f'(x) with at least one correct application of
¥ o on Fi(x) = Sx— 2 43,
27 x
1 11 6 —5+1 0+1 ;
So seeing either —x —> £ Ax ———>tux? or3—-3x " isML
2 Jx
1*" Al:  for correct un-simplified coefficients and powers (or equivalent) with or without +c.
2" dM1: foruseof x=4 and y =—1 inan integrated equation to form a linear equation in ¢ equal to -1.
ie: applying f(4) =—-1. This mark is dependent on the first method mark being awarded.
l
2
Al: For {f(x) } 2(2) ( ) —— + 3x + 7 stated on one line where coefficients can be un-simplified or
simplified, but must contain one term powers. Note this mark is for correct solution only.
Note: For a candidate attempting to find f(x) in part (a)
If it is clear that they understand that they are finding f(x) in part (2); ie. by writing f(x) =... or y =... then
you can give credit for this working in part (b).
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Question Schene Marks

70. A M1A1Al

4x® +3x 2 3)

3 marks
Notes
M1  for x" - x™*i.e.x* orx* seen
-1
1%'A1 for 4x° or 6x1xx 2 (o.e.) (ignore any ¢ for this mark)
A1 1
2" A1 for simplified terms i.e._botMx®> and 3x 2 or% and no € Ex 2is AO}
X
Apply ISW here and award marks when first seen
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Question Scheme Marks
@ [y=x+2x*] so % =3x° +4x M1A1  (2)
X
b
(b) =
/
Bl
— Shape/\/
| Touchingx-axis at origin B1
) Throudh and not touching or stopping | B1
onx —axis. Ignore extra intersections. (3)
© At x = -2: %:3(—2)"#4(—2):4 M1
X
_o Oy _
Atx=0 vl (Both valies correct) | Al (2)
X
(d) |
Horizontl translation (touchesaxis still) M1
: : < k-2 and k marked on positiv&-axis Bl
/ k?(2-k) (0.e) marked on negative-axis Bl
10 marks
Notes
(@) | M1 for attempt to multiply out and then some attempt to differentiate x"*
Do not award for & x + 2) or X (1 + 2) etc
Prod Rule Award M1 for a correct attempt: 2 products with a + and at least one product corre
Al for both terms correct. (Iferor extra term is included score AO)
(b) | 1°' B1 for correct shape (anywhere). Must have 2 clear turning points.
2" B1 for graph touching at origin (not crossing or ending)
3" B1 for gaph passing through (not stopping or touching-28n x axis and-2marked on
axis
SC| BOBOBL for y = X’ or cubic with straight line betwee(2,0)and (0, 0)
(c) | M1 for attempt aty'(0) ory (2). Follow through their O or — 2 and theif(x) or
for a_correcstatemenof zero gradient for an identified point on their curve that toughes
axis
Al for both correct answers
(d) For the M1 in part (d) ignore any coordinates marked — just mark the shape.
M1 for a horizontal translation of their (b). Should still tonchaxis if it did in (b)

Or for a gaph of correct shape with min. and intersection in correct order or-axis
1°'B1 forkandk —2 on the positiva-axis. Curve must pass through 2 and touch &
2"B1 for a correct intercept on negatiyexis in terms ok.

Allow (0,2k*-k®) (o0.e.) seen in script if curve passes throughy-agis
109 T | EXPERT

IC | TUITION



Question Schene Marks
72. (a 1
@ [— , Oj Bl (1)
2
(b) % =X M1A1l
-2
pox=d Sy ey At
2 dx (2
. 1 1
Gradient ofnormal = —— =-= M1
m 4
. _ 1 1
Equationof normal: y-0= " X 5 M1
2X+8-1=0 *) Alcso (6)
©f, 11,1 M1
X 4 8
[= 2¢+1%-8=0] or [8y*-17y=0Q]
(x-D(x+8)=0 leading tox = ... M1
1
X=|—=| or =8 Al
-
17 : Alft
= — (or exact egivalent
y=3 ( q ) )
11 marks
Notes
(@) | B1 accepx = 1 if eviderce thaty = 0 has been used. Can be written on graph. Use
st -2 . [P . .
(b) 1M1  for kx“even if the2' is not differentiated to zero. If no evidence of%
X
1'A1  for x2 (o.e.) only seen then/B
2" AL for usingx = 0.5 to get = 4 (correctly) (om = 1/0.25)
To score fiml Alcso must see at least one intermediate equation for the linenaftér
2""M1  forusing the perpendicular gradient rule on timezroming from theii%y
X
Theirm must be a value not a letter.
3“M1  for using a changed gradient (based/onand theirA to find equation of line
3% Alcso fa reaching printed answer with no incorrect working seen.
Accept X + 8 = 1 or equivalent equations with2x and_+8y
(c) Trial and improvement requires sight of first equation.

15'M1
etc.
2" M1

1AL

for attempt to form a suitable equation in one variable. Do not penalise poor use of bra

for amplifying their equation to a 3TQ and attempting to solve. May be
= byx=-8
forx= -8 (ignorea second value). If foundfirst allow ft forxif x <0

2" ALft  for y= 17 Follow through thei value in line or curve provided answer is >0

This ®cond Al is dependent on bdthmarks
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Marks

Question
Number Scheme
73.
d_y =10x* -3x™* or 10x* —% M1 Al Al
dx X
©)
Notes
M1: Attempt to differentiate x” — x" (for any of the 3 terms)
i.e. ax® or ax™*, where a is any non-zero constant or
the 7 differentiated to give 0 is sufficient evidence for M1
1%t Al: One correct (non-zero) term, possibly unsimplified.
2" A1: Fully correct simplified answer.
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Question

Number Scheme Marks
74.
(@) n
0 Shape (cubic in this orientation) Bl
/I Touching x-axis at -3 B1
e ! Crossing at —1 on x-axis Bl
* [ | Intersection at 9 on y-axis Bl
) (4)
) y=(x+1)(x* +6x+9)=x>+7x* +15x+9 or equiv. (possibly B1
unsimplified)
Differentiates their polynomial correctly — may be unsimplified M1
b =3x*+14x+15 *) Al cso
dx
(©)
_ e Wy
(© Atx=-5: ==75-70+15=20 Bl
X
Atx=-5: y=-16 Bl
y—("-16")="20"(x—(-5)) ory ="“20x” + ¢ with (-5, -“16")
. M1
used to find ¢
y=20x+84 Al
(4)
(d) Parallel: 3x* +14x+15="20" M1
Bx-D(x+5=0 «x=... M1
X = 1 Al
3
©)
14
Notes
(a) Crossing at -3 is B0O. Touching at -1 is BO
(b) M: This needs to be correct differentiation here
Al: Fully correct simplified answer.
(c) M: If the -5 and “-16” are the wrong way round or — omitted the M mark can still be given
if a correct formula is seen, (e.g. y — y; = m(x — x;)) otherwise MO.
m should be numerical and not 0 or infinity and should not have involved negative
reciprocal.
(d) 1% M: Putting the derivative expression equal to their value for gradient
2" M: Attempt to solve quadratic (see notes) This may be implied by correct
answer.
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Question

Number Scheme Marks
75.
1 M1A1A1A1
@) (d_y =j§x2 —zx2 —8x7?
dx /2 2
4
3 1 B 3 8 M1
b)| x=4 = y—5x64 9% 2 +Z+3O
=32-72+2+30 =-8§ * Alcso
(2)
3 o 27 8 M1
c =4 = Yy =—x4"——x2-—
) x Y72 2 16
Al
= 24-27- 1 I
2
Gradient of the normal = —1+"1" M1
) 2 M1ALft
Equation of normal: y—-8= 7(x —4)
7y—2x+64=0 Al
(6)
12
?\lﬁzggp Scheme Marks
Notes
(@) | 1M1  for an attempt to differentiate x" — x" ™
1AL for one correct term in x
2""A1  for 2 terms in x correct
39 A1 forall correct x terms. No 30 term and no +c.
3
®) | m1 for substituting x = 4 into y = and attempting 42
Al note this is a printed answer
(c) | 1M1  Substitute x = 4 into y’ (allow slips)
Al Obtains —3.5 or equivalent
2" M1  for correct use of the perpendicular gradient rule using their
gradient. (May be slip doing the division) Their gradient must
have come from )’
39M1  foran attempt at equation of tangent or normal at P
2" A1ft  for correct use of their changed gradient to find normal at P.
Depends on 1%, 2" and 3 Ms
39 A1 for any equivalent form with integer coefficients
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Question Scheme Marks
Number
2
76. B2 ooyt M1 Al
X
1
(y'=)24x% -2x 2,+3-2x7? M1 Al A1A1
21
[24x2 —2x 2 +3—2x_2}
6
Notes
1M1 for attempting to divide(one term correct)
. 2 _
1 A1 for both terms correct on the same line, accept 3x* for 3x or = for 2x7!
X
These first two marks may be implied by a correct differentiation at the end.
2" M1 for an attempt to differentiate x" — x"L for at least one term of their expression
2
“Differentiating” and getting 6_1x is MO
2" A1 for 24x% only
rd _% _2 . . R _4 1
3“A1 for —2x 2 allow T . Must be simplified to this, not e.g. 7x 2
X
_ -2 ~
4"AL for 3—2x72 allow — . Both terms needed. Condone 3+(—2)x™
X
If “+¢” is included then they lose this final mark
They do not need one line with all terms correct for full marks.
Award marks when first seen in this question and apply ISW.
Condone a mixed line of some differentiation and some division
e.g. 24x>—4x* +3x+2x" canscore 1 M1A1 and 2™ M1A1
. st . PO _ P
?uotollent x(6x)—(3x2 +2)><1 B 2 . 1" M1 for an attempt: —= or R+ (-S) with
Product > or 6x(x*)+(3x*+2)(—x?) | one of P,O o R.S correct.
Rule x 1% Al for a correct expression
2
S > 2 or 3—% (0.e) 4™ A1 same rules as above
X
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Question Scheme Marks
Number
77. " L
(a) ( :)iﬁi—zx (+e) M1A1A1
2 1
? M1
f(4)=5 =5 :%x16—10><2—8+c
=9 Al (5
1
[f (x) :%xz —1Ox2—2x+9}
(b)
5 15
m=3x4——-2 | =750r — M1
2 (s3]
L 1
Equation is: y—5:?5(x—4) M1AL
2y-15x+50=0 0.e. Al (4)
(9marks)
(@) | 1M1 foran attempt to integrate x” —» x"**
1% A1 for at least 2 correct terms in x (unsimplified)
2" A1 for all 3 terms in x correct (condone missing +c at this point). Needn’t be simplified
2" M1  for using the point (4, 5) to form a linear equation for ¢. Must use x =4 and y = 5 and
have no x term and the function must have “changed”.
3 A1 forc=9. The final expression is not required.
() | 1M1 foran attempt to evaluate f'(4). Some correct use of x = 4 in f'(x) but condone slips.
They must therefore have at least 3x4 or —3 and clearly be using f'(x) with x = 4.
Award this mark wherever it is seen.
2" M1 for using their value of m [or their —— ] (provided it clearly comes from using x = 4 in
m
f’(x) ) to form an equation of the line through (4,5)).
Allow this mark for an attempt at a normal or tangent. Their m must be numerical.
Use of y = mx +c scores this mark when ¢ is found.
1% A1 for any correct expression for the equation of the line
2" A1 for any correct equation with integer coefficients. An “=" is required.
e.g. 2y = 15x — 50 etc as long as the equation is correct and has integer coefficients.
Normal Attempt at normal can score both M marks in (b) but AOAO
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Question Scheme Marks
number
78 Xk o X% sk ® or 3—0 (k a non-zero constant) M1
(Z_y =J 4x°........ , with '3' differentiated to zero (or 'vanishing’) Al
X
dy j 1y . 1 1
e +=x or equivalent, e.g. or Al
(dx 3 38> 3l
[3]
1% A1 requires 4x*, and 3 differentiated to zero.
Having ‘+C” loses the 1% A mark.
Terms not added, but otherwise correct, e.g. 4x°, %x% loses the 2" A mark.
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Question
number

Scheme

Marks

79

(@ y=

dy

dx

x?—5x-24

=1+ 24x7?

=x-5-24x"

or
dx

d—y:1+

(or equiv., e.g. x+3—8—ﬁ)
X

24

2
X

[

-M1 Al

M1 Al
(4)

(b) x=2: y=-15
dx

227
4
y+15=7(x—-2) (orequiv.,e.g. y=7x-29)

Allow if seen in part ().

dy

Follow-through from candidate's non-constant r
X

This must be simplified to a “single value”.

y+15

Allow 7

X —

Bl

B1ft

M1 Al
(4)
[8]

(@) 1% M: Mult. out to get x> +bx+c¢, b#0, ¢ =0 and dividing by x (not x?).

Obtaining one correct term, e.g. x........ is sufficient evidence of a
division attempt.
2" M: Dependent on the 1% M:
Evidence of x" — kx"™ for one x term (i.e. not just the constant
term) is sufficient). Note that mark is not given if, for example, the
numerator and denominator are differentiated separately.
A mistake in the 'middle term’, e.g. x+5—24x"", does not invalidate the

2" A mark, so M1 A0 M1 Al is possible.

dy

X
M: For the equation, in any form, of a straight line through (2, *-15) with

(b) B1ft: For evaluation, using x = 2, of their

candidate’s j_y value as gradient.
X

Alternative is to use (2, ‘—15’) in y = mx + c to find a value for ¢, in
which case y = 7x + ¢ leading to ¢ = —29 is sufficient for the Al).

(See general principles for straight line equations at the end of the scheme).
Final A: 'Unsimplified’ forms are acceptable, but...

, even if unlabelled or called y.

y—(-15) = 7(x —2) is AO (unresolved 'minus minus').
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Question Scheme Marks
Number
80
d _ 6x2 —6x7° M1 Al Al
dx
3
[3]
M1 for an attempt to differentiate x" — x"*
1Al for 6x2
2" A1 for —6x~° or —% Condone + —6x~° here. Inclusion of +c scores A0 here.
X
118 T | EXPERT

IC | TUITION




Question

Number Scheme Marks
81 @ [ (3-4x)* =]9-12vx ~12x +(-4)" x M1
9x 7 +16x° — 24 AL AL (3)
(b) 3 1
f)=—x 2, +35,72 M1 AL, Alft
2 2
(3)
c
©1 pgy=_9, L, 161 1,165 MLAL ()
2 27 2 3 6 6 2
(8l
@ M1 for an attempt to expand (3—4\/ x)2 with at least 3 terms correct- as printed
or better
Or 9-k+/x+16x (k=0) . See alsothe MR rule below
1% A1 for their coefficient of x = 16. Condone writing (+)9x"*" instead of 9x
2" A1 for B = - 24 or their constant term = - 24
() | M1 for an attempt to differentiate an x term x" — x"*
3
1Al for —%x 2 and their constant B differentiated to zero. NB —%xgxg is AO
2" A1ft follow through their Ax* but can be scored without a value for 4, i.e. for
1
4.
2
(© | M1 for some correct substitution of x = 9 in their expression for f’(x) including an attempt
at (9)% (k odd) somewhere that leads to some appropriate multiples of % or3
Al accept H or any exact equivalent of 2.5 e.g. EB—‘E’ or even 675
6 18 54 27
2 2
Misread (MR) Only allow MR of the form (3_\/;_*/;) N.B. Leads to answer in (c) of k-1
X
Score as M1AOAOQ, M1A1A1ft, M1A1ft
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Question

Number Scheme Marks
82 (a) x=2. y=8-8-2+9=7 (¥ Bl 1)
b
O I N M1 Al
X
x=2: d—y=12—8—1(=3) Alft
dx
y-7=3(x-2), y=3x+1 M1, Al (5)
c
@1, -1 (for —= with their m) | BLft
3 m
2 1 2 2 4 2
3x —4x—1:—§, 9x° -12x-2=0 or x —Ex—§:0 (o.e) M1, Al
(x 12y “124”2} (216 = /366 = 66 ) or (3x—2)" =6 —>3x=2+/6 M1
X= %(2 ++/6 ) ™ Alcso (5)
[11]
(@ | B1 there must be a clear attempt to substitute x = 2 leading to 7
e.0.2° -2x2°-2+9=7
(b) | 1M1 for an attempt to differentiate with at least one of the given terms fully
correct.
1% A1 for a fully correct expression
2" A1ft for sub. x= 2 in their g—y(;t y)accept for a correct expression e.g.
X
3x(2)* —4x2-1
2" M1 for use of their “3” (provided it comes from theirg—y(;t ) and x=2) to find
X
equation of tangent. Alternative is to use (2, 7) in y = mx+ ¢ to find a value for c.
Award when ¢ = ... is seen.
No attempted use of j_y in (b) scores 0/5
X
(C) st . . . dy . 1
1> M1 for forming an equation from their d—(;t ) and their —— (must be
X m
changed from m)
1% A1 for a correct 3TQ all terms on LHS (condone missing =0)
2""M1 for proceeding to x =... or 3x = ... by formula or completing the square for
a 3TQ.
Not factorising. Condone +
2" A1 for proceeding to given answer with no incorrect working seen. Can still
have +.
ALT | Verify (for MIAIM1A1)
1M1 for attempting to square need > 3 correct values in 4+634J€ , 1% A1 for —10+;‘J€
2""M1 Dependent on 1% M1 in this case for substituting in all terms of their (;_y
X
2" Alcso for cso with a full comment e.g. “the x co-ord of Qis ...”
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Question
Number

Scheme

Marks

83 ()

(b)

3
ZxA or p (Not 2x\/;)

P Now

—x or —x' or g=

(d_y :) 20x° +2x
dx

NS

-1

X

N w g

1
= 20x° +3x2 -1

Bl

B1 )
M1
ALALftALft

(4)
[6]

(@)

(b)

1"'B1  for p = 1.5 or exact equivalent
2"B1 forg=1

M1 for an attempt to differentiate x” — x"* (for any of the 4 terms)
1 A1 for 20x® (the —3 must 'disappear’)
1
2" A1ft for 3x2 or 3Vx . Follow through their p but they must be differentiating
2x”, where p is a fraction, and the coefficient must be simplified if necessary.

3 A1ft for —1 (not the unsimplified —x°), or follow through for correct

differentiation of their — x? (i.e. coefficient of x? is —1).
If ft is applied, the coefficient must be simplified if necessary.

'Simplified' coefficient means % where a and b are integers with no common

factors. Only a single + or — sign is allowed (e.g. — — must be replaced by +).

If there is a 'restart’ in part (b) it can be marked independently of part (a), but marks
for part (a) cannot be scored for work seen in (b).

Multiplying by NP (assuming this is a restart)
3
eg. y= 5x*Vx —3v/x + 2x2 —xé

7 —
(g_y %%xé —%x % +4x —%x% scores M1 A0 AO (p not a fraction) A1ft.
X

Extra term included: This invalidates the final mark.
3
e.g. y=5x*—3+2x? —xé —x%

(j_y :J20x3 +4x —%x% —%x_% scores M1 Al AO (p not a fraction) AO.
X

Numerator and denominator differentiated separately:
For this, neither of the last two (ft) marks should be awarded.

Quotient/product rule:
Last two terms must be correct to score the last 2 marks. (If the M mark has not
already been earned, it can be given for the quotient/product rule attempt.)
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Question Scheme Marks
Number
84 (a) .
[% :j—4+8x_2 (4 or 8x72 for M1... sign can be wrong) M1A1
x=2=> m=-4+2=-2 M1
The first 4 marks could be earned in part (b
y=9—8—§:—3 part ©) Bl
Equation of tangentis: y+3=-2(x-2)—> y=1-2x (%) M1 Alcso
(6)
: -1
(b) | Gradient of normal = 3 B1ft
Equation is: y+3 = 1 or better equivalent, e.g. y = Ex -4 M1A1
x—=2 2 2
1
© | (43) > (B:) 8 81 B1 )
Area of triangle is: %(xB tx,)xyp With values for all of x,,x,and y, M1
1[8—1}«3 = B o Al (4)
200 2 4 [13]
@) | 1%M1 for 4 or 8x72 (ignore the signs).
1%t A1 for both terms correct (including signs).
2" M1 for substituting x = 2 into their ;i_y (must be different from their y)
X
Bl for y, =-3, but not if clearly found from the given equation of the tangent.
3" M1 for attempt to find the equation of tangent at P, follow through their m and Vp.
Apply general principles for straight line equations (see end of scheme).
NO DIFFERENTIATION ATTEMPTED: Just assuming m = —2 at this stage is MO
2" Alcso for correct work leading to printed answer (allow equivalents with 2x, y, and 1 terms...
such as 2x+y—-1=0).
(b) | B1ft  for correct use of the perpendicular gradient rule. Follow through their m, but if m = —2
there must be clear evidence that the m is thought to be the gradient of the tangent.
M1  for an attempt to find normal at P using their changed gradient and their y,.
Apply general principles for straight line equations (see end of scheme).
Al for any correct form as specified above (correct answer only).
© 1 181 for % and 2 B1 for 8.
M1  for a full method for the area of triangle 4BP. Follow through their x,,x, and their y,, but
the mark is to be awarded ‘generously’, condoning sign errors..
The final answer must be positive for Al, with negatives in the working condoned.
Determinant: Area = > x, y, 1= > 05 0 =... (Attempt to multiply out required for M1)
X3 V3 8 0
Alternative: AP =+/(2—0.5)% +(=3)2, BP=+/(2-8)% +(-3) , Area = %APxBP - Ml
Intersections with y-axis instead of x-axis: Only the M mark is available BO BO M1 AO.
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Question Scheme Marks
number
85. (@) | [f'(x)=] 3+3x? M1A1 (2)
(b)| 3+3x°=15 and start to try and simplify M1
x> =k —x=+/k (ignore +) M1
x=2 (ignore x =-2) Al 3)
5
@) M1  for attempting to differentiate x" — x"*. Just one term will do.
A poor integration attempt that gives 3x” +... (or similar) scores MOAO
Al  forafully correct expression. Must be 3 not3x°. If there is a + ¢ they score AO.
(b) 1 M1 for forming a correct equation and trying to rearrange their f'(x) =15 e.g. collect terms.
e.g. 3x>=15-3 or 1+x°=5 oreven 3+3x* - 3x? =% or 3x t+3x*>=15—-6x=15
(i.e algebra can be awful as long as they try to collect terms in their f'(x) =15 equation)
2"Y M1 this is dependent upon their f'(x) being of the form ¢ +bx? and
attempting to solve a +bx? =15
For correct processing leading tox = ...
Can condone arithmetic slips but processes should be correct so
eg. 3+3x*=15-3x’= % Sx= @ scores M1MOAO
3+3x% =15 3x* =12 > x* =9 — x =3 scores M1IMOAO
3+3x? =155 3x? =12 > 3x =12 > x =g scores M1IMOAO
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Question Scheme Marks
number
dy 2
86. () [d—=}3kx P MIAL ()
X
. T
(b) Gradient of line is 5 Bl
When x=-1: 3k><(%)—2><(—%)+1,=% M1, M1
3k_3 k-2 Al (4)
4 2
© | x=—3=y=kx(-1)-()-1-5=-6 M1, Al (2)
8

@) M1  for attempting to differentiate x” — x" (or -5 going to 0 will do)

Al all correct. A “+ ¢” scores AQ

(b) Bl for m :%. Rearranging the line into y = %x+c does not score this mark until you are sure

they are using % as the gradient of the line or state m = %

o . . d o
1 M1 for substituting x = —2 into their =Y some correct substitution seen

dx

2"4 M1 for forming a suitable equation in k and attempting to solve leading to & =...

Equation must use their g_y and their gradient of line. Assuming the gradient is 0 or 7 scores
X

MO unless they have clearly stated that this is the gradient of the line.
Al fork=2

(©) M1  for attempting to substitute their £ (however it was found or can still be a letter) and

xX= —% into y (some correct substitution)

Al for-6
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Question
number

Scheme

Marks

87.

L 1
(a) | 2x 2 +3xl} p=—=, g=-1

1
(b) | y=5x—-7+2x 2 +3x1J
dy 0 . .
(— :] 5 (or 5x ) (5x —7 correctly differentiated)

dx

Attempt to differentiate either 2x” with a fractional p, giving kx”™* (k = 0),
(the fraction p could be in decimal form)

or 3x? with a negative ¢, giving kx?™* (k #0).

1 3 3
[EX 2x 2 —1x3x7? =} —x 2, —3x7?

Bl, Bl

Bl

M1

Alft, Alft

()

(4)

(b):
N.B. It is possible to ‘start again’ in (b), so the p and ¢ may be different from
those seen in (a), but note that the M mark is for the attempt to

differentiate 2x” or 3x7.
However, marks for part (a) cannot be earned in part (b).

1%t A1ft: ft their 2x?, but p must be a fraction and coefficient must be simplified
(the fraction p could be in decimal form).

2" ALft: ft their 3x?, but ¢ must be negative and coefficient must be simplified.

‘Simplified' coefficient means % where a and b are integers with no common

factors. Only a single + or — sign is allowed (e.g. — — must be replaced by +).

Having +C loses the B mark.
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Question
number

Scheme

Marks

88.

3
(@) 4x - kx® or 6Jx > k2 or % — kx™  (k a non-zero constant)
X

2 % 1 .
f(x)=2x", —4x/?, —8x (+0O (+ C not required)
3
Atx=4,y=1: 1=(2x16)—(4x44j—(8x4‘1)+c Must be in part (a)
Cc=3

(b) f'(4) =16 — (6x 2) +% :% (=m) M: Attempt f'(4) with the given f'.
Must be in part (b)

Gradient of normal is —S [: —ij M: Attempt perp. grad. rule.
m

Dependent on the use of their f'(x)

Eqgn. of normal: y—-1= —é(x —4) (or any equiv. form, e.g. y-1 = _E)

x—4 9
. 2 17 . .
Typical answers for Al: | y = 35t (2x+9y-17=0) (y =-0.2x +1.8)

Final answer: gradient — ! or S is AO (but all M marks are available).
i } 4.5

%

M1

Al Al Al
M1
Al

M1

M1

M1 Al

(6)

(4)

10

(@) The first 3 A marks are awarded in the order shown, and the terms must be
simplified.

'Simplified' coefficient means % where a and b are integers with no common

factors. Only a single + or — sign is allowed (e.g. + — must be replaced by -).

2" M: Using x =4 and y = 1 (not y = 0) to form an egn in C. (No C is M0)
(b) 2" M: Dependent upon use of their f'(x).

3" M: egn. of a straight line through (4, 1) with any gradient except 0 or .

Alternative for 3" M: Using (4, 1) in y = mx + ¢ to find a value of ¢, but
an equation (general or specific) must be seen.

Having coords the wrong way round, e.g. y —4 = —%(x —1), loses the 3 M

mark unless a correct general formula is seen, e.g. y—y =m(x—x,) .

N.B. The A mark is scored for any form of the correct equation... be prepared
to apply isw if necessary.
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Question Scheme Marks
number
89. | (@ f
Shape /\/ (drawn anywhere) Bl
o~ f Minimum at (1, 0) B1
(perhaps labelled 1 on x-axis)
// | /, (-3,0) (or —3shown on —ve x-axis) Bl
©, 3) (or 3 shown on +ve y-axis)| B1 4)
| | N.B. The max. can be anywhere.
(b) y = (x+3)(x? —2x+1) Marks can be awarded if M1
=x*+x?-5x+3 (k= 23) this is seen in part (a) Alcso (2)
(C)d—y:3x2+2x—5 M1 Al
dx
3x*+2x-5=3 or 3x*+2x-8=0 M1
Bx-4)(x+2)=0 x=... M1
X = % (or exact equiv.) , x=-2 Al, Al (6)
12
(a) The individual marks are independent, but the 2", 3 and 4™ B’s are
dependent upon a sketch having been attempted.
B marks for coordinates: Allow (0, 1), etc. (coordinates the wrong way round)
if marked in the correct place on the sketch.
(b) M: Attempt to multiply out (x —1)? and write as a product with (x +3),
or attempt to multiply out (x +3)(x —1) and write as a product with (x-1),
or attempt to expand (x +3)(x —1)(x —1) directly (at least 7 terms).
The (x-1)? or (x+3)(x—1) expansion must have 3 (or 4) terms, s0
should not, for example, be just x? +1.
A: It is not necessary to state explicitly 'k = 3'.
Condone missing brackets if the intention seems clear and a fully correct
expansion is seen.
(c) 1 M: Attempt to differentiate (correct power of x in at least one term).
2" M: Setting their derivative equal to 3.
39 M: Attempt to solve a 3-term quadratic based on their derivative.
The equation could come from j_y =0.
X
N.B. After an incorrect £ value in (b), full marks are still possible in (c).
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Question

Number Scheme Marks
dy N
90.(a) | ==70x —35x° VAl
dx
Put ¥ 20 to give 70x —35x} =0 50 x* =2
u 5 o give 70x —35x? =050 x* = i
x=4 Al
y=112 N
(&)
v =2 Al
: (2
(b) - . — -
(Way 2) Wheny =0, 35x°=14x> so 1225x" =196x> or 5=2/x so 25=4x M1
x—é orx—1225 Al
196 ?)
[7]
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Notes
(@)

M1: Attempt at differentiation after multiplying out - may be awarded for 70x term correct
(If product rule is used it must be of correct form i.e. % =7x" (—2kx"_1 ) +14x(5-2x") )
A1: the derivative must be completely correct but may be unsimplified

For product rule this is % =7x’ (—x_% ) +14x(5—- 2«5)

M1: uses derivative = 0 to find x* = or x = with correct work for their equation (even without fractional
powers)
Al: obtains x = 4 then
Al: for y =112 (may be credited if seen in part (a) or in part(c))
(b)
Way 1 (Dividing first)
M1: Puts y = 0 and obtains expression of the form x* = 4 (where & is not equal to 1) after correct algebra
for their equation (may be a sign slip)
A1l: Obtains x = 6.25 or equivalent correct answer
(b)
Way 2 (dealing with fractional power first i.e. Squaring)
MI1: Puts y = 0 and squares each term correctly for their equation obtaining expression of the form
A* x™ = B>x" after correct algebra

A1l: Obtains x = 6.25 or equivalent correct answer
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Question Scheme Marks
Number
dy 2
91. alex +18x-30 M1
Either Or
. _ . dy dy ) . _ Al
Substitute x = 1 to give Fol 12+18-30=0 | Solve Fol 12x* +18x—-30=0to give x =
. . _ Alcso
So turning point (all correct work so far) Deduce x = 1 from correct work 3)
Notes
M1: Attempt at differentiation - all powers reduced by 1 with 8 -0 .
Al: the derivative must be correct and uses derivative = 0 to find x or substitutes x = 1 to give 0. Ignore
any reference to the other root (—5/2) for this mark.
Alcso: obtains x = 1 from correct work, or deduces turning point (if substitution used — may be implied by
a preamble e.g. dy/dx =0 at T.P.)
N.B. If their factorisation or their second root is incorrect then award AOcso.
If however their factorisation/roots are correct, it is not necessary for them to comment that —2.5 is
outside the range given.
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Question Scheme Marks
Number
1. x(z—”) or 220, 72 simplified or un-
1 2r X’ 2 3 360 M1
9. (3) | Area(FEd) =2 x° (?J; == ... simplified|
2
X Al
8 ]
______________ Parts (b) and () may be marked together e
IR SR FUCI _Attempt to sum 3 areas (at least one correct) | M1 |
O | 14=i5xome0 s gmdvze Correct expression for atleast two terms of 4 | AL
2 2
1o00= Y3¥ 7 + 20 = _500 V3x mx
4 8 6
Correct proof. | A1 *
=0 X(47.33) P
X
I BE
{(P=}x+x0+y+2x+y {=3x+ ——+2 Correct expression in x and y for
© ; ( B1ft
their @ measured in rads
2y= 2(500 B 1(4 4343 )j Substitutes expression from (b) into M1
x y term.
po g, 27x 1000 zx V3, 1000 . owx V3
,,,,,,,,,,,,,,,,,,,,,,,, x 3 4 x 3 A
1000
P= + i(47r +36 — 3\/§) * Correct proof. | Al *
X
e [3].
______________ Parts (d) and (e) should be marked together
+
1000 | 27 |\
dP_ 1000 -2 4ﬂ.+36_3\/§_0 _____________________________________X: ________ '_)C_ ___________________
(d) PPt 12 = Correct differentiation | .
______________________ (need not be simplified). | ~ ' |
Their P'=0 | M1
[ 1000(L2)
1000(12) —————— — orawrt 17 (may be
x= [————— (= 16.63392808... _ Al
Var+36-373 ) 4 +36 - 33 o
L. -, L.2..) IO
{p: 1000 = (16:63..) (4;”36-3\/5)}:» P =120.236.. (m) awrt 120 | Al
(16.63...) P e
IS Y R [5] |
__________________________________ Finds P”and considerssign. | M1 |
2
(e) a°p = 2000 > 0 = Minimum 2000 (need not be simplified) and > 0 and conclusion.
dx? X2 8 Alft
________________________________________________ Only follow through on a correct P” and xinrange 10<x<25. | |
15
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Question 92 Notes

(@)

(b)

(©

(d)

©

132

M1

Al

M1

1% Al

2nd Al*

B1ft

M1

Al*

1t M1
1tAl

2" M1

2" AL
AL
M1

Alft

Attempts to use Area(FEA) = %xz xz?” (using radian angle) or %xmz (using angle in

degrees)

2
X

cao (Must be simplified and be their answer in part (a)) Answer only implies M1A1.

N.B. Area(FEA) = %xz x120 is awarded MOAO

An attempt to sum 3 *“ areas” consisting of rectangle, triangle and sector (allow slips even in
dimensions) but one area should be correct

Correct expression for two of the three areas listed above.

. 1 z 1 1 2
Accept any correct equivalents e.g. two correct from = sin(—j or =x’/3, =xZ7x’, 2xy
2 3 4 2 3

This is a given answer which should be stated and should be achieved without error so all three
areas must have been correct and their sum put equal to 1000 and an intermediate step of
rearrangement should be present.

Correct expression for P from arc length, length 4B and three sides of rectangle in terms of both
x and y with 2y (or y +y), 3x (orx + 2x) (or x + x + x), and x@ clearly listed . Allow addition

after substitution of y.

NB 49:2—” but allow use of their consistent & in radians (usually 6’=% ) from parts (a) and
(b) for this mark. 120x or 60x do not get this mark.

Substitutes y = % - 2—2(47[ +343 ) or their unsimplified attempt at y from earlier (allow

slips e.g. sign slips) into 2y term.
This is a given answer which should be stated and should be achieved without error

+
Need to see at least 1000 - 4
X X
Correct differentiation of both terms (need not be simplified) Not follow through. Allow any
correct equivalent.
eg 92— 100052 + 7398 pisoalow 9 = 100057 + awrt 361
dx 3 4 dx

Check carefully as there are many correct equivalents and some have two terms in xz to

differentiate obtaining for example %—i—z instead of %

Setting their (;—P = 0. Do not need to find x, but if inequalities are used this mark cannot be
X

gained until candidate states or uses a value of x without inequalities. May not be explicit but
may be implied by correct working and value or expression for x . May result in x* <0 so
M1A0

There is no requirement to write down a value for x, so this mark may be implied by a correct
value for P. It may be given for a correct expression or value for x of 16.6, 16.7 or 17

Allow answers wrt 120 but not 121

Finds P"and considers sign. Follow through correct differentiation of their P’ (not just
reduction of power)

Need 2080 and > 0 (or positive value) and conclusion. Only follow through on a correct P”

X
and a value for x in the range 10 < x < 25 (need not see x substituted but an x should have been
found)

If P is substituted then this is awarded M1 A0
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Special
case

(d) Some candidates m they write

2—13 = —12000x 2 + 47 + 36 — 343 ; = 0 then solve they will get the correct x and P They

X
should be awarded M1AOM1A1AL in part (d). If they then do part (e) writing

d?P 24000

X
If they wrote @ =—12000x2 + 47 + 36 — 3/3 ;=0 etc they could get full marks.
X

> 0 = Minimum They should be awarded M1AO (so lose 2 marks in all)
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Question
Number Scheme Marks
93. (a) Either: (Cost of polishing top and bottom (two circles) is ) 3x 277> or (Cost of polishing B1
' curved surface area is) 2x 277k or both - just need to see at least one of these products
157 75
Uses volume to give (h=)— or (h=)— (simplified) (if V' is misread — see below) | Blft
r r
5 75 | Substitutes expression for / into area or
(C)=67zr" +4xr 2 | cost expression of form Ar* + Brh Ml
3007 | Al
C=6rmr’+ *
r “4)
dc 3007z 5 .
(b) {E —} 127zr — = or 12z —3007z7" (then isw) M1 AL ft
1271 — 30(2)” =0 so 7* =value where k =+2,+3,+4 dM1
r
Use cube root to obtain » = (their %)5 (= 2.92) - allow r =3, and thus C = ddM1
Then C = awrt 483 or 484 | Aleao )
&*C 6007 - |
(¢) —=¢ 127 + ——> 050 minimum | BIft
dr r i 1
u (1)
| [10]

Notes

(a) B1: States 3x 277 or states 2x27zrh
B1ft: Obtains a correct expression for / in terms of » (ft only follows misread of V)
M1: Substitutes their expression for 4 into area or cost expression of form Ar> + Brh
Al1*: Had correct expression for C and achieves given answer in part (a) including “C =" or “Cost="and ho
errors seen such as C = area expression without multiples of (£)3 and (£)2 at any point. Cost and area
must be perfectly distinguished at all stages for this A mark.

N.B. Candidates using Curved Surface Area = . please send to review
r

(b) M1: Attempts to differentiate as evidenced by at least one term differentiated correctly

Alft: Correct derivative —allow 1277 —3007z77 then isw if the power is misinterpreted (ft only for misread)

. dC . .
dM1: Sets their — to 0, and obtains 7* = value where k=2, 3 or 4 (needs correct collection of powers of 7
r
from their original derivative expression — allow errors dividing by 12m)
ddM1: Uses cube root to find » or see » = awrt 3 as evidence of cube root and substitutes into correct

expression for C to obtain value for C
Al: Accept awrt 483 or 484

2 2

(c) B1ft: Finds correct expression for 1 ? and deduces value of Ccll ? > (0 so minimum (» may have been wrong)
r r

OR checks gradient to left and right of 2.92 and shows gradient goes from negative to zero to positive so
minimum

OR checks value of C to left and right of 2.92 and shows that C > 483 so deduces minimum ( i.e. uses shape
of graph) Only ft on misread of V for each ft mark (see below)

N..B. Some candidates have misread the volume as 75 instead of 75z. PTO for marking instruction.
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Following this misread candidates cannot legitimately obtain the printed answer in part (a). Either they obtain

300
C=6xr’+—or they “fudge” their working to appear to give the printed answer.
r

The policy for a misread is to subtract 2 marks from A or B marks. In this case the A mark is to be subtracted
from part (a) and the final A mark is to be subtracted from part (b)

The maximum mark for part (a) following this misread is 3 marks. The award is Bl Bl M1 A0 as a maximum.
(a) B1: as before

75

B1: Uses volume to give (h=)—
r

2
nr

AQO: Printed answer is not obtained without error

M1: (C) =671 +47zr(£j

Most Candidates may then adopt the printed answer and gain up to full marks for the rest of the question so 9 of the
10 marks maximum in all.

. 300 i
Any candidate who proceeds with their answer C = 6rr’ +— may be awarded up to 4 marks in part (b). These
r

are M1A1dM1ddM1AO0 and then the candidate may also be awarded the B1 mark in part (c). So 8 of the 10 marks
maximum in all.

(b) M1 Al: {% :} 127r — 3}/& or 12zr —300r7 (then isw)

dM1: 12zr — % =0 so r* =value wherek=2,30or4or 1277 — % =050 r* = value
ddM1: Use cube root to obtain » = (zheir %)% (= 1 .996) - allow » =2, and thus C = ... must use
C=6xr’+ #

AOQ: Cannot obtain C =483 or 484

2

(c) BI: {((11 f :} 127 + 6—030 >0 so minimum OR checks gradient to left and right of 1.966 and shows gradient
r r

goes from negative to zero to positive so minimum

OR checks value of C to left and right of 1.966 and shows that C > 225.4 so deduces minimum ( i.e. uses shape of

graph)

There is an example in Practice of this misread.
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Question

Number Scheme Marks
9%4. (a
(@) 1(9x + 6x)4x
2 M1: Correct attempt at the area of a
or 2x x15x trapezium.
1 Note that 30x° on its own or 30x*from
or ( 24 (9 =6x) + 6xx 4xj incorrect work e.g. 5x x 6x is MO.
2 2 If there is a clear intention to find the
or 6" +24x area of the trapezium correctly allow the | M1Alcso
or [ 9xx 4x —l4x X (9x — 6x)j M1 but th_e Al can be withheld if there
2 are any slips.
or 36x% —6x°
9600 320 Al: Correct proof with at least one
= 30x°y=9600 = y=—— = y="7F * intermediate step and no errors seen.
30 * “y ="is required.
[2]
(b)
(S =) %(9x + 6x)4x + %(9x + 6x)4x + 6xy + 9xy + 5xy + 4xy M1Al
M1: An attempt to find the area of six faces of the prism. The 2 trapezia may be combined as
(9x + 6x)4xor 60x*and the 4 other faces may be combined as 24xy but all six faces must be
included. There must be attempt at the areas of two trapezia that are dimensionally correct.
Al: Correct expression in any form.
Allow just (S =) 60x” + 24xy for M1AL
y =3—220 = (S =) 30x” + 30x” + 24){22()) M1
X X
. 320 . . . .
Substitutes y = —- into their expression for S (may be done earlier). S should have at least
X
one x° term and one xy term but there may be other terms which may be dimensionally
incorrect.
So, (S =)60x* + 7680 Cor_rect solution only. Al* cso
X S =*“is not required here.
[4]
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24(c) . ) 7680 4
%S —120x — 76802 {: 1205 — 76§0 } M1: Either 60x* —120x or — > M1
o Al: Correct differentiation (need not be A1 aef

simplified).

M1: S’ =0 and “their x* =+ value”

or “their x™° =+ value” Setting their j—S =0
X

and “candidate’s ft_correct power of x = a
value”. The power of x must be consistent
with their differentiation. If inequalities are
used this mark cannot be gained until candidate
states value of x or S from their x without

120x — 7i§0 -0 inequaliti(;ség' =0 can be implied by

7680 120x = ! — . Some may spot that x = 4 gives M1Alcso
X¥=——;=64 > x=4 x

120 S’ = 0and provided they clearly show S'(4) =0

allow this mark as long as S" is correct. (If S’

is incorrect this method is allowed if their
derivative is clearly zero for their value of x)

Al: x =4only (x*=64 = x =+ 4 scores A0)
Note that the value of x is not explicitly required
s0 the use of x =64 to give S = 2880 would
imply this mark.

Note some candidates stop here and do not go on to find S — maximum mark is 4/6

Substitute candidate’s value of x (# 0) into a

{xr=4} formula for S. Dependent on both previous M | ddM1
marks.
s = 60(4) + 1289 _ 2880 (cm?) IR
4 2880 cso (Must come from correct work)
and cso
[6]
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94(d) M1: Attempt S” (x" — x"*)and considers

sign.

This mark requires an attempt at the second
derivative and some consideration of its sign.
There does not necessarily need to be any

, substitution. An attempt to solve S” =0is M0
d<s 15360 15360

Fe 120 + 3 0 Al: 120 + =—— and >0 and conclusion. M1ALft
X
= Minimum Requires a correct second derivative of
120 + 15360 (need not be simplified) and a

x3
valid reason (e.g. > 0), and conclusion.
Only follow through a correct second derivative
i.e. x may be incorrect but must be positive
and/or S" may have been evaluated incorrectly.

A correct S” followed by §"(""4") ="360" therefore minimum would score no marks in (d)
A correct S” followed by S"("4") ="360"which is positive therefore minimum would score
both marks

[2]

Note parts (c) and (d) can be marked together.

Total 14
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Question

Number Scheme Marks
M1: An attempt to find 3 areas of the
2 form:
{A =} Xy + %(%J + Exzsin 60 xy, prx’ and gx° M1A1l
Al: Correct expression for 4 (terms
95. (a) must be added)
zx?  J3x? 50 zx ~3x 50 «x %
50— Xy+ + 1 :>y—7—?—T 3)/—?——( +2\/§) Al*
Correct proof with no errors seen
_ _ [3]
(P=) LANPMNPH Correct expression for P in terms of x B1
2 and y
5o Substitutes the given expression for y
=" oxy 2(— - f(;z + 2\/3)j into an expression for P where P is at M1
2 * 8 least of the form ax+ By
(b)
po g 10 mx N3 p 100 mx V3,
X x 4 2
100 «x .
= P= - Z(fr +8-— 2\/5) Correct proof with no errors seen Al*
[3]
(Note %‘Né: 1.919......)
M1: Either ux — u or 0, %
AP _ ooy o F+8-243 r___X M1A1
P Al: Correct differentiation (need not be
simplified). Allow —-100x~ + (awrt1-92)
- Their P’ =0and attempt to solve as far as
joox? 4 THB=2B o . P 10 SOn M1
4 x = .... (ignore poor manipulation)
400
oo goozﬁ _ 72180574, T18-28 or awrt 7.2 and no other Al
(c)and e values
Caf:)be (x=7.218..} = P=27.708... (m) awrt 27.7 Al
marked : [5]
together M1: Finds P" (x" —x" allow for
constant — 0) and considers sign
2 . 200 . g
cil_f _ 2_(10 20 = Minimum Alft: = (need not be simplified) and MLALft
o o >0 and conclusion. Only follow through
on a correct P"and a single positive
value of x found earlier.
[2]
Total 13
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Question

Number Scheme Marks
d L
96. (a) {—y=} 2x —16x 2 M1 Al
dx
1 3 3 1
2x-16x 2=0= x2=,x 2= ,0r 2x—=16x 2 then squared then obtain x*= M1
1
[or 2x —16x 2 =0 = x =4 (no wrong work seen)]
(x’=8 =)x= 4 Al
x=4,y= 4 — 324/4 +20=— 28 (ignore y = 100 as second answer) M1 Al
(6)
d’ -
(b) {7’5=}2+8x2 M1 Al
d’y . .. .
(d_2 >0 =)y is a minimum ( there should be no wrong reasoning) Al
X
)
[9]
(b) Alternative Method: Gradient Test:
M1 for finding the gradient either side of their x-value from part (a).
Al for both gradients calculated correctly to 1 significant figure, then using < 0 and > 0 respectively
maybe by use of sketch or table. (See appendix for gradient values. This is not ft their x)
Al states minimum needs M1A1 to have been awarded.
Notes for Question 96
(@) 1% M1: At least one term differentiated correctly, so x> — 2x, or 32\/; —>16x_%, or 200
. . 16
Al: This answer or equivalent e.g. 2x—T
X
d 3 3
2" M1: Sets their d_y to 0, and solves to givex? =, x 2=or x° = after correct squaring or spots x = 4
X
d? -
(NB {d—};=0}s0 2+8x 2=0is M0)
X
N.B. Common error: Putting derivative = 0 and merely obtaining x = 0 is MOAO, then MOAO for next
two marks. (The first two marks in (a) and marks for second derivative may be earned in part (b).)
Al:x=4cao [x=-4isA0 and x=+4 isalso A0 ]
3" M1: Substitutes their positive found x (NOT zero) into y = x* — 32+/x + 20, x> 0.Should
2
follow attempting to set g_y = 0 and not setting 3—{ =0
X X
Al: -28 cao (Does not need to be written as coordinates)
(b) M1: Attempts differentiation of their first derivative with at least one term differentiated correctly.
Should be seen or referred to (in part (b)) in determining the nature of the stationary point.
Al: Answer in scheme or equivalent
Al: States minimum (Second derivative should be correct- can follow incorrect positive x. Needs
M1A1 to have been awarded- should not follow incorrect reasoning — (need not say
2 2
d—); > 0 but should not have said d—); = 0 forexample )
dx dx
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Question Scheme Marks
Number
j—y=2—16x_3 M1 Al
97. *
2-16x°=0 sox?®= or x*=, or2-16x°=0sox=2 M1
x =2 only (after correct derivative) Al
y:2><"2"+3+"282" M1
=9 Al
(6)
Total 6
Notes for Question 97

1% M1: At least one term differentiated ( not integrated) correctly, so
2x — 2, or %—) ~16x7°, 0or 350

X

. . 16
Al: This answer or equivalente.g. 2——
X
2" M1: sets 2 to 0, and solves to give x* = value or x~° = value
X

(or states x =2 with no working following correctly stated 2—16x"°=0)
Al:x=2cso (ifx=-2isincluded thisis AO here)
3" M1: Attempts to substitutes their positive x (found from attempt to differentiate) into

8
y=2x+3+—, x>0

X
Or may be implied by y = 9 or correct follow through from their positive x
Al: 9 cao (Does not need to be written as coordinates) (ignore the extra (-2,1) here)
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Question Scheme Marks
Number
98(a) | x*+2x+2=10=>x"+2x-8=0(s0 (x+4)(x-2)=0) =x=...... M1
Al
x=-4, 2
)
(b) ¥ 2x?
2
X +2x+2)dx =—+—+2x(+C M1A1A1
way1 | J( Jdv ==+ ==+ 2x(+C)
3 2 2
x—+2i+2x :(§+§+4j—(—%+%—8j (=24) M1
3 2 e \3 2 3 2
Rectangle:10x(2—-—4) = 60 B1 cao
R:Il60ll_ll24ll Ml
=36 Al (7
Total 9
(b) 2 B x* 2x°
Way 2 [(8-x - 2x)dv =8x == =~ (+C) M1 Alft Al
* o 4
Bx- -2 | = 16—§—4J—[—32+6——16j =(9.3 - (- 26.7)) M1
3 2 | . 3 3
Implied by final answer of 36 after correct work B1
10—( o +2x+2) =8+ ~2x, =36 M1, Al
Notes for Question 98
(@ M1 Set the curve equation equal to 10 and collect terms. Solves quadratic to x = .....
Al cao : Both values correct —allow 4 =-4, B=2
(b) M1: One correct integration
Al: Two correct integrations( ft slips subtracting in Way 2)
Al: All 3 terms correct (penalise subtraction errors here in Way 2)
M1: Substitute their limits from (a) into the integrated function and subtract (either way round)
B1: Way 1:Find area under the line by integration or area of rectangle — should be 60 here (no
follow through)
Way 2: (implied by final correct answer in second method)
M1: Subtract one area from the other (implied by subtraction of functions in second method)- award
even after differentiation
Al: Must be 36 not —36.
Special case 1. Combines both methods. Uses Way 2 integration, but continues after reaching “36”to
subtract “36” from rectangle giving answer as “24” This loses final M1 Al
Special case 2: Integrates (x2 +2x—8) between limits —4 and 2 to get -36 and then changes sign
and obtains 36. Do not award final A mark — so M1IA1A1IM1B1M1A0
If the answer is left as -36, then M1IALA1IM1BOM1AO0
2 2
N.B. Allow full marks for modulus used earlier in working e.g. sz +2x—2dx—.|‘10dv<
-4 -4
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4
99. y=6-3x-—
X
M1: x" — x"™
dy 12 2 4
(@ | g =3+ For-3+ix (x ‘> x"orx’ - x" or6 —0) M1A1
Al: Correct derivative
y' =0 and attempt to solve for x
dy 12 L
—=0=-3+—=0= x=...0or | May be implied by
dx * dy 12 12 M1
dy 12 —=—3+—4=03—4=33x=...0l’
& =-3 7 dx x X
X i . i
V2 Substitutes x =+/2 into their y'
So x*=4and x= \/E or Correct completion to answer with no
d 12 4 errors by solving their y' =0 or
= =3+ —"or-3+12(v2) =0 > Dy SOWIng TR = , Al
dx (\/E) substituting x = V2 into their y
(4)
(b) x=—/2 Awrt -1.41 B1
1)
d’y 48 5 Follow through their first derivative
(c) PR 48x from part (a) Bift
1)
An appreciation that either
(d) »">0=aminimum B1
ory" <0=amaximum
MaximumatPas y'' <0 Cso Bl
Need a fully correct solution for this mark. y'" need not be evaluated but must be
correct and there must be reference to P or to \/E and negative or < 0 and maximum.
There must be no incorrect or contradictory statements (NB allow '’ = awrt-8 or -9)
MinimumatQas y"' >0 ‘ Cso B1
Need a fully correct solution for this mark. y'" need not be evaluated but must be
correct and part (b) must be correct and there must be reference to P or to —JE
and positive or > 0 and minimum. There must be no incorrect or contradictory
statements (NB allow y'" = awrt 8 or 9)
| 3
[9]
Other methods for identifying the nature of the turning points are acceptable. The first Bl is
for finding values of y or dy/dx either side of \/E or their x at Q and the second and third
B1’s for fully correct solutions to identify the maximum/minimum.
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Question
number Scheme Marks
100 60 ' _ _ 5 Bl
(a) (h=)— orequivalent exact (not decimal) expression e.g(h =)60+ 77x 1)
7TX
(b) (A=)2mx* + 2rmxh - or (A=)2mr? + 2irh or (A=)27r? + rrdh
may nd be simplified and may appear on separate lines B1
: 60 60 60
Either  (A)=2mx*+2mx| — | or As rxh=— then(A=)21x* + 2| — M1
7TX X X
A=2C + ﬁ * Al cso
X 3
(c) dA 120 , M1 Al
(—) =4mx-— or =4mx-120x
dx X
120 L 3 .
4mx-—-=0 implies X° = (Useof >0 or <0is MO then MOAO) | M1
X
3
120 . .
X= ,[—— or arswers which round to 2.12 (-2.12 is AO) dM1 Al
ar (5)
d 120 . M1, Al
(d) A=271(2.12) +2—12, =85 (only ftx =2 or 2.1 — both give 85) )
(e) d2A 240 Or (method 2) considers gradient to left and right
Either X2 =4+ X3 andsign of their 2.12 (e.g at 2 and 2.5) M1
considered ( May appear in (c) ) Or (method 3) considers value ok either side
" Finds numerical values for gradients and observes
whichis > 0 and therefore minimum gradients go from negative to zero to positive SOAl
(most substitute 2.12 but it is not essenti@oncludes minimum )
to see a substitution ) (may appear in (¢)OR finds numerical values &, observing -
13 marks
greater than minimum value and draws conclusion 3
Notes _ _ , 60 .
(8 B1: This expression must be correct and in part (&)~ IS BO
m
(b) B1: Accept any equivalent correct form — may be on two or more lines.
M1 : substitute their expression foiin terms ofx into Area formulaof the form kx? +cxh
Al: There should have been no errors in part (b) in obtaining this printed answer
(c) M1: At least one power of decreased by 1A1 accept any equivalent correct answer
dA d
M1: Setting— =0 andfinding a value forx® (X3: maybe implied by answer). Allowl =0
dx dx
dM1: Usingcube rootto find x
Al : For any equivalent correct answer (need 3sf or more) Correct answer implies previous M mark
(d) M1 : Substtute the (+vek value found in (c) into equation férand evaluate Al is for 85 only
(e) M1: Complete method, usually one of the three listed in the scheme. For first mAta)i must be
attempted and sign considered
Al: Clear statements and conclusion. (numerical substitutinisaiot necessary in first method shown, and
or calculation could be wrong b’ (X) must be correct. Mustnot see 85 substituted)
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Question Scheme Marks
number
101 (a) kr® +cxy =4 or kr® +c[(x+y)? —x*—y’]=4 M1
Lax*+2xy=4 Al
4-1rzx* 16-7x° *
y= 2 = Bl cso
2X 8X (3)
(b) P=2x+cy+kzxr wherec=2or4and k =%or% M1
V4 41 7x? T 16— 7x*
P="E onia| T o p= 04| 2T ge Al
2 X 2 8x
X 8 mx 8 *
P=—+2x+——— so P=—+2x
2 x 2 X Al (3)
dpP 8 5 M1 Al
—_—= |-
© dx x?
8
——2+2=O:>x2=.. M1
X
andsox=2 o.e. (ignore extra answer x = -2) Al
P=4+4=8 (m) Bl (9
4—1 . _
(d) y :T , (and so width) =21 (cm) M1, Al
)
13
Notes (a) M1: Putting sum of one or two xy terms and one k> term equal to 4 (k and ¢ may be wrong)
Al: Forany correct form of this equation with x for radius (may be unsimplified)
B1 : Making y the subject of their formula to give this printed answer with no errors
(b) M1 : Uses Perimeter formula of the form 2x + ¢y + k zr wherec=2or4and k =% or %
Al: Correct unsimplified formula with y substituted as shown,
i 16— zx* 41 7x?
ie.c=4,k=%,r=xand y=——-— or y=| —2—"
8x 2x
Al: obtains printed answer with at least one line of correct simplification or expansion before
giving printed answer or stating result has been shown or equivalent
(c) M1: At least one power of x decreased by 1 (Allow 2x becomes 2)
Al: accept any equivalent correct answer
dp
M1: Setting d_ =0 and finding a value for correct power of x for candidate
X
Al : For x = 2. (This mark may be given for equivalent and may be implied by correct P)
B1: 8 (cao) N.B. This may be awarded if seen in part (d)
(d) M1 : Substitute x value found in (c) into equation for y from (a) (or substitute x and P into equation for P
from (b)) and evaluate (may see 0.2146 and correct answer implies M1 or need to see substitution if x value
was wrong.)
Aliis for 21 or 21cm or 0.21m as this is to nearest cm
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?\]Tﬁﬁggp Scheme Marks
102. _ 2. _ 2
(@) {V—} 2x°y =81 2x°y =81 | Bloe
{L=2(2x+x+2x+x)+4y = L= 12x + 4y}
81 1 Making y the subject of their
Y=,z = L=12x+ 4(;) expression and substitute this | M1
* * into the correct L formula.
So, L=12x+ g AG Correct solution only. AG. | Al cso
X
[3]
. 162 1
(b) (;_L 1o _ % {: 12 _ 324x,3} Either 12x — 12 or — - = M1
o X Correct differentiation (need not be simplified). | Al aef
L'=0 and “their x> = +value” ML
a _ 12—%=0 = x3=%;=27 =x=3 or “their x~* =+ value” '
dx x 12
x=%270r x=3 | Al cs0
Substitute candidate’s value of
(x=3) L=1203)+ %2 _ 54 (cm) x ( 0) into a formula for L. | 94M1
3 54 | Al cao
[6]
) Correct ft L"and considering sign. | M1
(© For x =3 dO°L _ 972 >0 Minimum 972
{For x=3j, de? ¥ = —— and >0 and conclusion. | A1 [2]
X
11
(a) B1: For any correct form of 2x°y =81. (may be unsimplified). Note that 2x* = 81is BO. Otherwise,
candidates can use any symbol or letter in place of y.
M1: Making y the subject of their formula and substituting this into a correct expression for L.
Al: Correct solution only. Note that the answer is given.
(b) Note you can mark parts (b) and (c) together.
2" M1: Setting their 3—L =0 and “candidate’s ft correct power of x = a value”. The power of x must
X
be consistent with their differentiation. If inequalities are used this mark cannot be gained until
candidate states value of x or L from their x without inequalities.
L"=0 can be implied by 12 = .
2" Al: x*=27 = x =+ 3 scores AQ.
2" A1: can be given for no value of x given but followed through by correct working leading to
L =54,
3 M1: Note that this method mark is dependent upon the two previous method marks being awarded.
(© M1: for attempting correct ft second derivative and considering its sign.
Al: Correct second derivative of g (need not be simplified) and a valid reason (e.g. > 0), and
X
conclusion. Need to conclude minimum (allow x and not L is a minimum) or indicate by a tick that it is
a minimum. The actual value of the second derivative, if found, can be ignored, although substituting
their L and not x into L" is AO. Note: 2 marks can be scored from a wrong value of x, no value of x
found or from not substituting in the value of their x into L".
Gradient test or testing values either side of their x scores MOAO in part ().
Throughout this question allow confused notation such as j_y for 3—L
X X
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Question

Number Scheme Marks
103.
(@) | V =4x(5-x)* = 4x(25 - 10x + x°)
tax+ fx* £yx®, where o, B, 7y#0 | M1
So, V =100x — 40x* + 4x° *EpE Ly @ f.y=0
V =100x — 40x° + 4x° | Al
v At least two of their expanded terms ML
~— =100 — 80x + 12x? differentiated correctly.
dx 100 - 80x + 12+ | AL cao
4
(b) | 100 - 80x +12x* =0 Sets their (:j—V from part (a) =0 | M1
X
{:s 4(3x* - 20x+ 25) =0 = 4(3x - 5)(x - 5) = o}
{AsO<x<5}x=§ x:%or x=awrt1.67 | Al
sy a(5\(E_ 5\ Substitute candidate’s value of x
x=3, V=4(3)(5-3) where 0< x <5 into a formula for 7. | M
So, V :@ = 741: 74.074... Either 2000 or 74i or awrt 74.1 | Al
27 27 27 27
4)
2 2
(c) d_IZ =—80 + 24x Differentiates their d—VcorrectIy to give d_IZ M1
dx dx dx
2
When x = §, d—lz/ =-80 24(%
3 dx
d’v . : d’v _ ,
pra —40 <0 =V is a maximum e —40 and < 0 or negative and maximum. | Al cso
X P
(2)
[10]
Notes
(@) | 1% M1 for a three term cubic in the form + ax + x? + yx°.
Note that an un-combined + ax + Ax* + ux? + yx®, a, A4, u, y = 0 is fine for the 1 M1.
1% A1 for either 100x — 40x? + 4x* or 100x — 20x* — 20x* + 4x°,
2" M1 for any two of their expanded terms differentiated correctly. NB: If expanded
expression is divided by a constant, then the 2" M1 can be awarded for at least two terms are
correct.
Note for un-combined +Ax* £ ux?, +24x + 2ux counts as one term differentiated correctly.
2" A1 for 100 — 80x + 12x?, cao.
Note: See appendix for those candidates who apply the product rule of differentiation.
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Question

Scheme Marks
Number
(b) | Note you can mark parts (b) and (c) together.
Ignore the extra solution of x =5(and ¥ =0). Any extra solutions for 7 inside found for
values inside the range of x, then award the final AO.
2
(c) | M1 is for their (jj—Vdifferentiated correctly (follow through) to give 3—12/
X X
2
Al for all three of d—IZ/ =—40 and < 0 or negative and maximum.
Ox -
Ignore any second derivative testing on x =5 for the final accuracy mark.
Alternative Method: Gradient Test: M1 for finding the gradient either side of their x-value
from part (b) where 0< x <5. Al for both gradients calculated correctly to the near integer,
using > 0 and < 0 respectively or a correct sketch and maximum. (See appendix for gradient
values.)
148 T | EXPERT

IC | TUITION




Question

Scheme Marks
Number
Aliter Product Rule Method:
103 (@) | [u=4x v=(5-x)
Way2 du dv 1
— =4 —=2(5-x)"(-1
n . (G-x)y (-1
+(their u')(5 — x)? + (4x)(their v) | M1
dy A correct attempt at differentiating dML
ol 4(5 - x)* + 4x(2)(5 - x)'(-1) any one of either « or v correctly.
Both du and dv correct | Al
dx dx
j—y = 4(5-x)" —8x(5-x) 45 - x)* —8x(5-x) | Al
X
(4)
Aliter
103\/ 3(a) u = A4x v =25-10x + x°
ay
du_y Y 104 2¢
dx dx
+(their u")(their(5 — x)* )+ (4x)(their v') | M1
A correct attempt at differentiating
P _ 4(25 —10x + x2) + 4x(~10 + 2x) any one of either u or their v | dM1
dx correctly.
Both du and dv correct | Al
x dx
. =100 — 80x + 12x 100 — 80x +12x° | Al
X
(4)
Note: The candidate needs to use a complete product rule method in order for you to
award the the first M1 mark here. The second method mark is dependent on the first
method mark awarded.
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(’Q\Iuestlon Scheme Marks
umber
Aliter | Gradient Test Method:
103 (c) ‘Z—z =100 — 80x + 12x
Way 2 | Helpful table!
dv
x dx
0.8 43.68
0.9 37.72
1 32
11 26.52
1.2 21.28
1.3 16.28
1.4 11.52
1.429 | 10.204
15 7
1.6 2.72
1.7 -1.32
1.8 -5.12
1.9 -8.68
2 -12
2.1 -15.08
2.2 -17.92
2.3 -20.52
2.4 -22.88
2.5 -25
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Question
Number

Scheme

Marks

104

Notes

1
@) (j_y :j 2x—%kx 2 (Having an extra term, e.g. +C, is AQ)
X

M1 Al

)

(b) Substituting x = 4 into their ;i_y and ‘compare with zero’ (The mark is
X

allowed for: <, >, =, <, >)

8—% <0 k>32 (or32<k) Correctinequality needed

M1

Al
()

1
(@) M: x> >cx or kyx > cx 2 (cconstant, ¢ #0)

(b) Substitution of x = 4 into y scores MO. However, j_y is sometimes
X

called y, and in this case the M mark can be given.
b
dx
inequality solution for % is found.

=0 may be ‘implied’ for M1, when, for example, a value of £ or an

Working must be seen to justify marks in (b), i.e. £ > 32 alone is MO AO.
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Question
Number

Scheme

Marks

105

g_y =3x? —20x+k (Differentiation is required)
X

Atx=2,3—y:0,3012—40+k:0 k=28 *)
X

N.B. The ‘= 0" must be seen at some stage to score the final mark.

Alternatively: (using £ = 28)

3—y=3x2 —20x+28 (M1 A1)
X

‘Assuming’ k£ = 28 only scores the final cso mark if there is justification

that j_y =0 at x = 2 represents the maximum turning point.
X

M1 Al

Al cso

3

M: x"— cx"" (c constant, ¢ = 0 ) for one term,

152

T | EXPERT
I | TUITION




Question Scheme Marks
Number
106 (a) 103
{y =12x2 —x2 —10}
1 1 M1 Al
[y' =] 6x 2 —Ex2
2
1
Puts their %—Exz =0 M1
)CE 2
12 :
So x= 3 =4 (If x = 0 appears also as solution then lose Al) M1, Al
3
x=4, = y=12x2-42-10, soy=6 dv1,Al
(7
3 1
(b) y'=-3x 2-"x2 M1A1  (2)
: : : B1 1)
() | [Since x >0] Itis a maximum [10]
@ | 1M1 foran attempt to differentiate a fractional power x" — x"*
Al a.e.f-can be unsimplified
2""M1 for forming a suitable equation using their y'=0
3M1 for correct processing of fractional powers leading to x = ... (Can be implied by x = 4)
Alis for x =4 only. If x = 0 also seen and not discarded they lose this mark only.
4" M1 for substituting their value of x back into y to find y value. Dependent on three previous M
marks. Must see evidence of the substitution with attempt at fractional powers to give M1A0,
but y = 6 can imply M1A1
(b) | M1 for differentiating their y" again
Al should be simplified
(c) | B1 . Clear conclusion needed and must follow correct y” It is dependent on previous A mark
(Do not need to have found x earlier).
(Treat parts (a),(b) and (c) together for award of marks)
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Question

Number Scheme Marks
107 (a) | (Arc length =) @ = rx1=r. Can be awarded by implication from later work, e.g. B1
3rh or (2rh + rh) in the S formula. (Requires use of 8= 1).
2
(Sector area =) %rzﬁ = %rz x1= % Can be awarded by implication from later Bl
work, e.g. the correct volume formula. (Requires use of 6= 1).
Surface area = 2 sectors + 2 rectangles + curved face
(= 2 +3rh) (See notes below for what is allowed here) M1
Volume =300 = %4 B1
Sub for i: S =r? +3x@ = 2 +1800 * ALcs0
() ds 1800 ' '
—=2r——— or 2r —-1800r% or 2r+-1800r7" M1A1
r r
3—S=O = r’=.., r=3%900,0or AWRT9.7 (NOT -9.7 or +9.7) M1, A1 (4)
r
2 2
© 3 f =.... and consider sign, 3 f =2+ 3680 > 050 point is a minimum M1, ALft (2)
r r r
2 1800
(d) Smin :(965) +W
(Using their value of », however found, in the given S formula) M1
=279.65... (AWRT: 280) (Dependent on full marks in part (b)) Al (2)
[13]
(@ | M1 for attempting a formula (with terms added) for surface area. May be incomplete or wrong and
may have extra term(s), but must have an »* (or »’@) term and an 74 (or rh6) term.
®) | |n parts (b), (c) and (d), ignore labelling of parts
1M1 for attempt at differentiation (one term is sufficient) »" — kr"™*
2""M1 for setting their derivative (a 'changed function’) = 0 and solving as far as »° = ...
(depending upon their 'changed function', this could be » =... or r* = ..., etc., but
the algebra must deal with a negative power of » and should be sound apart from
possible sign errors, so that »" =... is consistent with their derivative).
(c) | M1 for attempting second derivative (one term is sufficient) »" — k", and considering
its sign. Substitution of a value of » is not required. (Equating it to zero is MO0).
Alft for a correct second derivative (or correct ft from their first derivative) and a valid reason
(e.g. > 0), and conclusion. The actual value of the second derivative, if found, can be ignored. To
score this mark as ft, their second derivative must indicate a minimum.
Alternative:
M1: Find value of (;—S on each side of their value of » and consider sign.
r
Alft: Indicate sign change of negative to positive for 2—S and conclude minimum.
r
Alternative:
M1: Find value of S on each side of their value of » and compare with their 279.65.
Alft: Indicate that both values are more than 279.65, and conclude minimum.
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(N)uestion Scheme Marks
umber
108 27 rh+ 27 7% =800 B1
()
2 2 M1, M1 A1
h=—400 T : V:ﬂrz(—400 " J:400r—7rr3 *) (@)
Tr Tr
b M1 Al
®) d_V: 400 - 371
dr
400-37 r*=0 rt=.., r= 400 (=6.5(2s.f)) M1 Al
v = 400r — 3 =1737 = 20 |40 cm?) M1 AL
3 3r (6)
(accept awrt 1737 or exact answer)
© | d?r . :
32 =—67zr, Negative, ... maximum M1 Al
r
2
(Parts (b) and (c) should be considered together when marking) [1(2i
Other dv 400
methods | Either:M: Find value of — on each side of “» =, |[— " and consider sign.
for part dr 37
(©): o g . dv
A: Indicate sign change of positive to negative for e and conclude max.
r
Or: M: Find value of ¥ on each side of “» = /? ” and compare with “1737”.
T
A: Indicate that both values are less than 1737 or 1737.25, and conclude max.
Notes B1: For any correct form of this equation (may be unsimplified, may be implied by 1%
@ | M1)
M1 : Making % the subject of their three or four term formula
M1: Substituting expression for % into z+°h (independent mark) Must now be
expression in » only.
Al: cso
(b) | M1: At least one power of  decreased by 1 Al: cao
MZ1: Setting Z—V =0 and finding a value for correct power of r for candidate
r
Al : This mark may be credited if the value of Vis correct. Otherwise answers should
round to 6.5 (allow
+6.5)or be exact answer
M1: Substitute a positive value of » to give V' Al: 1737 or 1737.25..... or exact
answer
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(©)

M1: needs complete method e.g.attempts differentiation (power reduced) of their first
derivative and

considers its sign

Al(first method) should be -6z (do not need to substitute » and can condone wrong
r if found in (b))

Need to conclude maximum or indicate by a tick that it is maximum.

Throughout allow confused notation such as dy/dx for dV/dr

ot Ve | A=2mrt+22rh, 4xr=mr+xr*h is M1 Equate to 4007 B1
Then ¥ = 400r—z7* is M1 Al
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Question Scheme Marks
number
109 (g_y :j8 +2x —3x? (M: x" — x" for one of the terms, not just 10 — 0 )| M1 Al
X
3x2-2x-8=0 (Bx+4)(x—2)=0 x=2 (Ignore other solution) (*) Alcso (3
The final mark may also be scored by verifying that :—y =0 atx=2.
X
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110 (a) | (Total area) = 3xy + 2x° B1
(Vol:) x’y =100 = g,xy= 100 Bl
X X
Deriving expression for area in terms of x only M1
(Substitution, or clear use of, y or xy into expression for area )
(Area =) 300 +2x° AG Al cso (4)
X
(b) | M=_30, 4 M1AL
dx X
, d4 .
Setting ™ =0 and finding a value for correct power of x, for cand. M1
X
[ x3=75]
x=42172 awrt 422  (allow exact 3/75) Al (4)
2
©) d—f = % + 4 = positive therefore minimum M1A1 (2)
X X
(d) Substituting found value of xinto (a) M1
(Or finding yfor found x and substituting both in 3xy + 2x2)
100
= =5.6228
b 4.2172° ]
Area = 106.707 awrt 107 Al (2
[12]
Notes (@) First B1: Earned for correct unsimplified expression, isw.
.. d*4 - e
(c) For M1: Find d—2 and explicitly consider its sign, state > 0 or “positive
X
_ ., d®4 _d4d .
Al: Candidate’s e must be correct for their o sigh must be + ve
X X
and conclusion “so minimum”, (allow QED, ).
(' may be wrong x, or even no value of x found)
Alternative:  M1: Find value of a on either side of “x = 3/75” and consider sign
X
Al: Indicate sign change of negative to positive for a , and conclude
X
minimum.
OR M1: Consider values of A on either side of “x = /75 and compare with”107”
Al: Both values greater than “x = 107 ” and conclude minimum.
Allow marks for (c) and (d) where seen; even if part labelling confused.
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Nember Scheme e
dy

111.(a) | y=2x(3x-1° = dx—2(3x 1)° +30x(3x—1)* MIAI

3(:};) 2(3x—1) {(3x—1)+15x}=2(3x—1)4(18x—1) MI1ALl
4)

ly 4 1 1
(b) | ==<0=>2(3x-1) (18x—1)<0:>x<E x=3 Blft, Bl

(2)
(6 marks)

This may be marked as one complete question

(a)

M1: Uses the product rule vu'+uv'with u =2xand v = (3x—1)’or vice versa to achieve an expression of
the form A(B3x—1)’ +Bx(3x—1)*, A4,B>0

Condone slips on the (3x—l) and 2x terms but misreads on the question must be of equivalent difficulty. If

in doubt use review.

Eg: y=2x(3x+1) :gx

Eg: y= 2x(3x+1)15:>3)C

=203x+ 1) +30x(3x+ 1) can potentially score 1010 in (a) and 11 in (b)

=2(3x+ 1)15 +90x(3x + 1)14 can potentially score 1010 in (a) and 11 in (b)

Eg: y=203x+1) :>jx

Al: A correct un-simplified expression. You may never see the lhs which is fine for all marks.
M1: Scored for taking a common factor of (3x—1)* out of A3x—1)’ + Bx"(3x—1)* where n=1 or 2,to

=303x+ 1) 1s 0000 even if attempted using the product rule (as it is easier)

reach a form (3x-— 1)4{ ........ } You may condone one slip in the {........ K

Alternatively they take out a common factor of 2(3x— 1)4 which can be scored in the same way
Example of one slip 2(3x—1)° +30x(3x—1)* = Gx—1)* {(3x—1)+30x}

If a different form is reached, see examples above, it is for equivalent work.

AL: Achieves a fully factorised simplified form 2(3x—1)*(18x—1) which may be awarded in (b)
(b)

Bift: For a final answer of either x< % or x= % Condone x< % x<0.05 x=0.3

1 1 .
Do not allow x= gif followed by x < 3 Follow through on a linear factor of (Ax+B)<0= x...

where A4, B =0 . Watch for negative A's where the inequality would reverse.

1 1
It may be awarded within an equality such as 3 < x< ST3

1 1
B1l: For afinal answer of x< S8 oe (and) x= 3 oe with no other solutions. Ignore any references to

and/or here. Misreads can score these marks
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%ﬁ;ﬁg? Scheme Marks
112 %=—2e_2x+2x MIAl
At x=0 %=—2:>%=% Ml
Equation of normal is y—(—2)=%(x—0):>y=%x—2 MI1 Al
(®)
(5 marks)

M1: Attempts to differentiate with e 2 - 4e™>* with any non -zero 4, even 1.

Watch for e 2% — 4e2* which is MO A0

Al: % = 22X 4 0x

M1: A correct method of finding the gradient of the normal at x=0
d
To score this the candidate must find the negative reciprocal of Ey
x=0

So for example candidates who find % =e 2 +2x should be using a gradient of —1

. . d . . .
Candidates who write down ay = —2 (from their calculators?) have an opportunity to score this mark

and the next.

M1: An attempt at the equation of the normal at (0, —2)

To score this mark the candidate must be using the point(O, —2) and a gradient that has been

dy
changed from &

x=0

Look for y—(-2) = changed | %

d
(x—0) or y=mx—2where m= changed|ay

x=0 x=0

d
If there is an attempt using y =mx+c then it must proceed using (0, —2) with m= changed | ay

x=0
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Number Scheme e
! In(x*+1
113(a) Applies u to y= (2 ) with u = ln(x2 +1) and v=x+1
v x +1
2x
x” +1)x —2xIn(x* +1
d_=( oy 2 (1) MI Al
dx (x2 + 1)
dy 2x—2x1n(x2 +1)
- = Al
dx (x2 + 1)2
©)
(b) Sets 2x—2xIn(x* +1)=0 Ml
2x(1-In(x* +1)) = 0= x = /o1, MI1,Al
In(x* +1
Subx=++e—1,0 into f(x):¥ dM1
x +1
Stationary points (o\/e—l,é),(— e—l,%),(0,0) Al Bl
(6)
(9 marks)
(a)
M1: Attempts the quotient or product rule to achieve an expression in the correct form
(x2 +1)>< —2xln(x2 +1)
Using the quotient rule achieves an expression of the form — = 5
dx (x2 + l)
=2xIn(x* +1
or the form d_y: ( 5 ) where ...= 4 or Ax
(x2 + 1)
. . . dy _ 2 -1 cee 2 -2 2
or using the product rule achieves and an expression o (x + 1) X e 2x(x + 1) ln(x + 1)
You may condone the omission of brackets ......... especially on the denominator
Al: A correct un-simplified expression for %
2x
(x2+l)>< > —2xln(x2+l)
d—= X +1 5 Or—:(x2+l)7 X 22x —2x(x2+1)721n(x2+1)
dx ( 2+ 1) dx x +1
2x—2xIn(x* +1 2x(1-In(x*+1
& = ( 5 ) or exact simplified equivalent such as d = ( ( 5 ))
dx (x2 + 1) dx (x2 + 1)
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dy 2x—ln(x2 +1)2x ' . _ dy

Condone — = = which may be a little ambiguous. The lhs — =does not need to be
dx (x2 + 1) dx

seen. You may assume from the demand in the question that is what they are finding.

ISW can be applied here.

(b)

. d : .
M1: Sets the numerator of their Ey , which must contain at least two terms, equal to 0

M1: For solving an equation of the form ln(x2 +1)=4k, k>0 to get at least one non- zero value of x.
Accept decimal answers. x =awrt £1.31 The equation must be legitimately obtained from a numerator = 0
Al: Both x= iﬁ scored from + a correct numerator Condone x = i\/el_—l

In (x2 + 1)

2

to find at least one 'y
x +1

d
dM1: Substitutes any of their non zero solutions to ay =0into f(x)=

value. It is dependent upon both previous M’s

Al: Both (»\/e— 1,%),(— e—l,%) oe or the equivalent with x=...,y=... In e must be simplified
1 1 .
Condone (\/ el - 1,—1),(—\/ I_ 1,—1j but the y coordinates must be simplified as shown.
€ e

Condone (i\/e— 1,%) Withhold this mark if there are extra solutions to these apart from (0,0)

It can only be awarded from + a correct numerator
B1: (0,0) or the equivalent x =0,y =0

Notes:
(1) A candidate can "recover" and score all marks in (b) when they have an incorrect denominator in
part (a) or a numerator the wrong way around in (a)

(2) A candidate who differentiates ln(x2 + 1) - will probably only score (a) 100 (b) 100000

2
x +1

' '

(3) A candidate who has yu T uy

cannot score anything more than (a) 000 (b)100001 as they would
v

have k<0

1—1n(x2 + 1)
(x2 +1)2

can score (a) 000 (b) 110100 even though they may obtain the correct non zero coordinates.

—(x2 + l)_2 ln(x2 + l) =

2

(4) A candidate who attempts the product rule to get 4 _ ( 2 +1)‘] y
dx x +1
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Question

Number Scheme Marks
114(a) die(secé?)=%(cosé?)_1 =—1x(cos€)_2x—sin0 M1
1 sin @
= X
cos@ cosd
=secHtand Al*
(2)
_ .secy % _ .secy
(b) x=e"" = dy_e xsecytany o€ MI1A1
dy 1
== M1
dx 5% ygecytan y
Uses 1+ tan® y= seczy with secy=Inx = tany = (lnx)2 -1 Ml
= dy ! ! oe
ar - Al
xxInxx \/(ln x)2 -1 x\/(ln x)4 —(ln x)2
(®)
(7 marks)
Alt _ Tdr _
(b) Inx =secy = Xy sec ytan y M1Al
Y1 M1
dx  xxsecytany
2
Uses ! tan® y= seczy and secy=Inx = tan y = (lnx) -1 M1
dy 1 1
T 2 . 7 2 Al
| 1 -1 1 —(1
xxtnexy|(inx)’ =1 x(inx)* ~(inx)*
()
163 I | EXPERT

IC | TUITION




(2)

M1: Uses the chain rule to get ilx(cos 6’)_2 xsin @

Al1*: Completes proof with no errors (see below *) and shows line

(b)
Ml

Al

Ml

Ml

Al

164

Alternatively uses the quotient rule to get

cos@x0x1xsind

v condoning the denominator as cos §°
Ccos

When applying the quotient rule it is very difficult to see if the correct rule has been used. So only
withhold this mark if an incorrect rule is quoted.

1 xsin@ tané’or sin @
cos@ cosf’ cosl cos@xcosl@

before the given answer. The notation should be correct so do not allow if they start

dy

y=secld = — =secHtan &
dx

dy

* You do not need to see die(sec f)=..0 a0 anywhere in the solution

Differentiates to get the rhs as e*°? x...

Completely correct differential inc the lhs (;ﬂ =e%Y xsec ytan y
Ly

. d
Inverts their %to get ay

The variable used must be consistent. Eg dr_ Y = Yol ismo
d dx eSecx

For attempting to use 1+ tan? y= sec’ y with secy=Inx

(You may condone Inx® — 2Inx for the method mark)

It may be implied by tan y = «’i(ln x)2 +1 They must have a term in tan y to score this.

. . . . 1
A valid alternative would be attempting to use 1+ cot? y= cosec’ ywith cosecy = ——===o0¢

1— 1
In? x
d 1 d 1
LA or exact equivalents such as Y _
dx 4 2
xyl(inx)* = (Inx)

dx x\}ln4 X— ln2 x

Do not isw here. Withhold this mark if candidate then writes down d_y = !
dx x\/”4(lnx)— 2(lnx)

1
Also watch for candidates who write d_y = which is incorrect (without the
xWInx* —1nx
brackets)
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Question
Number Scheme e
115. |AtP x=-2=y=3 -
dv_ 4 3 M1, Al
dx 2x+5 2 |
% - = g = Equation of normal is y—'3"'= —%(X— (—2)) M1
= 2x+5y=11 Al
(5)
(5 marks)
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Bl

M1

Al

M1

Al

y =3 at point P. This may be seen embedded within their equation which may be a tangent

A(2x+5
Differentiates In(2x+5) — or equivalent. You may see In(2x +5)° —>—( al 2)
2x+5 (2x+5)
% - 2x4+5 —% oe. It need not be simplified.

For using a correct method of finding the equation of the normal using their numerical value of T as
x=—2

the gradient. Allow for (y—'3")=——| (x—-2), oe.
x=-2
At least one bracket must be correct for their (—2,3)
If the form y = mx + ¢ is used it is scored for proceeding as far as ¢ = ..
J_rk(5y +2x =11) It must be in the form ax+by = c as stated in the question

Score this mark once it is seen. Do not withhold it if they proceed to another form, y = mx + ¢ for example

If a candidate uses a graphical calculator to find the gradient they can score a maximum of B1 M0 A0 M1 Al
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Question

Number Scheme Marks
. 5 dy 5 4
116(i) (a) | y =2x(x*-1) :a:(xz —1) x2+ 2xx10x(x* 1) M1A1
= D (1) (20 - 242007 ) = (7 -1 (22 - 2) M1 AL
dx
4)
(b) & 0=>(22x" —2)..0=> critical values of i L M1
et 7T
oor -1 Al
x/ﬁ ” m
)
i x =In(sec2 ):>d—x— ! x2sec2ytan2 B1
(i a Y74 " sec2y yraey
:d_y_ L = L = 1 M1 M1 Al
dr  2tan2y 2 [sec’2y-1 2e” -1
4)
10 marks
Alt 1 (i) | x=In(sec2y) =sec2y =e"
dv _ .
= 2sec2ytan2y—=e Bl
dx
:d_y_ d = e = L M1M1Al
dr 2sec2ytan2y 2e*\[sec’2y-1 2™ -1
4)
1 . d 1 1 ~
Allt 2 (ii) Vzgarccos(e )jaz‘? — ¢ B1IM1M1
1-(e™)
dy 1
dr 2" -1 Al
4)

()(@)

M1

167

5 4
Attempts the product rule to differentiate 2x(x* —1)° to a form A(x2 —1) + Bx" (x2 —1) where n=1 or 2.

and 4, B >0 If the rule is stated it must be correct, and not witha "—" sign.
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Al

M1

Al

(i)(
M1

Al

(i)
B1

M1

M1

Al

b)

168

; g dy 2 5 2( 2 4
Any unsimplified but correct form (aj=2(x —1) +20x (x —l)

4
For taking a common factor of (x —1) out of a suitable expression

Look for A(x2 —1) + Bx" (x2 —1)4 = (xz —1)4 {A(x —1)+Bx } but you may condone missing brackets

It can be scored from a vu'-uv' or similar.

dy 4 o dy
(aj = (x* —1) (22x" —2) Expect g(x) to be simplified but accept e (x*

There is no need to state g(x) and remember to isw after a correct answer. This must be in part (a).

1) 2(11x -1)

Sets their g— 0,>0 or 3}/ =0and proceeds to find one of the critical values for their g(x) or their
X

ay: 0 rearranged and +(x2 —l)4 if g(x) not found. g(x) should be at least a 2TQ with real roots. If g(x) is

4
factorised, the usual rules apply. The M cannot be awarded from work just on (x2 —1) ..0ie x=+1

You may see and accept decimals for the M.
Lo

Accept exact equivalents such as x.

cao x.. or exact equivalent only.  Condone x.. with x...1,x ,, -1

1 1
(TR
g g (o)

11 T |x|'“ﬁ’ B T
Condone the word "and" appearing between the two sets of values.

Withhold the final mark if x. NiEl X,, 7T , appears with values not in this regioneg x,, 1,x...—-1
dy dx
Differentiates and achieves a correct line involving & or o
)
dx 1 dx 1 . dy
Accept — = 2sec2ytan2y, —=-— —-2sin2 2sec2ytan2y— =
P dy secZy>< Y Y dy cosZy>< Y Y Yy

. . . . dx . . d
For inverting their expression for d—to achieve an expression for d—y
ly x
The variables (on the rhs) must be consistent, you may condone slips on the coefficients but not the terms.
In the alternative method it is for correctly changing the subject

Scored for using tan® 2y =+1+sec’ 2y and sec2y =e* to achieve 3—yorj—x in terms of x
Xy
Alternatively they could use sin’ 2y +cos’ 2y =1with cos2y =e ™ to achieve g_y org— in terms of x
Xy

For the M mark you may condone sec’ 2y = (e* )2 appearing as e”

dy 1 ) . o . dy 1
cso — =————Final answer, do not allow if students then simplify thisto eq. — =

dx 2> -1 plify g dx 2e"-1
Condone d_y =+——— but do not allow d_y = —;

dxr  2{e* -1 dr  2{e* -1

Allow a misread on x =In(sec y) for the two method marks only
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Question Scheme Marks
Number
17@) | p 100 .5 s B1
°© 1+3
1)
iekt — CeM M1
de
-0.9¢ -0.1¢ -0.1s -0.9¢
by | 4P _(1+3e"")x-10e —10(Ze x—2.7e ML AL
dt (1+3e°)
@)
©0 | Atmaximum 10" —30e " xe ¥ + 2706 ¥ xe ** =0
e *¥(-10+240e°*)=0
_ 10 M1
e O.Qz:_ oe eO.91=24
240
1 10
0.9 =In| = |=t=—=In(24)=3.53
LZ 4J 5 (24) M1, Al
© (@) | subr=353= P, =102 Al
(4)
(d) 40 Bl
1)
9 marks
(@)
BL (B=)65
(b)
M1 For sight of %e’“ = Ce" (Allow C =1)This may be within an incorrect product or quotient rule
M1 Scored for a full application of the quotient rule. If the formula is quoted it should be correct.
The denominator should be present even when the correct formula has been quoted.
In cases where a formula has not been quoted it is very difficult to judge that a correct formula has been
used (due to the signs between the terms). So................
—0.9¢ -0.1¢ —0.1¢ -0.9¢
if the formula has not been quoted look for the order of the terms (L+3e 7)xpe ™ —ge 7 xe
(1+3e7°%)?
(1+3e—0.9t) Xpe—o.lt + qe—o.l.r Xe—O.Qt
(1+3e7%%)?
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For the product rule. Look for ae ’°'“(1+ 3e % )71 +bhe e (l+ 3e % )72 either way around

Penalise if an incorrect formula is quoted . Condone missing brackets in both cases.

Al A correct unsimplified answer.

_ _ dP) —10e**(1+3e**)+270e **e > —10e " +240e "
Eg using quotientrule | — |= > oe >
(1+3e°*) (1+3e°*)

implified
ar simplifie

Eg using product rule (‘i—fj =-10e **(1+3e ") +270e “e °* (1+3e ) oe

Remember to isw after a correct (unsimplified) answer.

There is no need to have the %—I; and it could be called (;_y
x

. . . e P P P
(c)(i) Do NOT allow any marks in here without sight/implication of (jj_t =0, (jj_t <0OR (cjj_t >0
The question requires the candidate to find ¢ using part (b) so it is possible to do this part using inequalities using
the same criteria as we apply for the equality. All marks in (c) can be scored from an incorrect denominator (most

likely v ), no denominator, or using a numerator the wrong way around ie uv'—u'v

. dP . dP . .
M1 Sets their n = 0 or the numerator of their n =0, factorises out or cancels atermin € *t0 reach a form

Ae™** = Boe. Alternatively they could combine terms to reach 4e " = Be~ % or equivalent

—0.1rx —0.9¢

Condone a double error on € *" xe ** =g or similar before factorising. Look for correct indices.

. dP .
If they use the product rule then expect to see their C(jj_t = 0 followed by multiplication of (1+ 3e )2 before

similar work to the quotient rule leads to a form 4e*** =B

. . dP . . ikt i _ _
M1 Having set the numerator of their i 0 and obtained either €* = C (k may be incorrect) or Ae ™ = Be 0.l

it is awarded for the correct order of operations, taking In's leading to ¢ =..
It cannot be awarded from impossible equations Eg € ** =-0.3

Al cso ¢t =awrt 3.53 Accept 7 = % In(24) or exact equivalent.

(c)(ii)
Al awrt 102 following 3.53 The M's must have been awarded. This is not a B mark.

(d)
B1 Sight of 40
Condone statements suchas P — 40 k...40or likewise
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Question Scheme Marks
Ax dy 4(x2+5)—4x><2x M1A1
18@) | V=7 =g ) >
(x*+5) \dr (x* +5)
()2t 1AL
A/ (x+5)
(4)
_ 2
b 2074 o 2 > 2 critical values of £45 M1
(b) 2 2 4
(x +5)
x <—+/5,x >~/5 or equivalent dM1A1
3)
7 marks
(@M1  Attempt to use the quotient rule e _ZW with u =4x and v=x*+5. If the rule is quoted it must be
v
. . ) , ovu'—uv'
correct. It may be implied by their u = 4x,u’ = 4, v=x°+5,v' = Bx followed by their >
\%
If the rule is neither quoted nor implied only accept expressions of the form
A(x2+5)—4x><Bx o
. ,A,B>0 You may condone missing (invisible) brackets
(x2 + 5)
Alternatively uses the product rule with u(/v) =4x and v(/u)= (x2 +5)_1. If the rule is quoted it
must be correct. It may be implied by their u = 4x,u' = 4, v=1x*+5,v" = Bx(x* +5)_2 followed by
their vu'+uv'. If the rule is neither quoted nor implied only accept expressions of the form
A(x2 +5)_l +4xx Bx(x2 +5)_2
Al f'(x) correct (unsimplified). For the product rule look for versions of 4(x +5)_l —4xx2x(x? +5)_2
2 1 _ 1
M1  Simplifies to the form f'(x) = A+—szoe. This is not dependent so could be scored from vy 2” Y
(x2 + 5) v
When the product rule has been used the 4 of 4(x? +5)71 must be adapted.
4(5-x? 2 _ —4(x*-5
Al  CAO. Accept exact equivalents such as (f '(x)) = ( 2) , = 4x 2? or — ( > )
(x*+5) (x*+5)  x*+10x*+25
Remember to isw after a correct answer
(b)
M1  Sets their numerator either =0 , <0, ,, 0 >0, ..0and proceeds to at least one value for x
For example 20-4x%..0 = x.~/5 will be M1 dMO0 AO0.
It cannot be scored from a numerator such as 4 or indeed 20+ 4x?
dM1 Achieves two critical values for their numerator =0 and chooses the outside region
Look for x < smaller root, x> bigger root. Allow decimals for the roots.
Condone x,, —+/5, x..~/5 and expressions like —</5 > x > /5
If they have 4x*—20<0 following an incorrect derivative they should be choosing the inside region
Al Allow x<-v5,x>v5 x<-vBorx>v5 {xi-o<x<-vEUuE<x<o} [x>+5
Do not allow for the A1l x <—+/5and x>+/5 . V5 <x<—/5 or {x:—0<x<-v5N/5<x<w}
but you may isw following a correct answer.
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Question Scheme Marks
119 (i) | y=¢€* cosdx= (3—);) =cos4xx 36> +e>* x—4sin4x M1A1
X
Sets cos4xx3e® +e%* x—4sindx=0=>3cos4x—4sind4x=0 M1
1 3
3X—Zarctanz M1
= x=awrt 0.9463 4dp Al
(%)
(ii) x=sin22y:g—;‘=23in2yx2cos2y M1A1
Uses sin4y = 2sin2ycos2y in their expression M1
dx : dy 1
—=2sin4 — = =—cosec4
dy Y= 4 " 2sin 4y 2 Y M1AL
(5)
(10 marks)
(i) Alt | x:sin22y:>x:%—%cos4y 2nd M1
d .
—=2sin4dy 1st M1 Al
dy
:>d—y— —icosec4 M1A1
dx 2sindy 2 Y
©)
-n AI l ) _E
EIII) t x2 =sin 2y:>£x 2 :20052yd—y M1Al
2 dx
1
Uses x2 =sin2y AND sin4y = 2sin 2 ycos 2y in their expression M1
dy 1 1
== =—cosec4
dx 2sindy 2 Y MIAL
()
i) Alt i 1 1
(”?“ x? =sin2y = 2y =invsin x? 223%: 11 x%x 2 M1Al
—X
1
Uses x2 =sin2y, vI—x =cos2y and sin4y = 2sin2ycos2y in their M1
expression
:>d—y— —lcosec4 M1A1
dx  2sindy 2 Y
()

(i)

M1  Uses the product rule uv'+vu' to achieve (

Al

172

dx
The product rule if stated must be correct

Correct (unsimplified) j—i = cos4xx3e® +e3* x—4sin4dx
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"I | TUITION

d—y) = Ae** cosdx+ Be**sindx A,B#0




M1  Sets/implies their d—y: 0 factorises/cancels)by e** to form a trig equation in just sin4x and cos4x

dx
. .. sin4 . .
M1  Uses the identity (S::)s 4x =tan4x, moves from tan4x =C, C #0 using correct order of operations to
X
x=... Accept x=awrt 0.16 (radians) x =awrt 9.22 (degrees) for this mark.

If a candidate elects to pursue a more difficult method using Rcos(é + «), for example, the

minimum expectation will be that they get (1) the identity correct, and (2) the values of R and «
correct to 2dp. So for the correct equation you would only accept 5cos(4x+awrt 0.93) or

5sin(4x —awrt 0.64) before using the correct order of operations to x =...
Similarly candidates who square 3cos4x—4sin4x=0 then use a Pythagorean identity should

. . 3 4 . .
proceed from either sin4x =z or cos4dx =< before using the correct order of operations ...

Al = x =awrt 0.9463.

Ignore any answers outside the domain. Withhold mark for additional answers inside the domain
(i)
M1  Uses chain rule (or product rule) to achieve +Psin2y cos2y as a derivative.

There is no need for Ihs to be seen/ correct

If the product rule is used look for X= +A4sin2ycos2y+ Bsin2ycos2y,
Al  Both Ihs and rhs correct (unsimplified) . g—i =2sin2yx2cos2y =(4sin2ycos2y)or

1=2sin 2y><2C052y%

M1  Uses sin4y =2sin2ycos2y in their expression.
You may just see a statement such as 4sin2ycos2y = 2sin4y which is fine.

Candidates who write X = Asin2xcos2x can score this for Xz gsin 4x

dx dx

M1  Uses & _ for their expression in y. Concentrate on the trig identity rather than the
dy
coefficient in awarding this. Eg g—x =2sindy = g_y = 2cosec4 y is condoned for the M1
Y X

dx _ dp 1 1
If @—a+b do not allow &‘ZJrZ

dy 1 . . .
Al d_y = Ecosec4 y If a candidate then proceeds to write down incorrect values of p and ¢ then do not
X
withhold the mark.
NB: See the three alternatives which may be less common but mark in exactly the same way. If you are
uncertain as how to mark these please consult your team leader.

In Alt | the second M is for writing x = sin? 2y:>x:i%i%cos4yfrom cosdy =+1+2sin’2y

1 1
In Alt 11 the first M is for writing x2 =sin 2y and differentiating both sidesto Px 2 =Qcos ZyX oe

In Alt 111 the first M is for writing 2 = invsin (x*® ) oe and differentiating to MX Nt s

1—(x0'5 )2
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Question Scheme Marks
120(a) X243
x2+x—6%3+x3—&f+7x—6
x* 2% 622
3x*+7x-6 M1 Al
3x” +3x-18
4x+12
4 3 2
X +x"=-3x"+7x-6 4(x+3)
=x“+3+——mF—— M1
x2+x-6 (x+3)(x-2)
4
_ 2
=x“+3+ =2) Al
(4)
4
f'(x)=2x-
(b) (x) _2) M1A1ft
. 4
Subs x=3 into f'(x=3)=2x3— =(2
(x=3) G2 (2) M1
1 1y .
Uses m:_ﬁ: ) with (3, f(3)) = (3,16) to form egn of normal
y—16=—%(x—3) or equivalent cso | M1Al
(5)
(9 marks)

(@)
M1

Al
M1

174

Divides x* + x* —3x? +7x—6 by x? +x—6 to get a quadratic quotient and a linear or constant

remainder. To award this look for a minimum of the following
X2 (+..x)+ A
x? +x—6)x4 +x°-3x°+7x-6

x4+ x3 - 6x2

(Cx)+D

If they divide by (x + 3) first they must then divide their by result by (x—2) before they score this
method mark. Look for a cubic quotient with a constant remainder followed by a quadratic quotient

and a constant remainder

Note: FYI Dividing by (x +3) gives x* - 2x? + 3x - 2and (x3 —2x° +3x—2)+(x— 2)=x"+3

with a remainder of 4.

Division by (x - 2) first is possible but difficult.....please send to review any you feel deserves credit.

Quotient = x* +3 and Remainder = 4x+12
Factorises x? +x—6 and writes their expression in the appropriate form.

Their Linear Remainder

{x‘l +x°-3x+7x-6

- j = Their Quadratic Quotient +
x“+x—6

(x+3)(x-2)

It is possible to do this part by partial fractions. To score M1 under this method the terms must be

correct and it must be a full method to find both "numerators"
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Al

(b)
M1

Alft

M1
M1

Al

2 +3+

4 .
-2 or 4 =3,B =4butdon't penalise after a correct statement.

—2xt

2
x“+ A4+
x-2 (x—2)°

If they fail in part (a) to get a function in the form x% + 4+

- allow candidates to pick up this

method mark for differentiating a function of the form x? + Px+ 0+ Rx+7§ using the quotient rule oe.
X

X2+ A+ — 2x— oe. FT on their numerical 4, B for for x? + A+ionly
x=2 (x—2)? x—2
Subs x =3 into their f'(x) in an attempt to find a numerical gradient
For the correct method of finding an equation of a normal. The gradient must be —m and the

point must be (3, (3)). Don't be overly concerned about how they found their f(3), ie accept x=3 y =.

l !
3 (x=3) or (y—Ff(3))x—f'(3)=(x-3)

If the form y =mx+c is used they must proceed as far as ¢ =

Look for y—f(3)=—

1 .
cso y—16= _E(x_3) oe such as 2y + x — 35 = 0 but remember to isw after a correct answer.

Alt (a) attempted by equating terms.

Alt(@) | x*+x*-3x2+7x-6=(x*+4)(x* +x—6)+B(x+3) M1
Compare 2 terms (or substitute 2 values) AND solve simultaneously ie
x*=>A-6=-3, x=>A+B=7, const=-6A+3B=-6 M1

A=3,B=4 Al Al

1st Mark M1 Scored for multiplying by (x* + x—6) and cancelling/dividing to achieve

x*+x—3x% +7x—6=(x* + 4)(x* +x—6) + B(x£3)

3rd Mark M1 Scored for comparing two terms (or for substituting two values) AND solving simultaneously

to get values of A and B.

2nd Mark Al Either 4 =3or B =4.0ne value may be correct by substitution of say x =-3
4th Mark Al Both 4=3and B =4
Alt (b) is attempted by the quotient (or product rule)

ALT (b) ) (x® +x-6)(4x° +3x" —6x+7) - (x* +x* =3x* +7x-6)(2x+1) | m1A1
X)=
(xz +x—6)2
_ M1
1st 3 Subs x=3 into
marks
M1  Attempt to use the quotient rule ~=— with u=x*+x*-3x*+7x—6 and v=x?+x—6 and

175

2
v

(x2+x—6)(..x3 ........ )—(x4+x3—3x2+7x—6)(..x..)
(x2 +x—6)2 .
Use a similar approach to the product rule with u = x*+x*—3x" +7x—6 and v=(x* +x—6)71

4dx+12

¥’ +x—6

achieves an expression of the form f'(x) =

Note that this can score full marks from a partially solved part (a) where f(x)=x?+3+
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Question
Number Scheme Marks
121.(3)| p= 4> or Qz) BI
1)
a2 de .
(b) x=(4y-sin2y) Dd—:2(4y—s1n2y)(4—2c052y) MI1A1
y
Sub y=Z into
i’ 2
dx
b= (=754) jﬁ: 241‘(= 0.013) Ml
ly T
Equation of tangent M1
Using with x=0p y= % CSO M1, Al
(6)
(7 marks)
Altl(b) x=(4y—sin2y)2 — x03 =4y—sin2y
< dx MI1Al
—0.5x 0 = =4-2co0s2y
dy
Alfl(b) x:(l6y2—8ysin2y+sin22y)
:>1=32y%—8sin2y%—16ycos2y%+4sin2y0082y% MI1A1
Or 1dx=32ydy—8sin2ydy—16ycos2ydy+4sin2ycos2y dy

(2)

Bl  p= 4 or exact equivalent (27 )

Also allow x= 477

(b)

176
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M1

Al

M1

M1

M1

Al

177

Uses the chain rule of differentiation to get a form
A(4y -sin2y)(B+Ccos2y), 4,B,C =0 ontherighthand side
Alternatively attempts to expand and then differentiate using product rule and chain rule to a

formx= 16y2—8ysin2y+sin22y :%=l5/J_rQsin2y4_rRy0052yJ_rSsin2y0032y P,ORS+0

A second method is to take the square root first. To score the method look for a differentiated

expression of the form P05 =4 —Qcos2y

A third method is to multiply out and use implicit differentiation. Look for the correct terms,
condoning errors on just the constants.

dx . 1
— =2(4y—-sin2y)(4—-2cos2 2
dy (4 o) y)or dr  2(4y-sin2y)(4—2cos2y)

correct. The Ihs may be seen elsewhere if clearly linked to the rhs.

with both sides

In the alternative ? =32y—8sin2y—16ycos2y+4sin2ycos2y

ly
Sub y:zinto their & or inverted ¥ . Evidence could be minimal, eg y = LN dx _
2 dy dy 2 dy

It is not dependent upon the previous M1 but it must be a changed x = (4 —sin 2y)2

Score for a correct method for finding the equation of the tangent at ('4”2 %) .

1

T .
Allow for ¥y —= = (x—their 47°)

2 their numerical [0
their numerical ( Ay

T . .
Allow f —— |xtheir numerical (dy
ow for [y 2] dy

= (x—their 471'2)

1
Even allow for Y—7= (X—P)

T
9 . - (de
their numerical ( Ay

1 1 7[ -
It is possible to score this by stating the equation y = 21 x+c aslong as ( A’ ’E] is used

T 24n
in a subsequent line.
Score for writing their equation in the form y =mx+c and stating the value of '¢’

Or setting x =0 in their  —* = i(x— 4;;2) and solving for y.
2 24z
Alternatively using the gradient of the line segment 4P = gradient of tangent.
z—J’
Look for 2—— = 1 = y =.. Such a method scores the previous M mark as well.
47[2 2472'

At this stage all of the constants must be numerical. It is not dependent and it is possible to
score this using the "incorrect” gradient.

T
€SO y = % . You do not have to see(O,gj
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Question
Number Scheme Marks
122.2) | x? —3ke+2k% = (x—2k)(x—k) Bl
2_(x—5k)(x—k)_2_(x—5k)_2(x—2k)—(x—5k) Mi
(x—2k)(x—k) (x—2k) (x—2k)
_ x+k Al
(x—2k)
3)
(b) Applies 2% LA y= x+2kk with u=x+kand v=x-2k
v
:f,(x):(x—Zk()xI;]Scz-i-k)xl M1, Al
=
=3k
=f'(x)= Al
) (x—2k)?
@)
— M1
() If f'(x)= 20 = f(x) is an increasing function as f'(x) >0,
f'(x)= G — YA > 0for all values of x as 1egative :negative = positive Al
- positive
)
(8 marks)

(a)
Bl For seeing X2 =3k +2k% = (x—2k)(x — k) anywhere in the solution
M1 For writing as a single term or two terms with the same denominator

(x—5k) _ 2(x—2k)—(x—5k)

Score for 2—

(x—2k) (x—2k)
5 (=Sk)x—k) _ 200=2k)(r=k) ~(x = Sk)(x =) =
(x=2k)(x ~k) (x=2k)(x ~k) x* =3l + 2k
+k
A1* Proceeds without any errors (including bracketing) to = ( a 2
Y-
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(b)
M1

Al

Al

(©)
M1

Al

179

vu'—uy' x+k

Applies to y:x_zkwith u=x+kand v=x-2k.

If the rule it is stated it must be correct. It can be implied by u =x+kand v=x—2k with
their u',v' and V_”V

If it is neither stated nor implied only accept expressions of the form f'(x) = x;ka—;];c)j_-k

The mark can be scored for applying the product rule to y = (x+ k)(x—2k)" If the rule it is
stated it must be correct. It can be implied by u =x+kand v= (x - 2k)_1 with their
u',v'and vu'+uy'

If it is neither stated nor implied only accept expressions of the form

£1(x)=(x—2k) " +(x+k)(x—2k)"

d A
Alternatively writes y = Xk g y=1+ 3K and differentiates to & —
x—2k x—2k dx  (x-2k)

Any correct form (unsimplified) form of f'(x).
(x—2k)x1-(x+k)x1
(x—2k)’
f'(x)=(x- 2k)71 —(x+k)(x— 2]{)72 by product rule

f'(x) =

by quotient rule

' -3k .
and f'(x) =———— by the third method
(x—2Kk)

3k All f‘(x):_—?’k
(x—2k2 ¥ — e+ 4k

As this answer is not given candidates you may allow recovery from missing brackets
Note that this is BI B1 on e pen. We are scoring it M1 A1l

cao f'(x) =

—Ck
If in part (b) f'(x) = (T)z , look for f(x) is an increasing function as f'(x)/ gradient > 0
x f—
Accept a version that states as & < 0= —Ck >0 hence increasing
(+H)Ck

If in part (b) £'(x) = look for f(x) is an decreasing function as f'(x)/ gradient< 0

(x—2k)*’
Similarly accept a version that states as & <0 => (+)Ck < 0 hence decreasing

3k

Must have f'(x) = (_7)2 and give a reason that links the gradient with its sign.
x —

There must have been reference to the sign of both numerator and denominator to justify the
overall positive sign.
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Question

Number Scheme Marks
123.(a) fry=2*L o
x—2
. " —2)x4—(4x+1)x1
Applies Wv# to get (x )?x_é):” ) M1A1
:_—9 Al*
(x—2)°
@)
-9
(b) 2 =-l=x= M1
(5,7) Al Al
@)
6 marks
Alt 1.(a) )=ty 0
x—2 x—2
Applies chain rule to get f' (x) = A(x-2)7 M1
-9
= 9(x-2)2= o2y Al, AL*
@)
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(@)

M1

Al

Al*

(b)

M1

Al
Al

181

Applies the quotient rule to f(x) :4x—+21With u=4x+1land v=x-2. If the rule is quoted it must be
x_
. . , , vu'—uv'
correct. It may be implied by their u =4x+1,v=x-2,u'=..,v'=..followed by =
If neither quoted nor implied only accept expressions of the form (x=2)xA-(dx+1)xB A,B>0
(x—2)*

allowing for a sign slip inside the brackets.
Condone missing brackets for the method mark but not the final answer mark.

Alternatively they could apply the product rule with u = 4x+1and v=(x—2)™". If the rule is quoted

it must be correct. It may be implied by their u =4x+1,v= (x—Z)_l,u '=..,v'=..followed by
vu'+uy',
If it is neither quoted nor implied only accept expressions of the form/ or equivalent to the form
(x=2)'xC+(4x+)xD(x-2)?
A third alternative is to use the Chain rule. For this to score there must have been some attempt to

4 +21 =. +;2 before applying the chain rule to get

divide first to achieve f(x)=

f'(x)=4(x-2)"

A correct and unsimplified form of the answer.
(x—2)x4—(4x+1)x1
(x~2)°

4x-8-4x-1

Accept 7from the quotient rule even if the brackets were missing in line 1
x_

Accept from the quotient rule

Accept (x—2) x4+ (4x+1)x—1(x—2) 2 or equivalent from the product rule
Accept 9x—1(x—2)from the chain rule

Proceeds to achieve the given answer = Accept —9(x—2)7

2)%°

All aspects must be correct including the bracketing.
If they differentiated using the product rule the intermediate lines must be seen.

1, T 4 4x+1 :4(x—2)—(4x+1): -9
Eg (x—2) 4+(4x+1) 1(X 2) (x_2) (x—2)2 (x—2)2 (x—2)2

Sets =-1 and proceedsto x =....

(x~2)*

The minimum expectation is that they multiply by (x —2)*and then either, divide by -1 before

square rooting or multiply out before solving a 3TQ equation.

A correct answer of x = 5 would also score this mark following _—92)2 =-1 as long as no incorrect
x_

work is seen.

x=5

(5, 7)orx =5, y=7.Ignore any reference tox =-1 (and y =1). Do not accept 21/3 for 7

If there is an extra solution, x > 2, then withhold this final mark.
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?\luestion Scheme Marks
umber
124(a) x= S%tan (2 x%j = B1*
1)
(b) g—x=8tan 2y +16ysec?(2y) M1A1A1
y
At P d—x=8tan2£+16£secz(2x£j={8+47z} M1
dy 8 8 8
y_ﬁ
g __1 , accept y— L= 0.049(x—7) MIAL
x—n 8+4r 8
72'2
:>(8+47r)y:x+7 Al
(7)
(8 marks)
()
B1*  Either sub y:%into x=8ytan(2y)= x:8x%tan(2x%j =r
Orsub x=7r, y:% into x=8ytan(2y)= 7z=8x%tan(2x%j=7rx1:7r
This is a proof and therefore an expectation that at least one intermediate line must be seen,
including a term in tangent.
- T T
Accept as a minimum y =35 = x=rxtan (Zj =7
Or 7Z'=7Z'Xtan[£)=7r \/
4
This is a given answer however, and as such there can be no errors.
(b)
182 T" | EXPERT
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M1
Al

Al

M1

M1

Al

Al

183

Applies the product rule to 8y tan 2y achieving Atan2y + Bysec’(2y)

One term correct. Either 8tan 2yor +16ysec’(2y) . There is no requirement for g—x =

y
Both Ihs and rhs correct. g—x =8tan2y +16ysec?(2y)
y
It is an intermediate line and the expression does not need to be simplified.
Accept OI—xztan 2yx8+8yx2sec’(2y) or d_y: ! 5 or using implicit
dy dx tan2yx8+8yx2sec (2y)

differentiation 1=tan2yx 8:—y+ 8y x 2sec? (2y) j_y
X X

For fully substituting y = Zinto their d—xor d—yto find a 'numerical’ value
8 dy dx
Accept ax =awrt 20.6 or Y =awrt 0.05as evidence
dy dx

For a correct attempt at an equation of the tangent at the point ( ﬂ%)

The gradient must be an inverted numerical value of their j—x
y
y T
g 1
Look for 8 _ o
X=7  numerical
dy
Watch for negative reciprocals which is MO
If the form y =mx + cis used it must be a full method to find a ‘numerical’ value to c.

A correct equation of the tangent.

T
LAY 1 T T
Accept 8 _ orif y=mx+cis used accept m = and c=-—-———
P x—nm 8+4r 4 P 8+4r 8 8+4rx
Watch for answers like this which are correct x —z = (8 + 4x) [y —%]
. -0.39

Accept the decimal answers awrt 2sf y =0.049x+0.24, awrt 2sf 21y =x+4.9, Y 3 =0.049

X—9.

Accept a mixture of decimals and 7's for example 20.6[)/—% =Xx—7

2
Correct answer and solution only. (8+4x)y = x+%

Accept exact alternatives such as 4(2+ )y = x +0.57>and because the question does not ask for
a and b to be simplified in the form ay = x + b, accept versions like

(@+4m)y=x+o(8+47)-7 and (8+4”)y:x+(8+4ﬁ)(%_8+ﬂ4nj
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Cll\luestion Scheme Marks
umber
0
125.(a) _ 800e 800 _ 5 M1,A1
1+3e 1+3
(2)
800eO.lt
b 250=—7—+-
(®) 1+3e%"
250(1+3e*") =800e*" = 50e*"=250, = " =5 M1,Al
1
t=—In(5 M1
0.1 ()
t=101In(5) Al
(4)
0.1¢ 0.1t 01 0.1t 0.1t
©) P 800801, :>d_P:(1+3e )x800x0.1e 01t82006 x3x0.1e MLAL
1+3e™ dt (1+3e™)
At =10
_ 2
d_P= (1+3e)x80e 224Oe _ 80e : MLAL
dt (1+3e) 1+ 3e)
(4)
0.1¢
@ |p=30% _ 80 _ p _890_ 566 Hence P cannot be 270 B1
1+3e™ e +3 3
(1)
(11 marks)
(a)
M1  Subz=0into P and use e° =1 in at least one of the two cases. Accept P = %
as evidence
Al  200. Accept this for both marks as long as no incorrect working is seen.
(b)

184

0.1¢

——— 1+ cross multiply, collect terms in e and proceed

M1 Sub P=250 into P = 5
1+3e”

to 4e’ =B
Condone bracketing issues and slips in arithmetic.

If they divide terms by e®* you should expect to see Ce™®* =D
Al  e*™=50re® =02
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M1 Dependent upon gaining e®* = £ , for taking In’s of both sides and proceeding to
=...

Accept e®¥ = E=0.1r =InE = ¢ =...It could be implied by ¢ =awrt16.1
Al t =101In(5)

Accept exact equivalents of this as long as a and b are integers. Eg. ¢ =5In(25)
is fine.
(c)

M1  Scored for a full application of the quotient rule and knowing that

d%eo-” — k%Y and NOT k%Y

If the rule is quoted it must be correct.
It may be implied by their u = 800e%

vu'—uv'
2
%

v :1+3e0.1t’u|: peo.lt,vl — qeo.lt

followed by

If it is neither quoted nor implied only accept expressions of the form
(1+ 3e0.1t) % peOAlt _ BOoeo.lt x qeo.lt
(1+3eOAlt)2
Condone missing brackets.
You may see the chain or product rule applied to

For applying the product rule see question 1 but still insist on d%eo'” = ke

For the chain rule look for
P 800e"Y 800 dP

= = = & _800x (e +3) " x—0.1e°¥
1+3e% %43 " dr ( )

Al A correct unsimplified answer to
dP 1+ 3e*")x800x0.1e>" —800e*" x 3x 0.1e*"
de (1+3e*")?

M1  For substituting ¢ =10 into their ?j—P NOT P
t

. . : : ..dpP
Accept numerical answers for this. 2.59 is the numerical value Ifa was correct

dp _ 80e
dr (1+3e)’

80e

Al —
1+6e+9e

or equivalent such as Z—f =80e(1+3e) 2,

Note that candidates who substitute f =10 before differentiation will score 0 marks

(d)
Bl Accept solutions from substituting P=270 and showing that you get an
unsolvable equation

800e’" o :
Eg. 270= 130" = -27=¢"" = 0.1t =In(-27) which has no answers.
+3e”
0.1t
Eg. 270= % — —27=e"" = &% /e* is never negative
+3e”
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Accept solutions where it implies the max value is 266.6 or 267. For example
accept sight of % with a comment “so it cannot reach 270’, or a large value

of ¢ (> 99) being substituted in to get 266.6 or 267 with a similar statement, or

a graph drawn with an asymptote marked at 266.6 or 267

Do not accept exp's cannot be negative or you cannot In a negative number
without numerical  evidence.

Look for both a statement and a comment
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Question Scheme Viarks
Number
126. | Yoo iaxt g ML, AL
dx
d )
Puts —~=0to give x*=-2-e" Al *
dx
3)

M1 Two (of the four) terms differentiated correctly

Al All correctj—y =4e* +4x° +8
X

d i i
Al*States or sets d_y =0, and proceeds correctly to achieve printed answer x* = -2 —e**.

X
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Question

Number Scheme Marks
Bl
127. (i) OI—":4sec2 2ytan2y
dy
dy 1
dy
Uses tan® 2y =sec’ 2y —1 and sec2y = /x to get %or %in terms of just x M1
dy . . . AL*
— = — ( conclusion stated with no errors previously)
dx  4x(x-1)° 4
(4)
(ii) d—y=(x2+x3)><£+(2x+3x2)ln 2x M1 A1 Al
dx 2x
dM1 Al
2
when x=8, ¥ 2 3(9)+4(9)? = 3(2) +e
2 dx (5)
+1)* (=3sin x) —3cos x(% (x +1)*
(iil) f/(x) — (X ) ( 'x) . x(3 (x ) ) M1 Al
(x+1)?
— i _ Al
£ (x) = 3(x+2)(sin xA) COS x
(X+1)3 (3)
12 marks

188
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(i)
B1 O _ 4sec’ 2ytan 2y or equivalent such as de_ 4%
dy dy cos” 2y

Accept j—x= 2sec2ytan2yxsec2y+2sec2ytan2yxsec2y, 1=4sec’ 2y tan ZyS—y
34 X

M1 Uses d—y = d—lxto get an expression for g—y in terms of y.

dx & x

It may be scored following the award of the next M1 if j_x has been written in terms of x.
v

Follow through on their expression but condone errors on the coefficient.

. . 2
For example d—x: 2sec’2ytan 2y:>d—y: > ! is OK as is d_yzz—
dy dx 2sec"2ytan2y dx sec”2ytan2y
d_ ! is MO

Do not accept y' s going to x' s. So for example d—x =2sec’ 2ytan2y = — = >
dy dx 2sec” 2xtan2x

M1 Uses tan?2y =sec’2y-1and x=sec?2y to get their d—xor 2—yin terms of just x
v x
g—x =2sec’2ytan2y = j—x =2x4/(sec’ 2y —1) = 2x+/x -1 is incorrect but scores M1
V V
j—x =2sec2ytan2y = j—x =2sec2y,/(sec’ 2y —1) = 24/x~/x—1 is incorrect but scores M1
v V

The stating and use 1+ tan? x = sec® xis unlikely to score this mark.

Accept 1+tan?2y =sec?2y = 1+tan’2y=x=>tan2y=+/x—1.50 I _ ! 1
dr 4sec’2ytan2y 4x/x-1

Condone examples where the candidate adapts something to get the given answer

dy 1 B 1 1
Cdx 4sec’2ytan’2y  4sec2y(sec’2y-1) 4x/(x-1)

Al* Completely correct solution. This is a ‘show that’ question and it is a requirement that all elements are seen.

(ii)
M1 Uses the product rule to differentiate (x2 + x3) In2x . If the rule is stated it must be correct. It may be implied by

their u=..,u'=..,v=..,v'=..followed by vu'+uv". If the rule is neither stated nor implied only accept expressions

of the form In 2xx (ax + bx?) + (x* + x°) x%

I" | EXPERT
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It is acceptable to multiply out the expression to get x?In 2x+x° In 2x but the product rule must be applied to both
terms

Al One term correct (unsimplified). Either (x* + x®) ><2i or (2x+3x%)In2x
X
If they have multiplied out before differentiating the equivalent would be two of the four terms correct.

Al A completely correct (unsimplified) expression g_y =(x*+x%) ><2i +(2x+3x%)In2x
X X

e dy

dM1 Fully substitutes x = 5 (dependent on previous M mark) into their expression for d_ =.... Implied by awrt 11.5
X
Al Y = 3(%) +e” Accept equivalent simplified forms such as Y =1.5e+e?, Y =e(l.5+e), Y = e(2e+3)
dx dx dx dx 2
(iii)
1 2

M1 Uses quotient rule with u =3cosx, v=(x+1)3, u'=+Asinxand v'= B(x+1) 3.
1
If the rule is quoted it must be correct. It may be implied by their « =3cosx, v=(x+1)3, u'=+A4sinxand

2
v'=B(x+1) 3followed by

vu'—uv'

2
v

1

Additionally this could be scored by using the product rule with u =3cosx, v=(x+1) 3 u'==*4sinx and
4 1

v'=B(x+1) 3. If the rule is quoted it must be correct. It may be implied by their = 3cosx, v=(x+1) 3

4
u'=+A4sinx and v'= B(x+1) 3 followed by vu'+uv'

If it is not quoted nor implied only accept either of the two expressions

1 2 1 2
3+ 4sin x — 3 3w+ 4sin v — 3
1) Using quotient form (x+1)3x+tAsinx 3(l:o§x><B(x+1) or (x+1)8 x+Asinx 3(:10$x><B(x+1)
((x+1)3) (x+1)°
1 4
3

2) Using product form (x+1) 3 x+Asinx+3cosxx B(x+1)
(x+1)° (-3sin x) —3cos x(& (x +1) ¥)
1\2
((x+1)§)

1 4
or '(x) = (x+1) 3 x—38inx+3COSx><—%(x+l)_3

Al A correct gradient. Accept f'(x) =

=3(x+1)(sin x) —cos x

Al f'(x) = o

oe. or a statement that g(x) = —3(x+1)(sin x) —cosx oe.
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Question Scheme Marks
Number
128 | §1(4) =50x%> +50xe>" oe. M1Al
Puts f'(x) =0to give x =-1 and x = 0 or one coordinate dM1A1
Obtains (0,-16)and (-1, 25¢*-16) CSO | Al
(%)
(5 marks)

Notes for Question 128

No marks can be scored in part (a) unless you see differentiation as required by the question.

()
M1 Uses vu'+uv'. If the rule is quoted it must be correct.
It can be implied by their u = ..,v=...,u'=...,v'=... followed by their vu'4+uv'

If the rule is not quoted nor implied only accept answers of the form Ax’e”* + Bxe™*
Al f’(x) =50x%* +50xe”".

Allow un simplified forms such as f’(x) = 25x% x 2e”* +50x x >

dMm1 Sets f'(x) =0, factorises out/ or cancels the e** leading to at least one solution of x
This is dependent upon the first M1 being scored.
Al Both x=-1and x =0 or one complete coordinate . Accept (0,-16)and <-1, 25e'2-16) or

(—1, awrt—12.6)

Al CSO. Obtains both solutions from differentiation. Coordinates can be given in any way.

x=-1,0 y=£—16, —16 or linked together by coordinate pairs (0,-16)and (-1, 25e'2-16) but
e

the “pairs’ must be correct and exact.
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Question

Number Scheme Marks
dx ) 6sin3y
129(a) o 2x3sec3ysec3ytan3y = (6sec’ 3y tan3y) [oe C0533yj M1AL )
M1
Uses d—y:ito obtain d_y: 5 !
(b) dx dx dx 6sec”3ytan3y
dy
tan®3y =sec’3y-1=x-1 Bl
Uses sec’3y=x and tan’3y=sec’3y—1=x-1 to get g—yor gl_x injustx. | M1
X Y
dy 1
6x(x—1)2
2 _ _1)? _1)?
© d )2/:0 [6(x 1)2+3x(x 7] M1AL
dx 36x°(x—1)
d?y 6—9x 2—-3x
2 = 2 3 = > 3 dM1Al
dx®  36x*(x-1)°  12x*(x-1)*
(4)
(10 marks)
Altl dx .
x=(c0s3y)? = — =-2(cos3y) > x—3sin3y M1A1
to 5(a) dy
Alt 2 d
x:se03y><se03y:—x:sec3y><35ec3ytan3y+se03y><3se03ytan3y MIAL
to5(a) dy
Altl d2y . J ) .
=) T D) ] M1A1
To5(c) X
= 1x2(x=1) 7 [x(-1) + () (x—1)] dm1
=4 x (x=1)F[2-34] oe AL
4)
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Notes for Question 129

(@)

M1 Uses the chain rule to get Asec3ysec3ytan3y = (Asec2 3ytan 3y) .
There is no need to get the Ihs of the expression. Alternatively could use
the chain rule on (cos3y)™ = 4(cos3y)3sin3y

1 +Acos3ysin3y

(cos3y)® (cos3y)*

or the quotient rule on

Al j—x =2x3sec3ysec3ytan3y or equivalent. There is no need to simplify the rhs but
y
both sides must be correct.

(b)

1 ) .
M1 Uses d_y = —to get an expression for d—y Follow through on their %

dx dx dx dy
dy
Allow slips on the coefficient but not trig expression.

B1 Writes tan®3y =sec’®3y—1 or an equivalent such as tan3y = +/sec*3y -1 and

1
uses x =sec’ 3y to obtain either tan?3y =x—1 or tan3y =(x-1)2
All elements must be present.

Jx
Accept )% Jx-1 COS3y=%:>tan3y=«/x—1
X
1

If the differential was in terms of sin3y,cos3y it is awarded for sin3y =

Jx=1
Jx
dy

M1 Uses sec’3y=x and tan’3y=sec’3y—1=x—1 orequivalent to get i in
X

just x. Allow slips on the signs in tan®3y =sec’®3y—1.
It may be implied- see below

Al* CSO. This is a given solution and you must be convinced that all steps are shown.

Note that the two method marks may occur the other way around

Eg. j =6sec’3ytan3y = 6x(x — 1)2 dy—;
y

u \f}(xl);

Scores the 2" method
Scores the 1% method

The above solution will score M1, BO, M1, A0
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Notes for Question 129 Continued

Example 1- Scores 0 marks in part (b)

d—x=6secz3ytan3y:>d—y: 21 = ; . > = : 1
dy dx 6sec’3xtan3x  @sec? 3xv/sec?3x—1 Bx(x—1)2

Example 2- Scores M1B1IM1AOQ

%:256C23ytan3y:>d—y— ! ! !

dy dr  2sec’3ytan3y 2sec? 3yy/sec’ 3y -1 B 2x(x—1)%

(c) Using Quotient and Product Rules

1

YUY \with u =1and v = 6x(x —1)? and achieving

2
v

M1 Uses the quotient rule

1 1
u'=0andv'=A(x-1)% + Bx(x-1) 2.
If the formulae are quoted, both must be correct. If they are not quoted nor implied by their
working allow expressions of the form

M _0-[AG—D +Bx(x=D*] | _0-A(-D) £ Br(x-1) ]
e [ ljz ENE Cx*(x-1)
6x(x—1)?

d2y  0—[6(x—1)? +3x(x—1) 7]
dx? 36x°(x—1)

Al Correct un simplified expression oe

1
dM1  Multiply numerator and denominator by (x —1)2 producing a linear numerator which is then
simplified by collecting like terms.
1
Alternatively take out a common factor of (x—1) 2 from the numerator and collect like terms from the

linear expression
This is dependent upon the 1* M1 being scored.
d?y 2—-3x

2

dx? 1242 (x —1)%

Al Correct simplified expression oe
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Notes for Question 129 Continued

(c) Using Product and Chain Rules

1
M1  Writes Y = _t = Ax"(x—1) 2and uses the product rule with z or v = Ax " and

1
dx 6x(x—1)?
1
voru=(x—1) 2. If any rule is quoted it must be correct.

If the rules are not quoted nor implied then award if you see an expression of the form

_3 1
(x-1) 2xBx'+£C(x-1) 2xx~°

" }){ = CEDE DT+ CDx D]

dM1  Factorises out / uses a common denominator of x° (x—l)_% producing a linear factor/numerator which
must be simplified by collecting like terms. Need a single fraction.

N . d? _ 3
Al Correct simplified expression de; =1 x7?(x-1)?[2-3x] oe

(c) Using Quotient and Chain rules Rules
' 1
Y with u = (x—1) 2 and v =6xand achieving

M1 Uses the quotient rule v

V2
_3
u'=A(x-1) 2andv'=B.
If the formulae is quoted, it must be correct. If it is not quoted nor implied by their working allow an
expression of the form

vAl Cx(x—l)% -D(x-1 g
X Ex®

W 6x><—;(x—1)_2 —(x—l)_% x6
AR e

3
dM1  Multiply numerator and denominator by (x —1)2 producing a linear numerator which is then

Al Correct un simplified expression

simplified by collecting like terms.
3

Alternatively take out a common factor of (x—l)fE from the numerator and collect like terms from the
linear expression
This is dependent upon the 1% M1 being scored.
? - 2, (2-3x)x(x=1)*
Al Correct simplified expression d )2} = 2-3x - 0e d )2} = ( x)x (=1
dx®  12x*(x-1)F  dx 12
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Notes for Question 129 Continued

(©) Using just the chain rule
: dy 1 1 3 NS .
M1  Writes —= = — =(36x” —36x7) ?and proceeds by the chain rule to
A Ex(x—1)7 (36x°—36x2)2
3
A(36x° —36x%) 2(Bx* —Cx).
M1 Would automatically follow under this method if the first M has been scored
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?\llfjens]ﬂg? Scheme Marks
1
130. | ) (i) Applies vu'+uv'to x2Inx M1
1 1
=Inxx=x 2+x2x= Al
2 X
—In_x_|_i Al*
2Jx  Jx
@)
.. Inx 1
i Sets —+—==0 M1
(1) 2Jx  Jx
Multiplies (or factorises) by /x , with correct /n work leading to x= M1
P=(e? -2¢") oe. AlA1
(4)
(b)  Applies uto y:x_kwith u=x—kand v=x+k M1
v x+k
d +k)x1-(x—k)x1
O (x+h)x (x2 )% Al
dx (x+£k)
dv 2k
dx  (x+k)> Al
As k>0:>g—y>0:>Chas no turning points Bl
X
(4)
(11 marks)
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Question

Number Scheme Marks
131. (@ x=3o0r (3,0 Bl
1)
d.x 1 2 _E
(b) d—:§(9+16y—2y ) 2(16—4y) oe M1M1A1
)
@)
(c) Substitute y=0 into their ax or Y
4 dy  dr M1
O 8  dy 3
dvo 3 dx 8 Al
Uses their numerical g—yand their 3 from (3,0) to find equation of tangent
X
y-0 3 3
=—0r y—-0=—(x-3 M1A1
w3 g7 0= d
(4)
(8 marks)
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Question

Number Scheme Marks
132.(a) di(cos 2x) =-2sin 2x Bl
X
NE Lo
C X X—28IN2x—C0S2x %~ x 2
Applies vu —Zuv to COS2x _ : 2 M1A1
v Jx (Wx)
1
—2/xsin2x —;x 2c0oSs2x
B X
©)
(b) di(sec2 3x) = 2sec3x x 3sec3xtan 3x (= 6sec’ 3xtan3x) | M1
X
= 6(1+ tan®3x) tan 3x dM1
= 6(tan 3x + tan® 3x) Al
©)
vy dx_2 [y
=2sin| = |=> —=—C0s| = M1Al
© : (3] dy 3 (3)
d_y _ 1 B 1 B 1
dx 2 y) B 2
=B |
3 3 2
»__3 cao | Al
dx 4—x*
(4)
(10 marks)
. (xj dy 3 1 M1dM1Al
y=3arcsin| — |=> — = ——=x—
Alt 132(c) 2) dx ) (sz 2
2
_ 3 Al
dx  J4—x?
M1 Rearranging to y = A4arcsinBxand differentiating to Y = A4
dx 1- Bx?
dy C
dM1 As above, but form of the rhs must be correct & =
X X
1-| = (4)
5
Al Correct but un simplified answer
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Notes for Question 132

(@)

Bl Award for the sight ofdi(cos 2x) =—2sin 2x . This could be seen in their differential.
x

vi'—uv' o C0S2x

N
If the rule is quoted it must be correct. There must have been some attempt to differentiate both terms. If the
rule is not quoted (nor implied by their working, with terms written out u=...,u’=....,v=....,v’=....followed

M1 Applies

by their u) then only accept answers of the form
\%

1
Jx x+A4sin 2x —cos 2x x Bx 2

(Vx )2 or x%

Al Award for a correct answer. This does not need to be simplified.

Alt (a) using the product rule

B1 Award for the sight ofdi(cos 2x) =—2sin 2x . This could be seen in their differential.
X

1
M1 Applies vu'+uv'to x 2c0os2x . If the rule is quoted it must be correct. There must have been some
attempt to differentiate both terms. If the rule is not quoted (nor implied by their working, with terms

written out u=...,u’=....,v=....,v'=....followed by theirvu'+uv") then only accept answers of the form
1 3

+Ax 2sin2x— Bx 2C0S2x

Al Award for a correct answer. This does not need to be simplified.
1 3

~2x 2sin2x —%x_z COS2x

(b)
M1 Award for a correct application of the chain rule on sec? 3x
Sight of Csec3xsec3xtan3x is sufficient

dM1  Replacing sec® 3x =1+ tan®3x in their derivative to create an expression in just tan3x. It is dependent
upon the first M being scored.

Al The correct answer 6(tan 3x + tan® 3x) . There is no need to write x =6
Alt (b) using the product rule
M1 Writes sec? 3xas sec3x xsec3x and uses the product rule with u'= A4sec3xtan 3x and
v'= Bsec3xtan 3x to produce a derivative of the form 4sec 3xtan 3xsec3x + Bsec3xtan 3xsec3x

dM1 Replaces sec’ 3x withl+ tan®3x to produce an expression in just tan 3x. It is dependent upon the first M
being scored.
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Notes for Question 132 Continued

Al The correct answer 6(tan 3x + tan® 3x) . There is no need to write x =6

1
Alt (b) using sec3x =
co

3 and proceeding by the chain or quotient rule
S3x

M1  Writes sec’3xas (cos3x)* and differentiates to A(cos3x) " sin 3x

i : 1 . c0s3x)* x0—1x Acos3xsin 3
Alternatively writes sec’ 3x as ————and achieves (cos 3x) - XS Sx
(cos3x) ( cos? 3x)

sin3x ) ) .
=tan3x and —— =sec’ 3xand sec’ 3x =1+ tan® 3x in their derivative to create an

COS 3x Cos” 3x
expression in just tan3x. It is dependent upon the first M being scored.

dM1 Uses

Al The correct answer 6(tan 3x + tan® 3x) . There is no need to write x =6
Alt (b) using sec?3x =1+tan’3x

M1  Writes sec?3xas 1+ tan®3x and
uses chain rule to produce a derivative of the form A tan 3xsec” 3x
or the product rule to produce a derivative of the form Ctan 3xsec’ 3x + D tan 3xsec” 3x

dM1  Replaces sec’ 3x =1+ tan® 3x to produce an expression in just tan 3x . It is dependent upon the first M
being scored.

Al The correct answer 6(tan 3x + tan® 3x) . There is no need to write x =6

(©
M1 Award for knowing the method that sin (%) differentiates to cos(éj The lhs does not need to be

correct/present. Award for 2sin [g] — Acos [g]

Al x=2sin 2 :gzgcos hd . Both sides must be correct
3 d 3 3

dx . . .
dM1  Award for inverting their d—and using sin® §+ cos? % =1 to produce an expression for j_y in terms of
ly x
x only. It is dependent upon the first M 1 being scored.

An alternative to Pythagoras is a triangle.
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Notes for Question 132 Continued

Candidates who write d_y = 3 do not score the mark.
2 cos[arcsin [x]]
2
dy 3
BUT P does score M1 as they clearly use a correct Pythagorean
x 2\/1_5"12 [arcsin [X ] identity as required by the notes.
2

Al d_y = 3 . Expression must be in its simplest form.
dx 4—x*
Do not accept d_y = L or d_y = 1; for the final Al
dx ’ /1—1x2 dv 1 /4_.2
4 3
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Question

Number Scheme Marks
133.(i) cosec2x = Sin2s M1
1
= M1
2sinxcosx
1 1
=—C0SsecxseCx = A== Al
2 2
3)
(i) 3sec’d +3secd = 2tan® 6 = 3sec’d +3sech = 2(sec’ 6 1) M1
sec’@+3secd+2=0
(secO+2)(secd+1) =0 M1
secd =-2,-1 Al
cosd=-0.5,-1 M1
o :2—”,4—”,7z AlAl
3 3
(6)
(9 marks)
i P02
ALT (i) 3sec’d+3secd = 2tan® & = 3x 12 +3x L _ 2x sm26
cos” @ cos@ cos‘ ¢
3+3c0sd =2sin*6
3+3c0s@=2(1-cos’h) | M1
208?60 +3cos@+1=0
(2cos@+1)(cos0+1)=0= cosd =-0.5-1 M1A1
27 4r
0=—,—, M1,Al1Al
3 3
(6)
(9 marks)
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Notes for Question 133

0)
M1 Uses the identity cosec2x =—
sin2x
M1 Uses the correct identity for sin 2x = 2sin x cos x in their expression.
Acceptsin 2x =sin x COS x + COS xSin x
Al A= %following correct working
(i)
M1  Replaces tan® & by +sec® #+1to produce an equation in just secé
M1 Award for a forming a 3TQ=0 in secd and applying a correct method for factorising, or using the formula,
or completing the square to find two answers to secé
If they replace secd = cosd it is for forming a 3TQ in cos@and applying a correct method for finding two
cos
answers to cosé
1
Al Correct answers to secd =—-2,—1 or cosé = 5 -1
M1 Award for using the identity secé = P and proceeding to find at least one value for 6.
cos
If the 3TQ was in cosine then it is for finding at least one value of .
Al Two correct values of . All method marks must have been scored.
Accept two of 120°,180°,240° or two sz?ﬂ,%,ﬂ' or two of awrt 2dp 2.09, 3.14, 4.19
Al All three answers correct. They must be given in terms of 7 as stated in the question.
Accept 0.67[, 1.37:, T
Withhold this mark if further values in the range are given. All method marks must have been scored.
Ignore any answers outside the range.
Alt (ii)
. o . 1 , .. sin? .
M1  Award for replacing sec”d with >—, secdwith —— , tan® & with——— multiplying through by
cos” 4 cosé cos” 4
cos® 6 (seen in at least 2 terms) and replacing sin® @ with +1+cos® @ to produce an equation in just
cosd
M1 Award for a forming a 3TQ=0 in cosé and applying a correct method for factorising, or using the formula,
or completing the square to find two answers to cosé
1
Al cosd = Y -1
M1 Proceeding to finding at least one value of & from an equation in cosé .
Al Two correct values of @. All method marks must have been scored
27 4
Accept two of 120°,180°,240° or two of?ﬂ,?ﬂ, 7r or two of awrt 2dp 2.09, 3.14, 4.19
Al All three answers correct. They must be given in terms of r as stated in the question.
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Notes for Question 133 Continued

Accept 0.67r, 1.37[,7[

All method marks must have been scored. Withhold this mark if further values in the range are given.
Ignore any answers outside the range
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Question

Number Scheme Marks
134.(a) f(x)=0=x*+3x+1=0
= x= —312\/5 =awrt -0.382, -2.618 M1A1
2
(b) Uses vu'+uv' f'(x) =€ (2x+3) + (x* +3x+1)e" x2x M1A1Al
(3)
(5 marks)
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Notes for Question 134

(@)

M1 Solves x* +3x+1=0 by completing the square or the formula, producing two ‘non integer answers. Do
not accept factorisation here . Accept awrt -0.4 and -2.6 for this mark

Al Answers correct. Accept awrt -0.382, -2.618.

Accept just the answers for both marks. Don’t withhold the marks for incorrect labelling.

(b)
M1  Applies the product rule vu'+uv' to (x* +3x +1)e”2 :

If the rule is quoted it must be correct and there must have been some attempt to differentiate both terms.
If the rule is not quoted (nor implied by their working, ie. terms are written out

u=...,u’=....,v=....,v’=....followed by their vu’+uv’ ) only accept answers of the form
(:—yj =f'(x)=e" (Ax+ B) + (x> +3x +1)Cxe"
X

Al One term of f'(x) =e x2(2x +3) +(x*+ 3x+1)ex2 X 2x correct.
There is no need to simplify

Al A fully correct (un simplified) answer ~ f'(x) =e "Z(Zx +3)+(x°+3x +1)e)Cz X2
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?\luestion Scheme Marks
umber
135. | () 322 (2w—-3)° = w= % 0e M1A1
)
(b) S_y =5x(2x-3)*x2 or 10(2x-3)* M1A1
X
1 .
When x:E, Gradient = 160 M1
Equation of tangent is '160° _y=(32) oe
A1, dM1
2
y =160x-112 cso | Al
(5)
(7 marks)
@) M1  Substitute y=-32 into y = (2w—3)° and proceed to w=..... [Accept positive sign used of y, ie y=+32]
Al Obtains wor x = % oe with no incorrect working seen. Accept alternatives such as 0.5.
Sight of just the answer would score both marks as long as no incorrect working is seen.
(b) M1  Attempts to differentiate y = (2x—3)° using the chain rule.
Sight of +4(2x—3)* where 4 is a non- zero constant is sufficient for the method mark.
Al A correct (un simplified) form of the differential.
Accept L =5x(2x-3)*x20r Y =10(2x-3)*
dx dx
M1  This is awarded for an attempt to find the gradient of the tangent to the curve at P
Award for substituting their numerical value to part (a) into their differential to find the
numerical gradient of the tangent
dM1 Award for a correct method to find an equation of the tangent to the curve at P. It is dependent
upon the previous M mark being awarded.
Award for 'their 160 =2 =32
x—their'='
If they use y =mx+ c it must be a full method, using m= “their 160’, their % > and -32.
An attempt must be seen to find c=...
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Al cso y =160x—112. The question is specific and requires the answer in this form.
You may isw in this question after a correct answer.
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Question Scheme Marks
Number
. dy .o s 1
136. | ()(a) —=3x"xIN2x+xx—x2 M1A1Al
dx 2x
=3x%In2x + x?
©)
(i)(b) 3—y=3(x+sin2x)2x(1+ 2C0S 2x) B1IM1A1
X
)
.. dx 2
(ii) —— =—C0Sec”y M1A1
dy
dy 1
dx  cosec’y M1
2 2 . dy dx ..
Uses cosec“y =1+cot“ yand x=cot y in d—or d—to get an expression in x
X y
LA €S0 | M1, AL*
dr  cosec’y  l+cot’y  1+x° '
(5)
(11 marks)
()() M1  Applies the product rule vu’+uv’ to x°In2x.
If the rule is quoted it must be correct. There must have been some attempt to
differentiate both terms. If the rule is not quoted (nor implied by their working, with
terms written out u=...,u’=....,v=....,v’=....followed by their vu’+uv’) then only
accept answers of the form
A xIn2x+x°x 2 where 4, B are constants0
X
Al One term correct, either 3x° xIn2x or x° xzix 2
X
Al  Cao. g_y =3x*xIn2x +x° xzix 2. The answer does not need to be simplified.
X X
For reference the simplified answer is j_y =3x%In2x + x* = x*(3In2x +1)
X
() (b) B1  Sight of (x+sin2x)?

M1  For applying the chain rule to (x+sin2x)*. If the rule is quoted it must be correct. If it is
not quoted possible forms of evidence could be sight of C(x +sin2x)*x (1+ Dcos 2x)
where C and D are non- zero constants.

Alternatively accept u = x+sin2x, u’= followed by Cu’ x their u'
Do not accept C(x +sin 2x)?x 2cos 2x unless you have evidence that this is their «’
Allow ‘invisible’ brackets for this mark, ie. C(x +sin 2x)*x1+ Dcos2x
Al  Cao % =3(x+sin 2x)? x (1+ 2cos 2x) . There is no requirement to simplify this.
X

You may ignore subsequent working (isw) after a correct answer in part (i)(a) and (b)
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(i) M1  Writing the derivative of coty as -cosec?y. It must be in terms of y

Al % =—cosec’y or 1=—cosec’ yg—y. Both Ihs and rhs must be correct.
ly X
M1  Using d—yzi
dx dx
dy
. ) ) dy dx . ..
M1  Using cosec”y =1+cot®y and x =coty to get d—or ™ just in terms of x.
X v

Al  cso ___1 5

dx 1+x

Alternative to (a)(i) when In(2x) is written Inx+In2
M1  Writes x®In2xas x*In2+x*Inx.
Achieves Ax’ for differential of x*In2 and applies the product rule vu’+uv’ to x°Inx.

Al Either 3x?xIn2+3x?Inxor x3><1
X

Al  Acorrect (un simplified) answer. Eg 3x* xIn2+3x% In x + x° Ve
X

Alternative to 5(ii) using quotient rule

M1  Writes cot y as Cf)ﬂand applies the quotient rule, a form of which appears in the
siny

formula book. If the rule is quoted it must be correct. There must have been some attempt
to differentiate both terms. If the rule is not quoted (nor implied by their working,

vu'—uv'

meaning terms are written out u=...,u’=....,v=....,v’=....followed by their —)
v
i +siny— +
only accept answers of the form Slnyx_SIny' COZSyx_COSy
(sin y)
Al  Correct un simplified answer with both lhs and rhs correct.
d_x: sin yx—sm_y—ccz)s);xcos); _ {—1—c0t2 y}
dy (siny)
M1 Using d—y:L
dx dx
dy
: s 02 2 1 2 2 2 dy dx .
M1  Using sin®y+cos®y =1, ——=cosec”y and cosec”y =1+cot® yto get —or —inx
sin? y dx dy
Al Cso d—y=— 1 5
dx 1+ x

Alternative to 5(ii) using the chain rule, first two marks
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M1  Writes cot y as (tan y)*and applies the chain rule (or quotient rule).
Accept answers of the form —(tan ) xsec’® y
Al Correct un simplified answer with both lhs and rhs correct.

dx -2 2

— =—(tan X Sec 1

dy (tan) 7 x=coty=>tany==
X

Alternative to 5(ii) using a triangle — last M1

M1  Uses triangle withtan y =1to find siny 1 sin v = 1
X Y=
V1+x?
dp  dx . ..
and get— or — just in terms of x
dx dy .
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Question

IC | TUITION

Number Scheme Marks
2 4 18 2(x* +5)+4(x+2)-18
137. | (@) —+——- A9 ralxt2) M1A1
x+2 x"+5 (x+2)(x°+5) (x+2)(x“+5)
2x(x+2)
= M1
(x+2)(x"+5)
. 2x AL
(x*+5)
(4)
2
+5)x2—-2xx2x
b i) = & M1A1
(b) 0=y
h'(x) = M cso | Al
(x* +5)*
©)
(c) Maximum occurs when h'(x)=0=10-2x*=0= x=.. M1
= x=+/5 Al
When x:\/gzh(x):g M1,Al
Range of h(x) is 0<A(x) < g Alft
(5)
(12 marks)
M1  Combines the three fractions to form a single fraction with a common denominator.
Allow errors on the numerator but at least one must have been adapted.
Condone ‘“invisible’ brackets for this mark.
Accept three separate fractions with the same denominator.
Amongst possible options allowed for this method are
2x*+5+4x+2-18 Eqg 1 An example of “invisible’ brackets
(x+2)(x*+5)
2(x* +5) + 4 _ 18 Eg 2An example of an error (on middle term), 1% term has been adapted
(x+2)(x*+5) (x+2)(x*+5) (x+2)(x*+5)
2(x" +5)° (x+2) +4(x+2)°(x* +5)-18(x* +5)(x+2) Eg 3 An example of a correct fraction with a different denominator
(x+2)%(x* +5)*
Al Award for a correct un simplified fraction with the correct (lowest) common denominator.
2(x® +5)+4(x+2)-18
(x+2)(x*+5)
Accept if there are three separate fractions with the correct (lowest) common denominator.
Eg 2(x* +5) 4x+2) 18
(x+2)(x*+5) (x+2)(x*+5) (x+2)(x*+5)
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(b)

()

M1

Al*

M1

Al

Al

M1

Al

M1
Al

Alft

Note, Example 3 would score M1AO as it does not have the correct lowest common denominator
There must be a single denominator. Terms must be collected on the numerator.
A factor of (x+2) must be taken out of the numerator and then cancelled with one in the
denominator. The cancelling may be assumed if the term *disappears’

2x

Cso ——
(x*+5)

This is a given solution and this mark should be withheld if there are any errors

Applies the quotient rule to (2.2—x5) a form of which appears in the formula book.
X +

If the rule is quoted it must be correct. There must have been some attempt to differentiate both
terms. If the rule is not quoted (nor implied by their working, meaning terms are written out

u=...,u’=....,v=....,v’=....followed by their i _ZW ) then only accept answers of the form
A%
(x> +5)x A—2xx Bx where A B >0
(x* +5)? '
2
Correct unsimplified answer h'(x) = (x"+5)x 2~ 2x x2x
(x* +5)?
h'(x) _10-2x" The correct simplified answer. Accept 26-x°)  -2(x*-5) =~ 10-2x"
(x*+5)? (x* +5)? (x*+5)?  (x*+10x%+25)

DO NOT ISW FOR PART (b). INCORRECT SIMPLIFICATION IS A0

Sets their h’(x)=0 and proceeds with a correct method to find x. There must have been an attempt
to differentiate. Allow numerical errors but do not allow solutions from “unsolvable” equations.
Finds the correct x value of the maximum point x=v5.

Ignore the solution x=-V5 but withhold this mark if other positive values found.

Substitutes their answer into their h’(x)=0 in h(x) to determine the maximum value

2.5

Cso-the maximum value of h(x) = g Accept equivalents such as 1—05 but not 0.447

Range of h(x) is 0<h(x) < ? Follow through on their maximum value if the M’s have been

.

scored. Allow 0<y<—, 0< Range<—, | 0,— |butnot 0 <x<—,
5 5 5 5 5

If a candidate attempts to work out z*(x) in (b) and does all that is required for (b) in (c), then allow.
Do not allow /" (x) to be used for h’(x) in part (c). For this question (b) and (c) can be scored together.
Alternative to (b) using the product rule

214

M1

Al

Al

Sets h(x) = 2x(x?+5)* and applies the product rule vu’+uv’ with terms being 2x and (x*+5)™
If the rule is quoted it must be correct. There must have been some attempt to
differentiate both terms. If the rule is not quoted (nor implied by their working, meaning
terms are written out u=...,u’=....,v=....,v’=....followed by their vu’+uv’) then only
accept answers of the form

(x* +5) " x A+ 2xx+Bx(x* +5)*

Correct un simplified answer  (x*+5) " x 2+ 2xx—2x(x*+5)

The question asks for h’(x) to be put in its simplest form. Hence in this method the terms need
to be combined to form a single correct expression.
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For a correct simplified answer accept
_ 2 2 _ 2
h'(x) = 102 2x2 _ 2(52 X Z _ 2()c2 5)2
(x*+5) (x*+5) (x*+5)

=(10-2x%)(x* +5) 7
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Question Scheme Marks
Number
138. | (@ % =33 sinx+ ¥ cos X M1A1
X
%:0 e”é(\/ésin&+30053<): 0 M1
X
tan3=—J3 Al
3x = 2_” = X= 2_7T M1Al1
3 9
(6)
(b) Atx=0 dy =3 Bl
dx
. .1 _y-0 . 1
Equaton of normal is-==-—— orany equivalenty = _§X M1A1l
X —
(3)
(9 marks)
(@) M1 Applies the product rule vu+uv’ te*°*sin3x. If the rule is quoted it must be correct and there

Al

M1

Al

M1

Al

Bl
M1

(b)

Al

216

must have been some attempt to differentiate both terms. If the rule is not quoted (nor impliec
by their working, ie. terms are written out u=...,u’=....,v=....,v'=....followed by their

d .
vu'+uv’ ) only accept answers of the fornax = Ae¥sin 3+ ¥ x+Bcos X
X

Correct expression fggl =3 sinx+ ¥ cos X
X

Setgheir % =0, factories out or divides byeXﬁ’

producirg an equation in sinGand cosg
X

Achieves eithetan X = —\/_3 or tanx = —i

NE

Correct order of arctan, followed b$.

Accepth:%T: X:S—H or 3X:1T:> X:%T

3

butnot x = arctan(? )

CSO0x :%T Ignore extra solutions outside the range. Withhold mark for extra inside the range

Sight of3 for the gradient

A full method for finding an equation of the normal.

Their tangent gradiemh must be modified t&i and ugd together with (0, 0).
m

Eg - 1 _y-0, equivalent is acceptable
their 'm' x-0
y= —}x or ary correct equivalent includingi = y-0
3 3 x-0
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Altern ative in part (a) using the form Rsin(3x +a )JUST LAST 3 MARKS

Question Scheme Marks
Number
138. | (a) % =3B sinx+ ¥ ce3x M1A1
%:o &R (/3sin3X+ TosX )= 0 M1
X
(x/1_2)sir(3x+7—;):0 Al
21T 2T M1A1l

AX=— = X=—
3 9

(6)

Al Achieves either(JE)sir(3x+’§T) = Oor (Jl_z)cos(&—g) =0
M1 Correct order of arcsin or arcos, etc to produce a value of

Eg accepr+7§T: OQormor2r= x=....

Al Caox :%T Ignore exra solutions outside the range. Withhold mark for extra inside the range

Alternative to part (a) squaring both sides JUST LAST 3 MARKS

Question Scheme Marks
Number
138. €) % =3B sinx+ ¥ ce3x M1A1l
X
%:0 e”é(\/\’_%sin&+ ZXosX)=0 M1
X
J3sinXx=-3ceXx= cod (X )::11 orsih (8 9:% Al
1 1 M1
X= éarc os(t\/;) oe
yo 2 AL
9
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G
139. : d 3 M1
a —(In(3 =
(a)() dx(n( X)) ™
d, 2 12 103
—(%x2In(3x)) =IN(3X)x =X 2+ X2Xx— M1Al
dx( (3¥)) =In(3x) > ™
3)
(i)
dy _ (2x—1Fx-10- (1~ 1o§)x 5(x- )x 2 VAL
dx (2x-1)
dy__80x "
dx  (2x-1°
3)
(b) x=3tan2y :%= &ed ¥ M1A1
y
dy _ 1
dx 6seé2y M1
Uses set2y=1+tarf Zand uses taZyzg
ay_ 1 _, 3 M1A1
T s X 1ge 2
6(1+ (5)2)
(5)
(11 marks)

Note that this is marked BIM1A1 on EPEN

@)() M1

M1

Al

(i) M1

218

Attempts to differentiate In{Bto E. Notethatsiis fine.
X X

1
Attempts the product rule foe? In(3x). If the rule is quoted it must be correct. There must have
been some attempt to differentiate both terms.

If the rule is not quoted nor implied from their stating of u, u’, v, v’ and their subsequent

expression, only accept answers of the form
1 1

In(3x) x Ax 2 rxex2 AB>0
X

Any correct (un simplified) form of the answer. Remember to isw any incorrect further work

@ o in@0) = e ach o 3 o (M@, 1
&(x In(3x)) = In(3x) 2x +X 3x (2\/; +&

Note that this part does not require the answer to be in its simplest form

1
)=x 2(%In3x+1)

Applies the quotient rule, a version of which appears in the formula booklet. If the formula is

guoted it must be correct. There must have been an attempt to differentiate both terms. If the
formula is not quoted nor implied from their stating of u, u’, v, v’ and their subsequent

expression, only accept answers of the form
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(b)

(2x—1P x+10- (—10x)xC (X - 1j
(2X_1)100r7or25

_ (2x=1Fx-10-(1-10x)x 5(X - 1fx 2

Al  Anyun simplified form of the answer. )
X ((2x-1))
Al Cao. It must be simplified as required in the ques%r: 80 5
dx (2x-1)
M1  Knows thaBtan 2y differentiates toaCseé 2 . The lhs can be ignored for this mark. If they
write3tan 2y as% this mark is awarded for a correct attempt of the quotient rule.
cos
, dx _ T _ dy
Al  Writes downd— =6seé J orimplicitly to get1= 6seé 3/d—
y X
Accept from the quotient rule6— or evencos%/>< bosy - 3singx- 2sing
cos 2% cos
M1 An attempt to invert ‘their’% to rea:h% =f(y) , orchanges the subject of their implicit
X
differential to achieve a similar resu%z =f(y)
X
. , _dx dy . .
M1 Replaces an expression ¢ 2/in thelrd— or d—W|th X by attempting to use
y X
_ . , dx. dy .. 1
se¢ = B tah 2 Alternatively, replaces an expression for yam ord— Wlthzarctané)
y X
Al Any correct form ofd—yin terms ofx. d = 1x & =3 5 Or 1
dX dX 6(1+ (5)2) dX 18+ 2( 63&2 (arctang ))
Question Scheme Marks
Number
139. (a)(i) Alt using the product rule
Writes io;;s as (1I- Dx)(2x-1)y°and aplies vu'+uv'.
See (a)(i) for rules on how to apply
(2x-1)°x-10+ (-10x)x-5(Xx— 1)°x 2 M1A1
Simpifies as main scheme 80x(2x— 1)° or equvalent Al
3)
(b) Alternative using arctan. They must attempt to differentiate
to score any marks. Technically this is MIA1IM1A2
Rearrage x=3tanytoy = %arctané) and attempt to differentiate M1Al
Differentiates to aformLX, = %x 1x x:—;Lor 1x oe ML A2
1+ () @+ ) 6(1+ 0 ) ’
3 3 3
(5)
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Question No Marks
140 (@)
% (In(3x)) - g for any constant B M1
Applying vu’+uv’ , In(3x) X 2x + x M1, Al Al
o) (4)
Applying —vuv_zuv'
x3><4cos(4x)x—65in (4x)x3x? M1 AL+A1
Al
_ 4xcos(4x)—3sin (4x) Al
x4—
()
(9 MARKS)

(@ M1

M1

Al
Al

(b) M1

Al
Al
Al

Al

Differentiates the In(3x) term to g. Note that % is fine for this mark.

Applies the product rule to  x2In (3x). If the rule is quoted it must be correct.
There must have been some attempt to differentiate both terms.
If the rule is not quoted (or implied by their working) only accept answers of the form

In(3x) x Ax + x? x g where A and B are non- zero constants

One term correct and simplified, either 2xin(3x)or x. In3x?* and In(3x) 2x are acceptable forms
Both terms correct and simplified on the same line. 2xIn(3x) + x, In(3x) X 2x + x, x(2In3x + 1) oe

Applies the quotient rule. A version of this appears in the formula booklet. If the formula is quoted it
must be correct. There must have been some attempt to differentiate both terms.
If the formula is not quoted (nor implied by their working) only accept answers of the form
3 e 2
P with 5 > 0
Correct first term on numerator x3 x 4cos(4x)
Correct second term on numerator —sin (4x) X 3x?

Correct denominator x®, the (x3)? needs to be simplified

4xcos(4x)—3sin (4x) cos(4x)4x—sin (4x)3
: ) : oe .
x x

Fully correct simplified expression
Accept 4x 73 cos(4x) — 3x~*sin (4x) oe

Alternative method using the product rule.

M1,Al

Al
Al
Al

220

Writes s";(—:x) as sin(4x) x x~3 and applies the product rule. They will score both of these marks or

neither of them. If the formula is quoted it must be correct. There must have been some attempt to
differentiate both terms. If the formula is not quoted (nor implied by their working) only accept answers
of the form x~3 X Acos(4x) + sin (4x) X +Bx™*

One term correct, either x 3 X 4cos(4x) or sin(4x) x —3x~*

Both terms correct,Eg. x~3 X 4cos(4x) + sin(4x) x — 3x™*.

Fully correct expression. 4x~3cos(4x) — 3x~*sin(4x) or 4cos(4x)x~3 — 3 sin(4x)x~* oe
The negative must have been dealt with for the final mark.
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Question No Scheme Marks
141 dx ) T M1,Al
(5) = 2sec (y+E)
. . Lodx 2 (T T\ _ M1. Al
substitute y = — into their—= = 2sec (— + —) = ’
4 dy 4 12
When y= % x=2'3 awrt 3.46 B1
s
(y - Z) = their m(x — their 2v/3) M1
T
— ) = —8(x —2v3) oe Al
(y 4) ( ) (7 marks)
M1 For differentiation of 2tan (y + 12) - 2sec (y + 12). There is no need to identify this with &
iting & = 2 Nt -
Al For correctly writing I 2sec (y + 12) or—~ P—" (y+%)
M1  Substitute y = Z into their 2. Accept if = is inverted and y = Z substituted into 2.
4 dy dy 4 dx
ax _ & _1
Al E-Sor =5 ¢
B1 Obtains the value of x=2V3 corresponding to y= %. Accept awrt 3.46
M1 This mark requires all of the necessary elements for finding a numerical equation of the normal.
Either Invert their value of Z—;, to find %, then use myx m,=-1 to find the numerical gradient of the normal
Or use their numerical value of - Z—;
Having done this then use (y - g) = their m(x — their 2+/3)
The 23 could appear as awrt 3.46, the % as awrt 0.79,
This cannot be awarded for finding the equation of a tangent.
Watch for candidates who correctly use (x — their 2v/3) = —their numerical % (y — %)
If they use ‘y=mx+c’ it must be a full method to find c.
Al Any correct form of the answer. It does not need to be simplified and the question does not ask for an exact answer.
.
(y-3)=-8(x-2v3) =8, y=—8x+21+16V3,y=8x+ (awrt) 285
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Alternatives using arctan (first 3 marks)

M1  Differentiates y = arctan (g) — = toget

1
X
1+(5)?

X constant. Don’t worry about the lhs

Al Achieves __1 L

x_
dx  1+(3)? T2

M1 This method mark requires x to be found, which then needs to be substituted into Z—z
The rest of the marks are then the same.

Or implicitly (first 2 marks)
M1 Differentiates implicitly to get 1 = 2 sec? (y + %) X Z—i’
dy
dx

The rest of the marks are the same

Al Rearranges to get or 3—; in terms of y

Or by compound angle identities

2tany+2 tan (l)
X = 2tan(y+%) = —F%

F3
1-tany tan

M1 Differentiates using quotient rule-see question 1 in applying this. Additionally the tany must have been
differentiated to sec?y. There is no need to assign to %

(1—tany tan%)xZSeczy—(Z tany+2 tan(%)) X—seczytan%

d
Al The correct answer for == = i
dy (1-tany tanE)2

The rest of the marks are as the main scheme
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Question Scheme Marks
Number
142.
(a) S S MLAL
(x243x+5) 7 (x24+3x+5)
2)
. v —uv' M1
(b) Applying = ’
x2X—sinx—cosxX2x _ —x2sinx—2xcosx _ —xsinx—2cosx e A2,1,0
(x2)2 x4- x3 (3)
5 Marks
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Question Scheme Marks
Number
143.
(a) ¥2—9=(x+3)(x—3) B1
4x —5 2x
x+1)(x—3) (x+3)(x—3)
_ (4x—-5)(x+3) . 2x(2x+1) Ml
T (2x4+1)(x-3)(x+3)  (2x+1)(x+3)(x—3)
B 5x — 15
T (2x+1)(x—3)(x +3) MiAl
56£—3) _ 5
= = Al*
(2x+1)(<3)(x+3)  (2x+1)(x+3)
(3)
(b)
P& = o7 s7x+3
e o(4x+7) MIMIAI
F(x) = (2x% 4+ 7x + 3)2
, 15 MIAL
fr-n=-
Uses mym,=-1 to give gradient of nurmal=:—5 M1
5
y—(=3) _ hoir L Ml
x—-1 15
}T-i-g =%{x+1)oran},requivalentfmm Al
(8)
13 Marks
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Question

Number Scheme Marks
144,
dx-1 3
@ 26-) ~ 26-D@ED)
_ (4x-D(2x-1)-3 An attempt to form a single |, .
2(x-1)(2x-1) fraction
8x% — 6y — 2 Simplifies to give a correct
= o o quadratic numerator over a | Al aef
{2(x-D)(2x -1} correct quadratic denominator
 2(x-D(4x+1) An attempt to factorise a 3 term | M1
T {2(x-D(2x-1)} quadratic numerator
_Ax+1 Al
2x -1 4)
(®) f(x) = ax-1 - 3 -2, x>1
2(x-1) 2(x-1)(2x-1)
F(x) = (4x+1) 5
(2x -1)
_ (Gx+1)-2(2x-1) An attempt to form asingle | |\
(2x -1) fraction
_Ax+1-4x+2
(2x-1)
3 C t It | Al =
= orrect resu
2x -1
(2x -1) 2)
3
f = = 3 2 - 1 1
© | T = G = %2x =)
f'(x)= 3(-D(2x -9 (2)
+hk(2x-1)2 | M1
Al aef
f'(2) = b__2 Either -6 or 2 Al
9 3 9 3
(3)
[9]
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Question

Number Scheme Marks
145
_ 3 +sin2x
@ 2 +C0s2x
Apply quotient rule:
u=3+sin2x v=2+C0S2x
Qu = 2C0S2x @z —2sin2x
dx x
_ _ Applying “L—”“ M1
dy _ 2c0s2x(2 + cos2x) — — 23|2n 2x(3 +sin2x) Any one term correct on the "
dx (2 + cos 2x) numerator
Fully correct (unsimplified). | Al
_ 4c0s2x + 2¢0s’ 2x + 6sin 2x + 2sin’ 2x
(2 + cos2x)’
_ 4cos2x + 6sin 2x + 2(cos’ 2x + sin’ 2x) _
(2 + cos Zx)z For correct proof Wlth_ an
understanding
) that cos® 2x + sin® 2x = 1.
4c0s2x + 6Sin2x + 2 . . .
= . (as required) No errors seen in working. | A1*
(2 + cos2x)
4)
3+sinz 3
When x=2, y=——"—=>=3 =3
() 2 YTy Tcosr 1 4 Bl
At
(%,3),m(T):65m”+4COSZ+2 :—42+2:_2 m(T)=-2 | B1
(2 + cosx) 1
Either T: y-3=-2(x-%) y—» =m(x—%) with ‘their
or y=-2x+c and TANGENT gradient’ and their y;; M1
3=-2(%)+¢c = c¢=3+x; or uses y =mx +c¢ with ‘their
TANGENT gradient’;
T y=-2x+(7+3) y==2x+rx+3 | Al
(4)
[8]
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Question

Number Scheme Marks
146.
@ | y=secx = = (cosx)™
CoSx
Writes secx as (cosx)™ and gives
dy P dy P M1
— = —1(cosx) " (-sinx — = Z((cosx) (sinx
L= ~lcosx)*(=sin) 1= H((cos)? (sin))
—1(cosx)?(-sinx) or (cosx)?(sinx) | Al
dy_ Jsinx | (1 \fsinx) oo Convincing proof.
dr lcos’x] \cosx/lcosx) =——— Must see both underlined steps. | A1 AG
3)
(b) | x=sec2y, y=#(@2n+1)Z nel.
Ksec2 2
d—x: 2sec2ytan2y seceytancy | M1
dy 2sec2ytan2y | Al
2
c .
©) | dy_ 1 Applies v_ 1 M1
dxr  2sec2ytan2y dx (37)
dy _ 1 :
dr Zetan2y Substitutes x for sec2y. | M1
Attempts to use the identity
2 _ 2 2 _ 2 _
l1+tan“ 4 =sec4 = tan“2y =sec” 2y -1 1+ tan? A = sec A M1
So tan’2y = x* -1
d_y_ —1 d_y_ —1 Al
dx  2x(x*-1) dx  2x/(x?*-1)
4)
[9]
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Question Scheme Marks
Number

147. AtP, y=3 B1
dy -3 18
—= 3(-2)(5-3x) (-3) {or ——— M1AL
dx ( )( ) 3 { (5—3x)3} -
d 18
v _ —_— {: _18} M1
dx  (5-3(2)
m(N) = Lo L M1

-18 18
N: y-3=%(x-2) M1
N: x-18y+52=0 Al
[7]
1" M1: +k(5-3x)" can be implied. See appendix for application of the quotient
rule.
2" M1: Substituting x = 2 into an equation involving their %
3 M1: Uses m(N) :—;.
their m(T)
4" M1 y—y, =m(x—2) with ‘their NORMAL gradient’ or a “changed” tangent
gradient and their y;. Or uses a complete method to express the equation of the tangent
in the form y = mx + ¢ with ‘their NORMAL (“changed” numerical) gradient’, their
vy, and x = 2.
Note: To gain the final A1 mark all the previous 6 marks in this question need to be earned.
Also there must be a completely correct solution given.
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Question
Number

Scheme

Marks

148.  (a)

(b)

(©)

(d)

Either y = 20r(0, 2)

When x=2, y=(8-10+2)e? =0e? =0
(2x* -5x+2)=0 = (x—2)(2x-1)=0
Either x =2 (for possibly B1 above) or x =3.

Y = (4x-5)e " — (2x* —=5x+2)e"
dx

(4x-5)e™" — (2x* =5x+2)e " =0
2x* -9x+7=0=(2x-7)(x-1)=0
x=1,1

When x = £, y=9e_%,when x=1 y=-¢*

Bl

Bl
M1
Al

M1A1A1

M1
M1
Al

ddM1A1

1)

3

3

Q)
[12]

(b) If the candidate believes that e = 0 solvesto x = 0 or gives an extra solution
of x = 0, then withhold the final accuracy mark.

(c) M1: (their u)e™ + (2x* —5x + 2)(their v")

Al: Any one term correct.

Al: Both terms correct.

(d) 1 M1: For setting their %found in part (c) equal to 0.

2" M1: Factorise or eliminate out e~ correctly and an attempt to factorise a 3-term
guadratic or apply the formula to candidate’s ax® + bx + c.

See rules for solving a three term quadratic equation on page 1 of this Appendix.

3 ddM1: An attempt to use at least one x-coordinate on y = (2x? —5x + 2)e™".

Note that this method mark is dependent on the award of the two previous method
marks in this part.

Some candidates write down corresponding y-coordinates without any working. It
may be necessary on some occasions to use your calculator to check that at least one
of the two

y-coordinates found is correct to awrt 2 sf.

Final Al: Both{x=1}, y=—e™ and {x =§}, y=9e*. cao
Note that both exact values of y are required.
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Question

Number Scheme Marks
2
149. (i) _ In(x“ +1)
X
In(x? +1) — Something |y
2 du 2x x*+1
u =In(x"+1) :>d—= 71 5
xoxd In(x* +1) > —— | Al
x“+1
u=In(x*+1) v=x
Apply quotient rule: < gy, 2% dv 1
dx X% +1 dx
2x - xu' —In(x* + 1)V
& (xz +1j(x) —In(x* +1) Applying )EZ ) correctly. | M1
dx x° Correct differentiation with correct Al
bracketing but allow recovery.
4)
dy 2 1 ) .
=2 = — —In(x" +1 Ignor nt working.
{dx C+) A (x )} {Ignore subsequent working.}
(i) | x=tany
tan y — sec® y or an attempt to
differentiate 12 using either the | M1*
& _ gec? y 0y
dy quotient rule or product rule.
dx )
—=sec’y | Al
dy
dr = — {: c052y} Finding L by reciprocating % dM1*
dx sec’y dx dy
For writing down or applying the identity
d_ 1 sec’ y =1+tan®y, dML*
de  1+tan®y which must be applied/stated completely in
V.
dy ired For the correct proof, leading on from the
Hence, dr 142 (as required) previous line of working. | A1 AG
©)
[9]
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Question

Number Scheme Marks
150 (@) | y =secx = = (cosx)™
COSx
dy 2 (i
—= Z((cosx) " (sinx M1
g_y: —1(cosx)?(-sinx) dx (( ) ))
Y —1(cosx)*(=sinx) or (cosx)?(sinx) | Al
dy _ Jsinx | _( 1 )fsinx) _ SeCxrtan x Convincing proof.
dx  |cos’x| \cosx/\cosx) == Must see both underlined steps. Al AG
(3)
(b) | y =e* sec3x
Either e** — 2e** or
u=e" v = sec3x M1
g ’ Seen sec3x — 3sec3xtan3x
L o207 =Y =3sec3xtan3x or implied Bothe* — 2e** and
dx dx Al
sec3x — 3sec3xtan3x
Applies vu' + uv' correctly for their
dy 2 2 C M
d—z 2e“" sec3x + 3e”* sec3xtan 3x u,u',v,v
* 2e” sec3x + 3e* sec3xtan3x | Al isw
4
. . dy
(c) | Turning point => — =0
dx
. dy .
Hence, % sec3x(2 + 3tan3y) = 0 Sets their Pl 0 and factorises (or cancels) M1
out at least e** from at least two terms.
{Note e #0, sec3x#0, so 2+ 3tan3x=0,}
giving tan3x=-% tan3x=+k; k=0 | M1
= 3x=-058800 = x={a}=-0.19600... Either awrt —0.196° or awrt —11.2" | Al
Hence, y = {b} =e*"*** sec(3x —0.196)
=0.812093... = 0.812 (3sf) 0.812 | A1 cao
4)
[11]

Part (c): If there are any EXTRA solutions for x (or @) inside the range —£ < x < Z, ie. —0.524 < x < 0.524 or ANY

EXTRA solutions for y (or b), (for these values of x) then withhold the final accuracy mark.

Also ignore EXTRA solutions outside the range —% < x < %, ie. —0.524 < x < 0.524.

231

T

EXPERT

IC | TUITION




Question

Number Scheme Marks
151(i)(@) | y = x*cos3x
u=x v =cos3x
Apply product rule: < 4y dv
—=2x — =-3sin3x
dx
Applies vu' + uv' correctly for
their u, u', v, v AND gives an M1
expression of the form
2 .
dy _ 2008 3x — 3x2 sin 3x axcos3x + fx”sin3x
| Any one term correct | A1
Both terms correct and no further
simplification to terms in| A1
cosax’or sin fx’.
3)
In(x* +1)
b = = T
(b) x'+1
W In(x* +1) — —S"mfthing M1
u =In(x>+1) :»é’: le x+2
v In(x* +1) > ——— | Af
x +1
u=In(x"+1) v=x"+1
Apply quotient rule: < 4y 2% dv 5
PR R — —_—= X
dx  x*+1 dx
2x ) ) . ovu' —uV'
— +1) —2xIn(x” +1 Applying ————— | M1
2_()62“)()6 ) - 2xIn(x* +1) pplying ——
de ( N 1)2 Correct differentiation with correct A1
bracketing but allow recovery.
4)
d 2x — 2xIn(x* +1
g _=xm4 n(x2 ) {Ignore subsequent working. }
dx (x2 + 1)
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Question Scheme Marks
Number
(i) y=v4x+1, x>-1%
AtP, y=J42)+1 =9 =3 AtP, y=+/9 or 3 | B
+h(4x+1)7 | M1
Yo Lyt (4 ).
dx 2 2(4x+1)72 | A1 aef
dy _ 2
dr  (4x+1)°
AtP, dy _ 2 1 Substituting x = 2 1nt.o an equatlfn M
dx (4(2)4.1)7 involving <-;
2
Hence m(T) = 3
y=y =m(x=2)
Either T: y-3=3(x-2); or y—y, = m(x — their stated x) with
‘their TANGENT gradient’ and
or y=2x+c and theiryl; dm1*;
322(2) 4 L34 oruses y =mx +c with
=32 +e = c=3-5=1; ‘their TANGENT gradient’, their x
and their y.
Either T: 3y-9=2(x-2);
T: 3y-9=2x-4
T: 2x-3y+5=0 2x -3y+5=0 | Al
Tangent must be stated in the form
ax + by +c¢=0,wherea, band c
are integers.
(6)
or T: y=32x+3
T: 3y=2x+5
T: 2x-3y+5=0
[13]
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Question

Number Scheme Marks
152 _
)= 1-—2 4 *=8
x+4) (x-2)(x+4)
xeR, x#-4,x+2.
(@) An attempt to combine to one
M1
F(x) = (x=2)(x+4) -2(x—-2)+ x -8 fraction
(x=2)(x+4) Correct result of combining all A1
three fractions
X +2x—-8—-2x+4+x-8
(x=-2)(x+4)
Y ax—12 Simpltiﬁeslto give th; cprrec; A
= numerator. Ignore omission o
[(e+4)(x=2)] denominator
_ (x+H(x-3) An attempt to factorise the
= 0= dMm1
[(x+4)(x-2)] numerator.
-3
= w Correct result | A1 cso AG
(x=2)
(5)
e -3
(b) g(x) = xeR, x#In2.
e -2
u=¢e -3 y =¢" =2
Apply quotient rule: < 4y, dv
= ex = ex
dx dx
g'(x) e(e=2) e (-3 Applying X —2% | M1
= x 2 v
S Correct differentiation | A1
e -2t e+ 3e”
-2y
_ L C ¢ It A1 AG
@ —2) orrect result | o
(3)
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Question

Number Scheme Marks
(c) e’
'X)=1= — =1
g'() © _2)
o x o2 Puts their differentiated numerator
¢ =@ -2 equal to their denominator. M1
et = e —2¢" —2" +4
™ —5e" +4=0 e —S5e" +4 | A1
(€ — e —1)=0 Attempt to f?ct'orlsf M
or solve quadratic in e
e'=4ore =1
x=Ind4d or x=0 both x =0, In4 | A1
(4)
[12]
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([)\luestion Scheme Marks
umber
d d 1
a L ((5x-1 =—(5—12)
153. | (a) - (V(5x=1) =—((6+-1)
1 1
=5x(5v-1) M1 Al
d—y:2)m/(5x—1)+§x2 (5x—l)_% M1 A1ft
dx 2
dy 10 10
At x=2, —=49+—=12+—
* dx v9 3 M1
46
=7 Accept awrt 15.3 | Al (6)
d (sin2x) 2x?cos2x—2xsin2x Al+Al
(b) —( ; ]= ; M1
dx\ x X Al
(4)
[10]
Alternative to (b)
di(sin 2x><x’2) =2C0S2xxx 2 +sin 2x><(—2)x’3 M1 Al + Al
X
= 2x72 c0s2x —2x°sin 2x (: 2co§2x_25|r132xj Al 4)
X X
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Question

Nurmber Scheme Marks
(@) 2x+2 _x+1: 2x+2 _x+l
154 x*-2x-3 x-3 (x—3)(x+l) x-3
_2x+2—(x+1)(x+1)
T o3)(x D) MLAL
_(x+1)(1—x)
" (x-3)(x+1) M1
1-x x-1 x-1
= Accept 3 3. Al 4)
d(1-x)_(x=-3)(-1)-(1-x)1
(b) dx(x—?»j_ (x_3) M1 AL
_—x+3—1+x: 2 cs0
(x—3)2 (x_3)2 Al (3)
[7]
Alternative to ()
2x+2  _ 2(x+1) 2 ML AL
x2—2x—3_(x—3)(x+l)_x—3
2 x+1_2-(x+1) M1
x-3 x-3  x-3
1-x
Alternatives to (D)
1- 2
@ f)="73 ’;=—1—§=—1 2(x-3)
£'(x)=(-1)(-2)(x-3)" M1 Al
2
=(x—3)2 E 3 CsO | A1 (3)
® f(x)=(1-x)(x-3)"
f'(x) = (-1)(x=3) +(L-x)(-1)(x-3)" M1
1 1x —(x-3)-(1-¥)
Tx3 (3 (n-9) Al
2
= E 3
(x—3)2 Al 3
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Question

Number Scheme Marks
155. f'(x)=3e"+3xe" M1 Al
3e"+3xe" =3e"(1+x)=0
x=-1 M1 Al
f(-1)=-3e"- 1 B1 (5)
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Question

Nurnber Scheme Marks
156. | (a) 2 =2
2x+1=1In2 M1
x:%(an—l) AL ()
d x4
(b) d—y=8e2 : B1
X
1 dy
=—(In2-1) = —==16
* 2( ) dx Bl
1
y—8=16(x—5(|n2—1)j M1
y=16x+16-8In2 Al 4)
[6]
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Question

Number Scheme Marks
157, (a)(i)di(e“ (sinx+2cosx)) =3e* (sinx+2cos.x)+e> (cosx—2sinx) M1 AL AL (3)
X
(= e® (sinx+7005x))
3
(ii) Of'—x(x3 In(5x+2))=3xIn(5x+2) + Si’i > M1ALAL (3)
2
o) d_yz(x+1) (6x+6)—2(x4;l)(3x2+6x—7) vy AL
dx (x+l) Al
(x+1)(6x2 +12x+ 6 —6x? —12x+14)
= y M1
(x +1)
20
= E 3 CSo
(1) Al (5)
d’y 60 _ 15
(c) o (1) = M1
(x+1)' =16 M1
x=1-3 both | Al 3)
[14]
Note: The simplification in part (b) can be carried out as follows
(x+1)° (6x+6)—2(x+1)(3x* +6x-7)
(x+1)4
(6x° +18x" +18x +6)—(6x° +18x” — 2x ~14)
- (x+1)4
:20x+20:20(x+1): 20 M1 Al
(x+1)4 (x+1)4 (erl)3
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Question

Number Scheme Marks
158. | (a)
3—y =2e* tan x +e* sec?® x M1 A1+Al
X
dy _ 2x 2x 2 _
d—_O = 2e“tanx+e-*sec x=0 M1
X
2tanx+1+tan®x=0 Al
(tanx+1)" =0
tanx=-1 3k cso | Al (6)
d
(b) (—yJ =1 M1
dx o
Equation of tangent at (0,0) is y=x Al 2)
[8]
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Question

Number Scheme Marks
dy .
159. —— =6C0s2x —8sin 2x M1 Al
X
d
(_yj -6 B1
X 0
y—4=—"x orequivalent | M1A1  (5)
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Question
Number Scheme Marks
RV _
160. | (@) x=1-2)° = y:(—x) or 1 M1AL (2
V5
flixm (17)6) Ignore domain
(b) gf(x)zi—4 M1 A1l
1-2x°
3-4(1-2x°
_3-4(1-2¢) M1
1-2x°
8x° -1
= % cso | Al 4
1-2x° )
gf : x> 81 -1 Ignore domain
' 1-2x° g
(c) 8x*-1=0 Attempting solution of numerator =0 | M1
X :% Correct answer and no additional answers | Al (2)
d 1-2x°)x 24x” +(8x> —1)x6x°
(d) 2= ( ) g 2 ) M1 Al
dx (1-2x°)
18x?
T a2 Al
(1-2+°)
Solving their numerator = 0 and substituting to find y. M1
x=0,y=-1 Al (5)
[13]
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Question

Number Scheme Notes Marks
161. X +xy+y -4x -5y +1=0
M1Al
(a) ﬁx 2x + y+xd—y +2yd—y—4—5d—y:0 —
B dx dx dx — Bl
2x+y—4+(x+2y—5)%=0 dM1
dy 2x+y-4  4-2x-
2T or Al 0.e. | Al cso
dx S5-x-2y x+2y-5
[5]
(b) {d—yzo:} 2x+y—4=0 M1
dx
(y=4-2x =} X +x(4-2x)+(4-2x)" —4x—5(4-2x) +1=0 dM1
X'+ 4x-2x" +16-16x +4x* - 4x-20+10x+1 =0
gives 3x* -6x -3 =0 or 3x*-6x=30r x’-2x-1=0 Correct 3TQ in terms of x | Al
P _ _ Method mark for
(x-1D)°-1-1=0 and x=... solving a 3TQ in x ddM1
x=1+2, 1-2 x=1++2, 1-2 only | Al
[5]
Afﬁ)l {%zO:} 2x+y—-4=0 M1
4-y 4-yY 4—yj 2 (4—yj
{xz}(zj(zyy 2 )
_ 2 1,2
1078y Hy | [ A=V ), 2 a4—y)—5p+1=0
2 2
gives 3)° =12y -12 =0 or 3)°-12y=12 or y* -4y -4=0 Correct 3TQ in terms of y | Al
(y-2)-4-4=0 and y=.. .
Solves a 3TQ in y
x:4_(2+2\ﬁ) x:4_(2_2\ﬁ) and finds at least one value for x ddM1
2 ’ 2
x=1+\/§,1—\/5 x=1+\/§,1—\/§only Al
[5]
10
(@) S N R U SO P MiAl
Alt 1l % dy dy dy - Bl
dx
x+2y-5+Q2x+y—-4)—=0 dM1
dy
dy 2x+y-4  4-2x-
=27 or Sl o.e. | Al cso
dx 5-x-2y x+2y-5
[5]
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Question 161 Notes

Differentiates implicitly to include either x% or y> 52 y% or -5y — —5%.
161. (a) M1
[Ignore L4 = )
PR
2 2 dy dy
Al x”—>2x and y* -4x-5y+1=0 52y—-4-5—=0
dx dx
Bl xy—>y+ xd—y
V=) ar
Note | If an extra term appears then award 1** AQ
Note 2x+y+xd—y+2yd—y—4—5d—y - 2x+y—4=—xd—y—2yd—y+5d—y
dx dx dx dx dx  dx
will get 1 Al (implied) as the "=(0" can be implied the rearrangement of their equation.
dM1 | dependent on the previous M mark
An attempt to factorise out all the terms in % as long as there are at least two terms in d_y
Al 2x+y -4 or 4-2x-y
S5-x-2y x+2y-5
cso | If the candidate’s solution is not completely correct, then do not give the final A mark
(b) M1 | Sets the numerator of their % equal to zero (or the denominator of their ;ﬂ equal to zero) o.e.
Yy
Note | This mark can also be gained by setting %equal to zero in their differentiated equation from (a)
Note | If the numerator involves one variable only then only the 1% M1 mark is possible in part (b).
dM1 | dependent on the previous M mark
Substitutes their x or their y (from their numerator = 0) into the printed equation to give an equation
in one variable only
Al | For obtaining the correct 3TQ. E.g.: either 3x* —6x—3 {=0} or —3x” +6x+3 {=0}
Note | This mark can also be awarded for a correct 3 term equation. E.g. either 3x* - 6x =3
x*=2x-1=0 or x*=2x+1 areall fine for Al
ddM1 | dependent on the previous 2 M marks
See page 6: Method mark for solving THEIR 3-term quadratic in one variable
Quadratic Equation to solve: 3x*-6x-3=0
6 +(-6)’ - 43)(-3)
Way1l: x=
2(3)
Way2: x*-2x-1=0=(x-1"-1-1=0=>x=..
Way 3: Or writes down at least one exact correct x-root (0r one correct x-root to 2 dp) from
their quadratic equation. This is usually found on their calculator.
Way 4: (Only allowed if their 3TQ can be factorised)
e (X’ +bx+c)=(x+p)x+q),where | pg|= c|, leading to x=...
o (ax’ +bx+c)=(mx+ p)(nx+q),where | pg|=|c| and |mn|=a, leadingto x=...
Note | If a candidate applies the alternative method then they also need to use their x = 4_Ty
to find at least one value for x in order to gain the final M mark.
Al Exact values of x =1++2, 1-2 (or1+ 2 ) ,cao Apply isw if y-values are also found.
Note | It is possible for a candidate who does not achieve full marks in part (a), (but has a correct
numerator for % ) to gain all 5 marks in part (b)
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Question 161 Notes

161. (a) M1 | Differentiates implicitly to include either y9 or x> —> ZXQ or —4x— —4%. Ignore & =...
Alt 1 dy dy dy dy
Al )c2—>2)cg and y2—4x—5y+1:O—>2y—4ﬁ—5=0
dy dy

dx
Bl Xy > y—+X
dy

Note | If an extra term appears then award 1** AQ

Note 2x%+y%+x+2y—4%—5 —> x+2y-5= _zx%_y%“;%
dy ~dy dy v “dy dy

will get 1 A1 (implied) as the "=0" can be implied the rearrangement of their equation.

dM1 | dependent on the previous M mark

. . dx . dx
An attempt to factorise out all the terms in o as long as there are at least two terms in .
2 2

Al | dy _2x+y-4 or dy _4-2x-y
dx 5-x-2y dx x+2y-5
cso | If the candidate’s solution is not completely correct, then do not give the final A mark

(a) Note | Writing down from no working

d_y=2x+y—4 or d_y=4—2x—y
dc 5-x-2y dx x+2y-5
d_4-2x-y b _2x+y-4
dx 5-x-2y dx x+2y-5

scores M1 A1 B1 M1 Al

scores M1 A0 B1 M1 A0

Note | Writing 2xdx+ ydx + xdy + 2ydy — 4dx — 5dy =0 scores M1 Al Bl
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Quurssivion Scheme Notes Marks
Number
162. (a) %ztan30:>r=htan30{:>r=% or r=?h}
or h — tan 60 = 5 = — = h or r= ﬁ h Correct use of trigonometry
r tan 60 3 3 to find » in terms of A Ml
. N or correct use of Pythagoras
or r :L:r:M :>r=i or r=—3h to find 7*in terms of A*
sin30 sin60 sin 60 3 3
or K+r=Q2rY =r'= %hz
1 3 1 3
| . s : Correct proof of V' = §7rh or V= §h V4
{Vz—zrrzh :>} Vz—ﬂL—j h=V=—rxh* 1 1 Al *
3 33 9 Or shows §7rh3 or §h37r with some
reference to ¥ = in their solution
[2]
(b) a _
Way 1 dr 200
d_V:l h’ lﬂ'hz o.e. | Bl
di 3 3
Either Y\ di
dv dn drv 1 ,\dA either | their — | x— =200
¢ {—X—=—= —rh” |— =200 dh ) dt
dh dr dt 3 dr M1
.{%:d_VJ_V:} 9 200x or 200 = | their &
dte dr dh de 17h dh
When g g H
ependent on the previous M
h=15, i =200 x ! > {z 200 = 600 } mark Ml
dt 17(15) 757 225«
dt 3p 3p
[4]
6
(b) d—V=200 :>V=200t+c:>17rh3=200t+c
Way2 | dr 9
|
(%nhzj%zzoo Eﬂ'h o.e. | Bl
! asin Way 1 | M1
When g g H
ependent on the previous M
h=15, dn =200 x ! > {z 200 600 } mark dM1
dt 17(15) 757 2257
dt 3p 3p
[4]
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Question 162 Notes

162. (a)| Note | Allow M1 for writing down 7 =Atan30
Note | Give MO A0 for writing down » = % or r= % with no evidence of using trigonometry
on 7 and 4 or Pythagoras on » and 4
Note | Give MO (unless recovered) for evidence of %mfzh = éﬁ}f leading to either »* = %hz
or r= % or r= M
3 3
(b) Bl Correct simplified or un-simplified differentiation of V. E.g. lﬂ'hz or E7rhz
{14 . . . L .
Note | ap does not have to be explicitly stated, but it should be clear that they are differentiating their
V
M1 their a X dan =200 or 200 =+ | their v
dh ) dt dh
dM1 | dependent on the previous M mark
Substitutes 4 =15 into an expression which is a result
of either 200 + (their d—Vj or 200 x ;
dh (thelr %—Z)
Al 3& (units are not required)
Note | Give final A0 for using a =-200 to give dh =- i, unless recovered to dn = 3
dt dt T d  3x
248 I" | EXPERT

I_ | TUITION




Question

Scheme Notes Marks
Number
163. x=3t—4,y=5—§, t>0
@) de _ , _ 6t
de dt
their d—ydivided by their dx to give &y in terms of ¢
dt dt dx M1
. 2 . i . . .
& = b = % =2t7%= - or their )7 multiplied by their a to glved—y in terms of ¢
dc« 3 3t t d¢ dx dx
-2
b , simplified or un-simplified, in terms of z. See note. | Al isw
. o ) dx dy . [2]
Award Special Case 1°* M1 if both & and & are stated correctly and explicitly.
Note: You can recover the work for part (a) in part (b).
Writes & in the form i—/12 and writes & asa
(a) s 18 d_y_ 18 B 18 dx (x+4) -dx M1
Way2 | x+d4 dr (x+4)7 (%) _____functionofr.
Correct un-simplified or simplified answer, .
i Al isw
in terms of z. See note.
[2]
(b) {tzi :>} P(—E, —7J x= —§, y=-70r P(—E, —7J seen or implied. | B1
2 2 2 2
dy 2 . . AL . dy
—=——and either Some attempt to substitute # = 0.5 into their —
dx (%) dx
N, v o5n which contains ¢ in order to find ., and either
o yor7r=gx - g) _ _ | _
applies y - (their y,) = (their m, )(x - their x,) | M1
Tt = ("8 (-2 +c or finds ¢ from (their y,) = (their m.)(their x,) + ¢
S0, y = (their m;)x +"c" and uses their numerical ¢ iny = (their m, )x + ¢
T: y=8x+13 y=8x+13 or y=13+8x | Al cso
Note: their x,, their y, and their m, must be numerical values in order to award M1 [3]
x+4 6 An attempt to eliminate . See notes. | M1
R et i R ey :
Way 1 ( 3 ] Achieves a correct equation in x and y only | Al o.e.
b y=5- 18 B _5(x+4)-18
x+4 x+4
5x + 2 5x +2 - .
= >-4 = lied equation
So, y x+4,{x } y i (or implied equation) | Al cso
(3]
(©) . 6 I 18 A An attempt to eliminate ¢. See notes. | M1
Way 2 “5-y 5 y Achieves a correct equation in x and y only | Alo.e.
P x+45-y)=18P5x-xy+20-4y=18
_ _Sx+2 _5x+2 T )
{p 5x +2= y(x + 4)} So, y = i {x > -4} Y2 (or implied equation) | Al cso
(3]
Note: Some or all of the work for part (c) can be recovered in part (a) or part (b) 8
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Question Scheme Notes Marks
Number
A full method leading to the value M1
163. _Sat-4atbh _ 3ar_da-b_  da-b . of a being found
W({;:))/3 3-4+4 ¥ 3 3 yza_4a3;b and a=5 | Al
da—-b
=6 = b=4(5)-6(3) =2 Both a=5andb=2 | A1
3]
Question 163 Notes
v
1. (a Note 2
@ Condone & = M for Al
dx 3
Note You can ignore subsequent working following on from a correct expression for g_y in terms of ¢.
X
Using a changed gradient (i.e. applying ———— or or —(their £)) is MO.
() | Note g achanged gradient (. applying ¢ =5 or -t (their %))
Note Final Al: A correct solution is required from a correct g_y
X
Note Final A1l: You can ignore subsequent working following on from a correct solution.
() Note 15t M1: A full attempt to eliminate # is defined as either
e rearranging one of the parametric equations to make ¢ the subject and substituting for ¢
in the other parametric equation (only the RHS of the equation required for M mark)
e rearranging both parametric equations to make ¢ the subject and putting the results equal
to each other.
Note Award M1A1 for SL = x+4 or equivalent.
-y
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Question

N Scheme Notes Marks
umber
164 4x* -y - 4xy+ 2" =0
(@) @ - Zd_y - - d_y ¥ d_y = —
Way 1 )&(X 8x - 3y o 4y 4xdx +2 InZdXi) MLAL M1 BL
8(-2) - 3(4)2d—y - 4(4) - 4(—2)d—y +2° In2d—y =0 dependent on the first M mark | dM1
dx dx dx
-16 - 48d—y -16 + 8d—y + 16In2d—y =0
dx dx dx
LI 32 or —32 or 4 or or exact equivalent | Al cso
dx -40+16In2 40-16In2 -5+2In2 -5+In4
NOTE: You can recover work for part (a) in part (b) [6]
-1
—-40+16In2 40 —16In2 i == i i
(b) eqg. m, e or - Applying m, " to find a numerical m, M1
Can be implied by later working
o y-—4= (WJ(X __ 2) Using a numerical
32 my, (L m.), either
. 40 - 161n2 y—4=myx--2)
Cutsy-axis >x=0= y-4= LTJ(Z) and sets x=0 in their | M1
normal equation
_(40-16In2 or
e 4= LTJ(‘2)+C 4 = (their m)(-2) + ¢
: 40 - 16In2 _ 104 -16In2
> ¢4t ——FM—F | 0y =——>—"- =
16 16
y(orc):1—3—an 10—4—In2 or 1—3—In2 or —In2+1—3 Al cso isw
2 16 2 2
Note: Allow exact equivalents in the form p - In2 for the final A mark [3]
| 9
(@) kz 8xd—x—32—4 OI—)“-4x+2y|n2:o B1
Way 2 W dy y ydy =V M1Al ML B1
dx ) dx P _ .
8(—2)d— -3(4)° - 4(4)d— -4(-2)+2"'In2=0 dependent on the first M mark | dM1
)y y
LI 32 or —32 or 4 or or exact equivalent | Al cso
dx -40+16In2 40-16In2 -5+2In2 -5+In4
Note: You must be clear that Way 2 is being applied before you use this scheme [6]
Question 164 Notes
164. (a) | Note | For the first four marks
Writing down from no working
o Yo Ayo8 o StAV ores MiAIMIBL
dx -3y° -4x+2"In2 3y +4x -2"In2
o o Bl A8 oores M1AOMIBL
dx  -3y°-4x+2’In2 3y°+4x-2"In2
Writing 8xdx - 3y°dy - 4ydx - 4xdy + 2’ In2dy = 0 scores MIA1IM1B1
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Question 164 Notes Continued

164. (a)] 1M1 | Differentiates implicitly to include either + 4xj—y or —y° > i/?,yz%} or 2% > im2yg—y
X X

(Ignore (j—y =j). I, m are constants which can be 1
X

1t A1 | Both 4x* —)° —>8x—3y23—y and =0—>=0
x

Note e.g. 8x—3y2%}—4y—4xd—y+2y|n2d—y - —3y2d—y—4xd—y+2y|n2ijay=4y—8x

dx dx dx dx
or e.g. _16—48d—y—16+8d—y +16|n2d—y_) _48d_y+8d_y +16|n2d_y=32
dx dx x dx dx dx

will get 1%t Al (implied) as the " =0" can be implied by the rearrangement of their equation.

2 M —4xy—>—4y—4xd—y or 4y—4xd—y or —4y+4xd—y or 4y+4xd—y
- dx dx dx dx

B1 27> 2 |n2d—y or 20 e In2d—y
dx dx

Note If an extra term appears then award 1% AQ

39dM1 | dependent on the first M mark

o . L . d
For substituting x =—2 and » = 4 into an equation involving d—y
X

Note M1 can be gained by seeing at least one example of substituting x = —2 and at least one
example of substituting y = 4 unless it is clear that they are instead applying x =4 and y = -2
Otherwise, you will NEED to check (with your calculator) that x = -2, y = 4 that has been

. . . L . d
substituted into their equation involving d_y
X
Note Al cso: If the candidate’s solution is not completely correct, then do not give this mark.
Note isw: You can, however, ignore subsequent working following on from correct solution.
(b) Note The 2" M1 mark can be implied by later working.
y—4 -1

Eg. Award 1%t M1 and 2"¢ M1 for

2 their m, evaluated at x =—2and y =4

13
2In2

Note Al: Allow the alternative answer {y = } InL%J + (In2) which is in the form p + gIn2

164. | o1 | Differentiates implicitly to include either + 4% or 4x? = + 1z
(a) dy dy
Way 2 dic
(Ignore Ld— =J). I is a constant which can be 1
y
2 3 dx 2 _ —_
1t A1 | Both 4x° -y —>8xd——3y and =0—->=0
y
d d d d
2 M1 -4xy—>—4y—x—4x or 4y—x—4x or —4y—x+4x or 4y_x+4x
— dy dy dy dy
Bl 2" —2”In2
3"9dM1 | dependent on the first M mark
For substituting x =—2 and y = 4 into an equation involving j—x
Y
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Question

Number Notes Marks
165. 2x°y + 2x + 4y - cos(7y) =17
(@) ﬁx 4xy+2x2d—y +2+ 4d—y+7zsin(7ry)d—y=0 M1 Al BL
Way 1 B dx dx dx - =
%(sz +4+7rSin(7zy))+4xy+ 2=0 dM1
dy —4xy -2 4xy +2 Correct answer Al
= = - : > . alent cso
dx 2x° + 4+ zsin(ry) —2x" =4 - zsin(zy) or equivalen
[5]
I 1
Substituting x =3 & y==
) Atfa L) B —430)-2 _ -8 g x y=3
(b) P EE 2 i1 M1
2 dr 203 +4+asin(iz) | 22+x . oy
into an equation involving ”
X
. -1 . .
247 Applying ,,, = —= to find a numerical m,
NT g my M1
Can be implied by later working
N _ l _ 22+ 7 3
y > ( 3 j(x 3)
1
. 1:[22+”](3)+c:>c:1_66+3;z y =5 = my(x=3or
2 8 2 8 1
2+7) 1 66437 Y= X+ cwhere 5 = (their m,)3+ ¢ 7
Sy= X +=— dM1
8 2 8 with a numerical m,, (# m,)wherem, is
) interms of 7T andsets y=0 in
Cutsx-axis => y =0 . .
their normal equation.
1 22+
- - (B
2
— 37 + 62 37 + 62 67 +124 62 + 37
= = or or
So,{x 22+7r+3 :}x T+ 22 T+ 22 27 + 44 22+ Aloe.
[4]
9
(e L, d
(a) k)ﬁ 4xy—x+ 267 | 42—~ 1 4+ zsin(zy)=0 M1Al Bl
Way 2 )% dy dy =
%(4xy+ 2)+ 2x* + 4+ zsin(zy)=0 dM1
dy
dy _ —4xy-2 4xy +2 Correctanswer | », ..o
dc  2x° + 4+ zsin(zy) - 2x* -4 - 7sin(zy) or equivalent
[5]
Question 165 Notes
165. (a) | Note  Writing down from no working
dy —4dxy -2 dxy +2
. — = : r > . scores M1A1B1IM1AL
dx  2x° + 4+ zsin(zy) - 2x" =4 - zsin(zy)
dy Axy + 2
e =T n scores M1AOB1M1AO0
dx  2x° + 4+ zsin(zy)
Note  Few candidates will write 4xydx+ 2x°dy + 2dx + 4dy + zsin(zy)dy =0 leading to
dy —4xy -2 . :
-~ = T3 : or equivalent. This should get full marks.
dx  2x° + 4+ zsin(zy)
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Question 165 Notes Continued

165.

2 dy

M1 | Differentiates implicitly to include either 2x°— or 4y —>4d—y or —cos(zy) — iftsin(;zy)d—y
(@ dx dx dx
Way1 (Ignore (j_y :j). A is a constant which can be 1.
X
dy . dy
1tA1 | 2x+ 4y —cos(ry) =17 — 2+ 4d— + ﬁSIn(ﬂy)d— =0
X X
Note | 4xy + 2x2d—y + 2+ 4d_y + ﬂSin(ﬂ'y)d—y - 2x2d—y + 4d_y + 7Z'Sin(72'y)d—y =—4xy -2
dx dx dx dx X dx
will get 1% A1 (implied) as the "=0" can be implied by the rearrangement of their equation.
Bl 2x°y — 4xy + 2x2d—y
dx
Note | If an extra term appears then award 1% AQ.
dM1 | Dependent on the first method mark being awarded.
An attempt to factorise out all the terms in j_y as long as there are at least two terms in (2 .
X X
ie. d—y(Zx2 + 4+ zsin(zy))+ .=
dx
Note | Writing down an extra j_y = ... and then including it in their factorisation is fine for dM1.
X
Note | Final Al cso: If the candidate’s solution is not completely correct, then do not give this mark.
Note | Final Alisw: You can, however, ignore subsequent working following on from correct solution.
(@) Way 2 | Apply the mark scheme for Way 2 in the same way as Way 1.
(b) 1M1 | M1 can be gained by seeing at least one example of substituting x =3 and at least one example of
substituting y = % E.g. "—4xy"—"-6"in their g_y would be sufficient for M1, unless it is clear
X
that they are instead applying x :% ,y=3.
3" M1 | is dependent on the first M1.
Note | The 2" M1 mark can be implied by later working.
1 -1
Eg. Award 2" M1 39 M1 for —2— = —
3—x their m,
. (7
Note | We can accept Sinrz or sm[gj as a numerical value for the 2" M1 mark.
. (7
But, sinz by itself or SIH(EJ by itself are not allowed as being in terms of 7T for the 3 M1 mark.
(T
The 3 M1 can be accessed for terms containing ESIH[E] .
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Question Scheme Notes Marks
Number
166. x=4tans, y=5v3sin2s, 0<z<§
Either both x and y are differentiated
dr dy \/_ correctly with respect to ¢
(a) — =4sec?t, = =10+/3cos 2t dy . oy
Way 1 dr dr or their Edlwded by their o M1
dy 10\/§coszt 5 or applies Y multiplied by their d
> =—="—— 1= 3 cos2zcos?t dr dx
dx 4sect 2 dy
Correct ™ (Can be implied) | A1 oe
15 Vs
At P43, =, 1==
prls ) 5]
dependent on the previous M mark
dy 10V3cos(%) Some evidence of substituting |
dr  4sec®(5) 1= or t=60° into their &
3 dx
5 15
dy 5 15 23 or —F
—=-——A30r ——/ Al cso
dx 16\/— 1643 16 _ 16v3
from a correct solution only
[4]
(b) {10J§cos2z 0= %}
. T
At least one of either x = 4tan(—] or
So x—4tan[£] y—5x/§sin(2[zj\ ( A ) M1
4)" L 4 J yZS@SinLZ(%]J or x=4or y:5\/§
or y=awrt8.7
Coordinates are (4, 5\/5) (4, 5\/5) or x=4,y= 5\/§ Al
[2]
6
Question 166 Notes
10\/§COSZt
166.(3)| 1%Al | comrect &, Eg. ———— or S [3 cos2ecos’ o S J3cos? t(cos? ¢ —sin’ 1)
dbx 4sec” ¢ 2 2
or any equivalent form.
. . . 10 : 5 15
Note Give the final AO for a final answer of ——\@ without reference to ——+/3 or
32 16 163
Note Give the final AO for more than one value stated for j_y
X
(b) Note Also allow M1 for either x = 4tan(45) or y = 5\/§sin(2(45))
Note M1 can be gained by ignoring previous working in part (a) and/or part (b)
Note Give AO for stating more than one set of coordinates for Q.
Note | Writing x =4, y:5\/§ followed by (5\6,4) is AO.
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Question Scheme Notes Marks
Number
166. x = 4tant, y=5\/gsin2t, 0<t<§
(a) tant:E:sint:#,cost:#: :48&
Way 2 4 J(x? +16) J(x? +16) x°+16
u = 4043 x v=x’+16
du dv
2oz oo
dx dx *
+A(x* +16) + Bx® ML
dy  4043(x* +16)— 2x(40v3x) | 40V3(16-x%) (x* +16)?
dx (x* +16)? (x* +16)? d
Correct d—y; simplified or un-simplified | Al
X
dependent on the previous M mark
dy 40x/§(48+16) - 80x/§(48) Some evidence of substituting dM1
dx (48-+16)° x = 4+/3 into their %
dy f 2 \@
- 3 Al cso
dr 16\/_ 16‘/_
from a correct solution only
[4]
@ | szl 2tan*))
Way 3 y= 5\/§smk2tan 2 J
dy ( l(x]\( 1 ]
— =t A4cos| 2tan—"| — M1
P 5x/§cos(2tan1[fj\( 2 \[EJ dx L 4 J 1+ x*
dx el eyl R ——
N Correct d—; simplified or un-simplified. | Al
X
dependent on the
previous M mark
i 5x/§cos(2tan (x/g))(i] (1] = 5@(—5] (1] (lj Some evidence of substituting | dm1
dx L1+3 L4 L 2 LZ L4 dy
X= 4\/§ into their —
dx
dy 5 \/’ 15 2 \/§ \/— Al
= —J3 or ——F Ccso
dx 16 16\/5 16
from a correct solution only
[4]
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Question Scheme Marks
Number
167. x* —3xy —4y* +64=0
M ( dy) dy M1A1
a o= 2x—|3y+3x—| -8y—=0
@ {}k ST TV M1
2x—3y+(—3x—8y)d—y=0 dm1
___________________________________________ O
d 2x -3 3y-2
XL yo et o.e. | Al cso
___________________ O 3+ 8y Ty
_____________________________________________________________________________________________________________________________ 51
(b) {d—y—O:}Zx—3y—0 M1
dx
y=2, ngy Alft
, 2 Y 3 Y (3 )
x°-3x|=x|-4 Ex +64=0 Ey -3 Ey y—4y"+64=0 dm1
x* —2x° —%x2+64=0 =-""x*+64=0 %yz —%yz -4y +64=0 = —%y2+ 64=0
e 5 ) 22 L2 18 6|
- 25 G 5 T 775 5
When x:iﬁ, =g[§] d —E(ﬁ] When y—iE, x=§(E] and —E[E)
5 305 3L5 5 2\ 5 2\ 5
(24 16] ( 24 16] 24 16 24 16 ddM1
—,— d|-——,——|or x=—,y=—and x=——, y=—— -
5 5 5 5 5 5 5 CSO Al
""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""" [6]
11
Alternative method for part(@ .
( ) M1A1
(a) %X 2xd—x— 3yd—x+3x -8y=0 -
Hy dy dy - M1
(2x—3y)d—x—3x—8y:0 dMm1
___________________________ O e
d 2x—3 3y-2
LA 0.e Al cso
___________________ kO Ak R
[5]
Question 167 Notes
167. (a - —
Generéu) Note | Writing down =~ = 2x =3y -2 from no working is full marks
______________________________ w8y By
Note | Writing down d_ 2x-3y 37=2% comno working is M1AOBIM1A0
_____________________________ O 38y Y
Note | Few candidates will write 2xdx — 3ydx — 3xdy —8ydy =0 leading to & = M o.e.
dx  3x+8y
This should get full marks.
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167. (a)| M1 | Differentiates implicitly to include either inS—y or —4y°— ikyg—y. (Ignore (g_y =j).
X X X

M1 —3xy—>—3xd—y—3y or —3xd—y+3y or 3xd—y—3y or 3xd—y+3y
dx dx dx dx

Note | 2x —3y—3xd—y - 8yd—y —>2x -3y = 3xd—y + 8yd—y

dx dx dx dx

dM1 | dependent on the FIRST method mark being awarded.

An attempt to factorise out all the terms in% as long as there are at least two terms in g_y .
X
ie. ..+ (-3x- 8y)g—y =.. or = (3x + 8y)—y . (Allow combining in 1 variable).
X
2x — -2 .
Al x = 3y or 3y—2x or equivalent.
3x+8y -3x -8y

Note | cso If the candidate’s solution is not completely correct, then do not give this mark.

167. (b)| M1 | Sets their numerator of their j_y equal to zero (or the denominator of their g_x equal to zero) o.e.
X y

Note | 1% M1 can also be gained by setting g_y equal to zero in their “2x — 3y — 3xg—y - 8yj—y =07
X X X

Note | If their numerator involves one variable only then only the 1t M1 mark is possible in part (b).
Note | If their numerator is a constant then no marks are available in part (b)

Note | If their numerator is in the form +ax*+hy =0 or +ax+hy* =0 then the first 3 marks are

d—y = M =0 is not sufficient for M1.
dx  3x+8y

Alft | Either
e Sets 2x — 3y to zero and obtains either y = %x or x= gy
o the follow through result of making either y or x the subject from setting their numerator

of their & equal to zero
dx

dM1 | dependent on the first method mark being awarded.

Substitutes either their y = %x or their x = gy into the original equation to give an equation in

i.e. You can allow for example x = % or 4.8, etc.

Note xz,/% (not simplified) or y:,/% (not simplified) is not sufficient for Al.
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167. ddM1 | dependent on both previous method marks being awarded in this part.
(b) Method 1
ctd Either:
e substitutes their x into their y = %x or substitutes their y into their x = gy , or
e substitutes the other of their y = %x or their x = %y into the original equation,
and achieves either:
e exactly two sets of two coordinates or
e exactly two distinct values for x and exactly two distinct values for y.
Method 2
Either:
e substitutes their first x-value, x, into x® —3xy —4y® + 64 =0 to obtain one y-value, y, and
substitutes their second x-value, x, into x* —3xy —4y® + 64 =0 to obtain 1 y-value y, or
e substitutes their first y-value, » into x* — 3xy — 4y® + 64 =0 to obtain one x-value x, and
substitutes their second y-value, y, into x* —3xy —4y® + 64 =0 to obtain one x-value x,.
__Note_ | Three or more sets of coordinates given (without identification of two sets of coordinates) is ddMO. _
Al Both (2?4 , %] and [—2—54 — %] , only by cso. Note that decimal equivalents are fine.
24 1 24 1 . . .
Note | Also allow x= 5 y= 36 and x =-— T y= _€6 all seen in their working to part (b).
Note | Allow x = 12—54 Y= i% for 3 AL
24 16 16 24 16 24
Note | x=+*—, y=+— followed by eg. [—,—j and (——,——]
5 7775 R 5' 5
(eg. coordinates stated the wrong way round) is 3" AQ.
Note | Itis possible for a candidate who does not achieve full marks in part (a), (but has a correct numerator
for j—y) to gain all 6 marks in part (b).
X
Note | Decimal equivalents to fractions are fine in part (b). i.e. (4.8 : 3.2) and (—4.8 ,—3.2).
Note [2—54 , %} and (—2—54 - %] from no working is MOAOMOAOMOALO.
Note | Candidates could potentially lose the final 2 marks for setting both their numerator and denominator
to zero.
Note | No credit in this part can be gained by only setting the denominator to zero.
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Question

Scheme Marks
Number
168. | Note: Youcan mark parts (a) and (b) together. |
(@) x=4t+3,y=4t+8+%
by Doy 5 Both X —aorXolang ¥y 5 |m
o de o dr U | SN dx 4 e 2 |
9.2
dy _ 4 2t 4.9 5 4. 3 Candidate’s — divided by a candidate’s g M1
So, —= =1-—¢ — ¢ o.e
_______ b 4 8
{Whent =2, } Y_27 27 or 0.84375cao | Al
_____________________ A% 32 B2
[3]
| Way 2: Cartesian Method e
dy L L
— =1—-——— simplified or un-simplifed.
dv .10 dr - (x_gp 0P P Bl
d _3 72 A
* (x=3) d—yzi/ii £ -, A=0,u=0 | M1
dx (x-3)
{Whent=2,x=11} d_27 27 or 0.84375 cao | Al
____________________________ dx 32 32
[3]
| Way 3: Cartesian Method
2
dy _ x+2)(x—3) - (x" +2x-5) Correct expression ford—y,simplified or un-simplified. | B1
dx (X =3)
_x2—6x—l d_yzf'(x)(x—3):1f(x) |
- (x_3)2 dx (X—g) M1
_______________________________________________________________ where f(x) = their "x + ax + ", g(x) = x -3
{Whent=2,x=11} d_27 27 or 0.84375 cao | Al
____________________________ dx 32 %2
[3]
(b) 1 y 4 -3 Eliminates ¢ to achieve | .,
2 e an equation in only x and y
y=x-3+8+ 10
. Juk - DU
y:(x—3)(x—3)+;3(x—3)+10 or p(x—3)=(x - 3)(x—3) +8(x—3) + 10
x_
S tes | dM1
(x + 5)(x—3) + 10 (x+5)(x-3) 10 e¢ notes
or y= or y= +
____________________ x-3 . T.ox=3 o x=3
2, o & Correct algebra leading to
X +4Zx — 2
= y= “_3 y {a=2andb=—5} y:x +2x -9 or a=2and b=-5 Al
x -3 €SO
[3]
6
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Question

Scheme Marks
Number
168. (b) | Alternative Method 1 of Equating Coefficients
2
= X taxth = y(x-3)=x*+ax+b
x—3
y(x—3) = (4¢+3)° + 2(4t+3) -5 = 161>+ 32t +10
| Yrexrb=(4rd ety b
) ap2 Correct method of obtaining an
Wrd) val@ryeb =1oredaslo equation in only r,aand b |
‘ U+ 4q=30 —g=2 Equates their coefficients in ¢ and dM1
0L 1A B f_ |_n_(_js b0_1_1f_1_ a=._ and b=..| T
constant: 9+3a+b=10 =b=-5 a=2and b=—5 | A1
[3]
168. (b) | Alternative Method 2 of Equating Coefficients |
x-3 x-3 5 o )
b= = =4 ) gy Eliminates ¢ to achieve |\,
2[x4j an equation in only x and y
y=x-3+8+ — = y=x+5+ 10
-3 (x-=3)
y(x=3)=(x+5)(x-3) +10 = x* +ax+b=(x+5)(x—3) + 10 dm1
""""""" , o o " Correctalgebraleadingto |
X +2x-5 or equating coefficients to 2 4+2r—5
ZY=T_T"3 givea=2andb=-5 X TETO o g=2and b=-5 | Al
x—-3 Cso
[3]
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Question 168 Notes

2
168. (a)] Bl & gand Pogo S0 o W_# ;5 or oy 5(2t)%(2), etc.
de dt 2 de 2t dt
Note 3—)} can be simplified or un-simplified.
t
__Note | You can imply the B1 mark by later working. |
M1 Candidate’s Y divided by a candidate’s dx or Y multiplied by a candidate’s dr
dt t dt dx
Note M1 can be also be obtained by substituting ¢ = 2 into both their 3—); and their % and then
______________ dividing their values the correctway round. |
Al 27 or 0.84375 cao
32
() |__.ML_ | Eliminates 7 to achieve an equationinonlyxandy.
dM1 dependent on the first method mark being awarded.
Either: (ignoring sign slips or constant slips, noting that k can be 1)
e Combining all three parts of their x — 3 + § + [ 10 ] to form a single fraction with a
r=2 .
common denominator of £k(x—3). Accept three separate fractions with the same
denominator.
. . 10 . . x—3
e Combining both parts of their x +5 + 3 (where x +5 is their 4 e +8),
AT Y 2TV
to form a single fraction with a common denominator of +k(x—3). Accept two separate
fractions with the same denominator.
- . . = (10 ) : 10 )
e Multiplies both sides of their y=x -3 +8+ J or their y=x+5 + —J by
—_— x—3 x-3
+k(x—3). Note that all terms in their equation must be multiplied by +k(x —3).
___Note | Condone “invisible” brackets fordM1. ]
2 f—
Al Correct algebra with no incorrect working leading to y = L);S or a=2and b=-5
x —
~ Note | Someexamples for the award of dM1in (b): T
dMO for y=x—3+8+ y= == 8410 i be .+ 8(x—3)+..
x—3 x-3
dMOfor y=x-3+ ——— y= (r=3x=3)+10 30 g part has been omitted.
x—3 x—3
dMOfor y=x+5+ —0 5 5o XE=IHOHI0 g ibe L 5(x—3)+..
x—-3 x—3
10 .
dMOhry=x+5+-——5—9y@—$=x@—$+5ﬁ—$+lﬁx—$.SMMdMﬂBHQ
x f—
x2+2x — . . . N
Note y=x+5+ — = with no intermediate working is dM1A1.
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Question Scheme Marks
Number
169. X+ 2xy —x—»*-20=0
B dy dy
Dot 34| 2y+2x— [-1-3)" ==0 M1 Al Bl
(@) {)ﬁ( }L (y xdx] Y 4 AL b
3x? +2y—1+(2x—3y2)d—y=0 dM1
X
dy  3x* +2y-1 1-3x" -2y
= = or Al
dx 3y* — 2x 2x — 3y° €80
[5]
2 — —
b) | AtPE-2), mr)=P 3 rA2-L 22, 1
dr  3(=2)%-2(3) 6 3
. "11"
and either T: y—-2= 3 (x-3) see notes | M1
or (-2)= (1—;'}(3) +¢c=>c=..,
T: 11x -3y -39=0 or K(llx—Sy—39):0 Al cso
[2]
7
Alternative method for part (a)
(a) A | gpedr Zyd—x+2x —d—x—3y2=0 M1Al Bl
X dy dy dy =
2x - 3y” + (3 +2y—1)d—x=0 dmM1
dy
dy  3x* +2y-1 1-3x" -2y
— = or Al
dx 3y* — 2x 2x — 3y° €80
[5]
Question 169 Notes
2 2
(@) Note | Writing down b _ 3 +2y-1 1-% -2y from no working is full marks.
General dx 3y% — 2x 2x — 3)°
2 _ _ 2
Note | Writing down d—y = 3x+—2y21 13)26—nyrom no working is M1AOBOM1AO0
dx 2x =3y 3y° —2x
. . . ) ) . dy  3x* +2y-1
Note | Few candidates will write 3x° + 2y + 2xdy —1-3y°dy =0 leadingto — = —————, o.e.
dx 3y —2x
This should get full marks.
. . T . . dy 3 , dy dy
1. (@) M1 | Differentiates implicitly to include either 2x— or —y° — £ ky“—. (Ignore | — =).
dx dx dx
Al | ¥*—>3x* and -x-)*-20=0 —>—1—3y23—y=0
X
Bl | 2xy > 2y + Zxd—y
dx
Note | If an extra term appears then award 1° AQ.
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169. 2 dy 2 dy 2 2 dy dy
Note | 3x" +2y+2x— -1-3y°— —> 3x"+2y-1=3y"— - 2x—
(@) 4 dx d dx 7 d dx dx
ctd will get 1% A1 (implied) as the "= 0"can be implied by rearrangement of their equation.
dM1 | dependent on the first method mark being awarded.
An attempt to factorise out all the terms in g_y as long as there are at least two terms in 3_y .
X X
. dy
ie. ..+ (2x-3y")==..
(2r=3") -
Note | Placing an extra g_y at the beginning and then including it in their factorisation is fine for dM1.
X
Al | For M or equivalent. Eg: w
2x — 3y 3y —2x
cso: If the candidate’s solution is not completely correct, then do not give this mark.
isw: You can, however, ignore subsequent working following on from correct solution.
169. (b) | M1 | Some attempt to substitute both x =3 and y = —2 into their g_y which contains both x and y
X
to find m, and
o either applies y — —2 = (their m, )(x — 3), where m, is a numerical value.
e or finds ¢ by solving (-2) = (their mT)(3) + ¢, where m, is a numerical value.
Note | Using a changed gradient (i.e. applying — & or ——— is M0).
their 3~ their 3~
A1 | Accept any integer multiple of 11x -3y —39=0 or11x -39-3y=0or —-11x + 3y +39=0,
where their tangent equation is equal to 0.
cso | A correct solution is required from a correct 3_);
X
isw | You can ignore subsequent working following a correct solution.
Alternative method for part (a): Differentiating with respect to y
. . N . . dx 3 , Ox dx
169. (a) | M1 Differentiates implicitly to include either 2y— or x> +kx"— of —x —> — —
dy dy dy
(Ignore [d—x :J).
dy
3 , Ox 3 dx )
Al x*—>3x"— and -x-)»"-20=0 > ——-3y"=0
dy dy
dx
B1 2xy > 2y— + 2x
dy
dM1 | dependent on the first method mark being awarded.
An attempt to factorise out all the terms in j—x as long as there are at least two terms in g—x .
y )4
Al For M or equivalent. Eg: w
2x — 3y 3y —2x
cso: If the candidate’s solution is not completely correct, then do not give this mark.
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Question

Number Scheme Marks
170. o 807z, V =4rxh(h +4)=4rxh® +167h ,
dv tah+ f, a=0,+0 | M1
{d—de—h = d—V :>} (87zh + 1671')d—h =80x (Candidate's d—Vde—h =80rx
dh dr dr dt dh ) dt
drn dV dV dh d M oe
. V
—=—+—=: —=80rx —F— 80z + Candidate's —
{dt d  dh } dr 87h + 167 or o o W
When / =6, dh _ 1 % 807 J = 807 dependent on the previous M1 dM1 J
dt 87(6) + 167 647 see notes
ah =1.25 (cms™) 1250r 2 ord or 80 Al oe
d — 4 8 64
[5]
5
Alternative Method for the first M1A1
u =4rh v=h+4
Product rule:
d_u =4r & =1
dh dh
dv taht B, a#0,#0 | M1
— =4 4) +4
g~ Axlhra) - dxh ax(h+8) + 4zh | AL
Question 170 Notes
M1 | Anexpression of the form tah + #, a # 0, f # 0. Can be simplified or un-simplified.
A1 | Correct simplified or un-simplified differentiation of V.
eg. 87h +16x or 4x(h+4)+4xh or 8z(h+ 2) orequivalent.
Note | Some candidates will use the product rule to differentiate 7 with respect to 4. (See Alt Method 1).
Note C:j—z does not have to be explicitly stated, but it should be clear that they are differentiating their V.
M1 Candidate's a xd—h =80z or 80x + Candidate's a
dh ) dt dh
Note | Also allow 2™ M1 for | Candidate's d—V]xd—h =80 or 80 + Candidate's a
dh ) dt dn
Note | Give 2" MO for (Candidate‘s (jj—:)x(;—il =80zt or 80k or 80=t or 80k + Candidate's ((jj_:
dM1 | which is dependent on the previous M1 mark.
Substitutes /# = 6 into an expression which is a result of a quotient of their i—z and 807 (or 80)
Al | 1.250r > orE or 80 (units are not required).
4 8 64
807z . .
Note | —— as a final answer is AO.
T
Note | Substituting % =6 into a correct (31_: gives 64 but the final M1 mark can only be awarded if this
is used as a quotient with 807 (or 80)
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Question

Number Scheme Marks
171. x=3tan@, y=4cos’d or y=2+2c0s20, o<e<%.
dx _ 3sec? 4, B _ —8cos@sinéd or @ _ —4sin 260
do do do
ody o . dx
. their — divided by their — | M1
j—yzw {z —%cos%sin& = —gsin 26 cos? 0} do (:;9
. sec Correct = Al oe
dx
z dy 3 - - 9 Some evidence of
T Y 0 3T einl & __<
AL P(3,2), 6= 4" dx ?,COS (4)8"{4) { 3} substituting @ =%into their d—y M1
X
So, m(N) = 3 applies m(N) = 1 M1
=5 m(T)
. "3"
Either N: y-2= > (x=3)
ngn see notes | M1
or 2= = |(3)+
( : J< )+
3 . . 5 5 2
{AtQ, y=0, so, —2=E(x—3)} giving x:§ ng or 15 orawrt 1.67 | Al cso
[6]
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Question 171 Notes

. ody L . dx .o dy . . do
171.(a)| 1M1 | Applies their — divided by their — or applies — multiplied by their —
(@) pp 10 y 40 pplies plied by .
SC Award Special Case 1** M1 if both 3—2 and j—g are both correct.
1" Al Correct Y i.e. _SLW r —§cos3 @sin@ or —isin 20cos® @ or any equivalent form.
dx 3sec” 4 3 3
2" M1 | Some evidence of substituting 6 = % or @ = 45" into their j—y
X
Note | For 3 M1 and 4" M1, m(T) must be found by using (;_y
X
3"9M1 | applies m(N) = ;—]%) Numerical value for m(N) is required here.
m
4™ M1 o Applies y — 2 = (their m, )(x — 3), where m(N) is a numerical value,
e or finds c by solving 2 = (their m,)3 + ¢, where m(N) is a numerical value,
and my, =—— or =——0r = —their m(T).
VS theirm(m) Y theirm(m) Y M
Note This mark can be implied by subsequent working.
2" Al X = > orl 2 or awrt 1.67 from a correct solution only.
3 3
o . 2 ,dx . dx 1 S
(b) 1M1 | Applying Jy dx as y a0 with their 9" Ignore 7z or E” outside integral.
Note You can ignore the omission of an integral sign and/or d@ for the 1% M1.
Note | Allow 1% M1 for I(cosz ) x "their 3sec* 6" dé@ or J‘4(cos2 0)* x "their 3sec’ 4" d@
1" A1 | Correct expression {ﬁJ.yzdx }z 7zJ-(4cosze)233ec2¢9 {d6} (Allow the omission of d6)
Note IMPORTANT: The 7 can be recovered later, but as a correct statement only.
2" A1 {J.yzdx } = j48c0320{d9} . (Ignore d@). Note: 48 can be written as 24(2) for example.
2" M1 | Applies cos26 = 2cos* @ —1 to their integral. (Seen or implied.)
3"*dM1* | which is dependent on the 1* M1 mark.
Integrating cos” @ to give +af + fsin20, a # 0,  # 0, un-simplified or simplified.
3" A1 | which is dependent on the 3" M1 mark and the 1°*M1 mark.
Integrating cos” @ to give %0 + %sin 260, un-simplified or simplified.
This can be implied by kcos®@ giving %9 + %sin 20, un-simplified or simplified.
4™ dM1 | which is dependent on the 3" M1 mark and the 1* M1 mark.
Some evidence of applying limits of % and 0 (0 can be implied) to an integrated function in &
5" M1 | Applies V. = %;r(Z)2 (3—their part(a) answer).
s (3 5Y
Note Also allow the 5" M1 for ¥, = ﬂj 5(§x — Ej {dx} , which includes the correct limits.
their =
3
4™ A1 %ﬂ' + 677 or 10%7[ +67°
Note A decimal answer of 91.33168464... (without a correct exact answer) is A0.
Note The 7 in the volume formula is only needed for the 1* A1 mark and the final accuracy mark.
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171. Working with a Cartesian Equation
A cartesian equation for Cis y = 236
x°+9
dy ) -2 dy +Ax
st —=tAx(tax"t f) or —=——7"—
(a) 1" M1 dx ( ) dx (iaxz + ﬂ)z
1 Al Y__ 36(x°+9)?(2x) or _ ;;sz un-simplified or simplified.
dx de (x°+9)
2" dM1 | Dependent on the 1* M1 mark if a candidate uses this method
For substituting x = 3 into their ;Jl_y
X
ieat P32, ¥ =‘2L(3)2{=—5}
dx (3 +9) 3
From this point onwards the original scheme can be applied.
2
+
(b) 1"*M1 | For % {dx} (7 not required for this mark)
Tax"z f
36 )
Al For z || — {dx} (7 required for this mark)
x°+9
To integrate, a substitution of x = 3tané is required which will lead to I48c0520d9 and so
from this point onwards the original scheme can be applied.
. . ., 36
Another cartesian equation for Cis x* =— -9
Yy
(a) 1" M1 J_rax=+£2d—y or tax—= J_rﬁ2
y© dx y
1 Al 2x=—3—§d—y or 2xd—x=—§
y° dx dy y
2" dM1 | Dependent on the 1° M1 mark if a candidate uses this method
For substituting x = 3to findg—y
X
ie.at P@3,2), 2(3)=- 6 dy = Y =..
4 dx dx
From this point onwards the original scheme can be applied.
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(Ngﬂt:ﬁglsrn Scheme Marks
172. x* +y* +10x + 2y —4xy =10
(a) &x 2x + 2yd—y+ 104+ 2% 4y + P See notes | M1 Al M1
Hx dx dx dx | — =
dy Dependent on the
2x+10—4y+(2y+2—4x)a—0 first M1 mark. dMm1
dy _ 2x+10-4y
dx 4x—-2y -2
Simplifying gives G _x+5-2y ] —x=5+2 Al cso oe
dx 2x—-y-1 —2x+y+1
[5]
(b) {d—y=0:>} x+5-2y=0 M1
dx
So x=2y -5,
(2y —=5)* + y* +10(2y —5) + 2y —4(2y - 5)y =10 M1
4y =20y + 25+ y* + 20y —50 + 2y —8y° + 20y =10
2 — =
gives —3y> +22y—35=0 or 3y? —22y+35=0 3V -2y +351=0} | oy o
see notes
Method mark for solving a
3y-7)(y-5=0and y=.. : .
@y =709 and .y quadratic equation. ddM1
7 7
=—,5 =t—,5 | Al cao
Y73 ek
[5]
Alternative method for part (b)
(b) {d—y:O:} x+5-2y=0 M1
dx
S0 y= x+5,
2
2| T2 p10x 4+ 2 FE2) _ax[ 2210 M1
2 2 2
2
W 20N 5 2% —10x = 10
4x° + x* +10x + 25 + 40x + 4x + 20 —8x° — 40x = 40
2 — — =
gives —3x° +14x+5=0 or 3x’ —14x-5=0 3 1A =5{=0} | op o
see notes
Bx+)(x-5)=0, x=... | drat
145 545 Solves a quadratic and finds ddM1
=3 = at least one value for y.
2 2
7 7
=—,5 =t—,5 | Al cao
y=3 =g
[5]
10
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Question 172 Notes

172.(a)| M1 | Differentiates implicitly to include either J_r4xd—y or y*> - 2yd—y or 2y —> 2d—y. (Ignore (d—y :)).
dx dx dx dx
2 2 dy dy
Al x+y +10x+2y >2x+2y—+10+2— and 10—>0
dx dx
M1 —-4xy > i4yi4xg—y
X
Note | If an extra term appears then award 1% AQ.
Note | 2x + Zyd—y+ 10 + 2d_y -4y - 4xd—y - 2x+10-4y =- 2yd—y - 2d—y+ 4xd—y
dx dx dx dx dx dx
will get 1 A1 (implied) as the "= 0"can be implied by rearrangement of their equation.
dM1 | dependent on the first method mark being awarded.
An attempt to factorise out all the terms in g_y as long as there are at least two terms in j_y
X X
A1 | 22 P2y o ZXZOH2y (must be simplified).
2x—y -1 -2x+y+1
cso: | If the candidate’s solution is not completely correct, then do not give this mark.
(b) M1 | Sets the numerator of their g_y equal to zero (or the denominator of their (c;l_x equal to zero) oe.
X Y
NOTE | If the numerator involves one variable only then only the 1* M1 mark is possible in part (b).
M1 | Substitutes their x or their y into the printed equation to give an equation in one variable only.
A1 | For obtaining either —3y* + 22y —-35{=0} or 3y® —22y +35{=0}
Note | This mark can also awarded for a correct three term equation, eg. either —3y* + 22y =35
3y =22y =-35 or 3y® +35=22y areall fine for Al
ddM1 | Dependent on the previous 2 M marks.
See notes at the beginning of the mark scheme: Method mark for solving a 3 term quadratic
e By-7N(y-5=0=y=..
22+,/(-22)* - 4(3)(35)
) 2(3)
.o, B g, 1y 12135
T 3) 9 3 ye
e Or writes down at least one correct y- root from their quadratic equation.
This is usually found from their calculator.
Note | If a candidate applies the alternative method then they also need to use their y = X+
in order to find at least one value for y in order to gain the final M1.
Al y = % , 5. cao. (2.33 or 2.3 without reference to % or 2% is not allowed for this mark.)
Note | Itis possible for a candidate who does not achieve full marks in part (a), (but has a correct numerator
for g_y ) to gain all 5 marks in part (b).
X
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Question Scheme Marks
Number
_ 4 , dv
173. (a)| From question, V =§7rr , S=4nre, o =3
4 L
{V =—7r = } a _ Arr? aw_ 4zr* (Can be implied) | B1 oe
3 dr dr
{d—Vxﬂ: ar :>} (47[7‘2)2:3 (Candidate's d—V)xﬂ:B
dr dr dr dt dr ) dt
dr dV dV dr 1 3 dv M oe
r
RN —= (3 ;o= or 3+ Candidate's —;
{dt d dr } dt ( )47zr2 { 47rr2} dr
When 7 =4cm ﬂ _ 3 . {: 3 } dependent on previous M1. dM1
dt  4x(4) 64r see notes
Hence, % =0.01492077591...(cm* s ™) anything that rounds to 0.0149 | Al
t
[4]
., dr )
(b) {d_S _ds. ar_ } = B gk 2 {or 8 or 87r x 0.0149... } 8zr x Candidate's -~ | ML; oe
de  dr dt dt drr r
dr 3 6
When r=4cm, —=87(4)x —— or — or 8x(4)x0.0149...
dt 47 (4) 4
Hence, ((jj_f: 1.5 (cm®s™) anything that rounds to 1.5 | Al cso
[2]
6
Question 173 Notes
(a)
dv ) L .
B1 —— =4zr° Can be implied by later working.
r
M1 (Candidate's d—ijﬂ =3 or 3+ Candidate's a
dr ) dt dr
dM1 | (dependent on the previous method mark)
Substitutes = 4 into an expression which is a result of a quotient of “3” and their d—V
r
Al anything that rounds to 0.0149 (units are not required)
(b) M1 87r x Candidate's %
Al anything that rounds to 1.5 (units are not required). Correct solution only.
Note | Using % =0.0149 gives ((jj_f: 1.4979... which is fine for Al.
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Question

Number Scheme Marks
. 27 27 .
174. | x=t—4sint, y=1-2cost, —?g t < 3 A(k, 1) liesonthe curve, £ >0
() {When y=1,}1=1—2cosz:>t=—£,£ .
2 2 Sets y=1tofind ¢ M1
Vs (7 Vs . Vs and uses their ¢ to find x.
k(orx)==-4sin| =| or x=——=-4sin| ——
2 2 2 2
{Whent=—£,k>0,}sok=4—£ or8_” xork=4-2Z|A1
2 2 2
[2]
dx dy
q At least one of m ord— correct. | B1
(b) d—x=1—4cost, 2~ 2sint q ! q L
! Both — and -~ are correct. | B1
dt dt
So, Gy __2sint_ Applies their 2 divided by their &
dx 1-4cost dt dt )
q M1;
and substitutes their 7 into their—~ .
d Zsin(— 2) dx
Atp=-2 2o\ <) .- ) dy
2 dx T Correct value for —of -2 | Al
1-4cos| — = x
cao cso
_ [4]
(©) _esinz 1 Sets their ] _1 M1
1-4cost 2 dx 2
gives 4sint —4cost = -1 See notes | Al
So 4\/§sin(t—%j;= -1 or —4\/§COS(Z‘+%] =-1 See notes | M1; Al
t—sin‘l_—1 + 2 or t—cos‘1i _z S tes | dM1
4\/5 4 4\/5 4 €e notes
t = 0.6076875626... = 0.6077 (4 dp) anything that rounds to 0.6077 | Al
[6]
12
Question 174 Notes
VERY IMPORTANT NOTE FOR PART (¢)
(c) NOTE | Candidates who state ¢ = 0.6077 with no intermediate working from 4sinz — 4cost = -1
will get 2" M0, 2™ A0, 3 M0, 3 AO.
They will not express 4sinz — 4cost as either 4+/2sin (t—%j or —42 COS(I?—F%] :
OR use any acceptable alternative method to achieve ¢ = 0.6077
NOTE | Alternative methods for part (c) are given on the next page.
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Question 174: Alternative Methods for Part (c)

174. | Alternative Method 1:
(© 2sint 1 dy 1

S —— Sets their — =-= | M1
1-4cost 2 dx 2
- 2
( 2sint j 1o (4sint)’ = (4cost —1)’ Squaring to give a correct equation.
1-4cost 4 This mark can be implied | Al
or (4sint +1)2 _ (4005026&. by a “squared” correct equation.

Note: You can also give 1* Al in this method
for 4sint — 4cost = —1 as in the main scheme.

Squares their equation, applies sin®¢ + cos®¢ =1 and achieves a
three term quadratic equation of the form +acos’t + bcost ¢ =0 | M1
or asin®t £ bsint+c=0 oreg. +acos’t+hbcost = +c where a#0,b=0 and c#0.

e FEither 32cos’t-8cost—15=0
For a correct three term quadratic equation. | Al

e or 32sin’t +8sint —15=0
8+.,1984 1+ .31
e [Either cost= = \/7 = t=0c0s"(...) which is dependent
64 8 on the 2"* M1 mark. dML
Uses correct algebraic
. -8+,/1984 -1+./31 . i =
e or sint = M _ 8\/_ =t =sin () processes to give ¢ = ...
t = 0.6076875626... = 0.6077 (4 dp) anything that rounds to 0.6077 | Al
[6]
174. | Alternative Method 2:
© _2sint_ = 1 Sets their L2 = 1 M1
1-4cost 2 dx 2
. 2 _ 4\ Squaring to give a correct equation.
eg. (4sins — 4C08t) = 1) This mark can be implied by a correct equation. Al
Note: You can also give 1* Al in this method
for 4sint — 4cost = —1 as in the main scheme.
So 16sin’t —32sin¢cost +16cos’t = 1
Squares their equation, applies both
sin’t + cos’t =1 and sin2¢ = 2sinzcost and M1

then achieves an equation of the form

leading to 16 —16sin2¢t =1 a+bsin2=+c

16 —16sin2: = 1 or equivalent. | A1

P which is dependent
{Sin2t=E = } tzsm—(....) on the 2" M1 mark. | dM1
16 2 Uses correct algebraic processes to give 7 = ...
t = 0.6076875626... = 0.6077 (4 dp) anything that rounds to 0.6077 | Al
[6]
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Question 174 Notes

174. (@) M1 | Sets y=1tofind ¢ and uses their 7 to find x.
Note | M1 can be implied by either x or k =4 — % or2.429.. or Z_4 or —2.429..
2 2
Al xork=4-2 0r8_2”
Note | A decimal answer of 2.429... (without a correct exact answer) is AQ.
Note | Allow A1l for a candidate using ¢ = % tofind x = % —4 and then stating that £ must be 4 — % 0.e.
(b) B1 At least one of dx ord—y correct. Note: that this mark can be implied from their working.
t
B1 Both % and % are correct. Note: that this mark can be implied from their working.
. dy o . dx . o . . dy
M1 Applies their Edlwded by their & and attempts to substitute their ¢ into their expression for ol
X
Note | This mark may be implied by their final answer.
. d—yzﬂ followed by an answer of —2 (from ¢ = — 1) or 2 (from ¢t = E)
dx 1-4cost 2 2
. Ox .. . dy . . dy dy dx
Note | Applying —divided by their — is MO, even if they state — =—+ —.
dr dt dx dr dt
Al Using ¢ = —% (and not ¢ = 37”} to find a correct 3—yof —2 by correct solution only.
X
(©
NOTE | If a candidate uses an incorrect j_y expression in part (c) then the accuracy marks are not obtainable.
X
1" M1 | Sets their »__1
dx 2
1" A1 | Rearranges to give the correct equation with sinz and cos¢ on the same side.
eg. 4sint —4cost=-1 or 4cost —4sintg= 1 or sint —cost = —% or cost—sint = %
or 4sint—4cost+1=0 or 4cost—4sint—1=0 or sint—cost + % =0 etc. are fine for Al.
2" M1 | Rewrites +Asin¢ + ycos¢ in the form of either Rcos(z + ) or Rsin(r + a)
where R #1or0 and o # 0
2" A1 | Correct equation. Eg. 4\/§sin(t—%]: -1 or —4\/§cos(t+%j =-1
or V2sin[-Z =L or V2cos[r+Z) =1, et
4 4 4) 4
Note | Unless recovered, give AO for 4\/§sin (t —45"): -1 or —4\/5 cos(t + 45°) = -1, etc.
3'Y M1 | which is dependent on the 2" M1 mark. Uses correct algebraic processes to give ¢ = ...
4™ A1 | anything that rounds to 0.6077
Note | Do not give the final A1 mark in (c) if there any extra solutions given in the range — 2?” <t < 2?”
Note | You can give the final A1 mark in (c) if extra solutions are given outside of — 2?” <t < 2?”
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Question Scheme Marks
Number
. ., T T
175. x=2sint, y=1-cos2t {=2sin’t}, -T<r<
2 2
de dy B1
q q q At least one of & ord— correct.
d—x=2c:osz, d—y=25in21 ord—y=4sintcosz q ! q ! B1
! ! ! Both — and — are correct.
dt dt
Gy _2sin2 |_ 4costsing _, g Applies their 2 divided by their &
dx 2cost 2cost dt dr |\t
Zsin(hj and substitutes ¢ =% into theird—y.
X
Ate=Z Yo L6, ’
6 dr ZCOS(ZJ Correct value for d—yof 1| Alcao cso
X
[4]
Notes for Question 175
B1: At least one of % or% correct. Note: that this mark can be implied from their working.
B1l: Both 2—: and % are correct. Note: that this mark can be implied from their working.
M1: Applies their %divided by their % and attempts to substitute ¢ = %into their expression for g_y
X
This mark may be implied by their final answer.
dy sin2¢ 1 N
le. —= followed by an answer of = would be M1 (implied).
dx 2cost 2
Al: For an answer of 1 by correct solution only.
Note: Don’t just look at the answer! A number of candidates are finding d_y =1 from incorrect methods.
Note: Applying d—xdivided by their Y is MO, even if they state Y = Y + d—x
dt dt dx dr dr
. ) . dx dy . . dy -2sin2t
Special Case: Award SC: BOBOM1A1l for — =-2cost, — =-2sin2¢ leadingto —=
dt dt dx —2cost
which after substitution of ¢ = % yields g_y =1
X
Note: It is possible for you to mark part(a), part (b) and part (c) together. Ignore labelling!
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Notes for Question 175 Continued
Aliter 1 &x 5 osr, Y asingr So BL, BL.
175. dt dt
@ r dx (7[} dy : (27[)
At ==, 2 =2cos| = |=+3, = =2sin| 2L |=3
Way 2 6 dr 6 dz 6
dy N
Hence d_ =1 So implied M1, Al.
X
Aliter 1 q Correct differentiation of their Cartesian equation. | B1ft
175. | y=:x’=> L =x d
(@) 2 dx Finds — = x, using the correct Cartesian equation only. | B1
Way 3 dx
. . Finds the value of “x” when ¢ =2~
Ati=1, —y=23in(—j 4 | ML
* and substitutes this into their —~
X
dy
=1 Correct value for d—of 1Al
X
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Question

Number Scheme Marks
176. X +4xy+y*+27=0
B dy dy
Ty 2x+ |4y +dx—|+2y—=0 M1Al Bl
@ {w}—{y de Td o
dy
2x+4y+(4x+2y)d—:0 dm1
X
dy -2x-4y | -x-2y
dx 4x+ 2y {_ 2x+y} AL cs0 0
[5]
(b) 4x +2y =0 M1
y=-2x X = —ly Al
2
1Y 1
x% + 4x(=2x) + (-2x)* + 27 =0 (—Eyj + 4(—5)/))/ +y°+27=0 M1*
-3x* +27=0 ~-Zy*+27=0
x*=9 y* =36 dM1*
When x=-3, y=-2(-3) When y =6, x:—%(G) ddM1*
y=6 x=-3 Al cso
[7]
12
Notes for Question 176
(@) M1: Differentiates implicitly to include either 4xd—y or J_rkyd—y. (Ignore (d—y = ).
dx dx dx
Al: (x*)—(2x) and [...+y2 +27=0— + 2y3—y=0 j
U
Note: If an extra term appears then award AO.
Note: The "= 0"can be implied by rearrangement of their equation.
ie. 2x+ 4y + 4xd—y + 2yd—y leading to 4xd—y + 2yd—y = —2x —4y will get Al (implied).
dx dx dx dx
Bl: 4y +4xd—y or 4(y+xd—y] or equivalent
dx dx
dM1: An attempt to factorise out (dj_y as long as there are at least two terms in g_y .
X X
. dy dy
ie. ..+ (@x+2y)—=.. or ..+22x+y)—=..
dx dx
Note: This mark is dependent on the previous method mark being awarded.
AlL: For 22X =4 o equivalent. Eg: tox+dy o ZAx+2y) o —x=2y
4x + 2y —4x -2y 4x + 2y 2x +y
cso: If the candidate’s solution is not completely correct, then do not give this mark.
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Notes for Question 176 Continued

(b)

. . d . d
M1: Sets the denominator of their d_y equal to zero (or the numerator of their d—x equal to zero) oe.
X y

. . 1 .
Al: Rearranges to give either y =—2x or x = _Ey . (correct solution only).

The first two marks can be implied from later working, i.e. for a correct substitution of either y = —2x
. 1 .
into »* or for x =-3V into 4xy .

M1*: Substitutes y=+Ax or ofr x=2uy or y=+Axtaor x=xuy+b (L #0, u=0) into
x* + 4xy + y* + 27 = 0 to form an equation in one variable.

dM1*: leading to at least either x> =4, 4>0 or y* =B, B>0

Note: This mark is dependent on the previous method mark (M1*) being awarded.
Al: For x= -3 (ignore x =3) orif ywas found first, y =6 (ignore y =—6) (correct solution only).

ddM1* Substitutes their value of x into y = £ Ax to give y = value
or substitutes their value of x into x* + 4xy + y* + 27 = 0 to give y = value.
Alternatively, substitutes their value of y into x = + zy to give x = value
or substitutes their value of y into x* + 4xy + y* + 27 =0 to give x = value

Note: This mark is dependent on the two previous method marks (M1* and dM1*) being awarded.
Al: (-3, 6) cso.
Note: If a candidate offers two sets of coordinates without either rejecting the incorrect set or accepting the
correct set then award A0. DO NOT APPLY ISW ON THIS OCCASION.
Note: x =-3 followed later in working by y =6 is fine for Al.

Note: y =6 followed later in working by x = —3 is fine for Al.
Note: x =-3, 3 followed later in working by y =6 is AQ, unless candidate indicates that they
are rejecting x =3

. d . . d
Note: Candidates who set the numerator of d—y equal to O (or the denominator of their d_x equal to zero) can
X y

only achieve a maximum of 3 marks in this part. They can only achieve the 2", 3 and 4™ Method marks to
give a maximum marking profile of MOAOM1M1AOM1AQ. They will usually find (-6, 3) { or even

(6,-3)}.

Note: Candidates who set the numerator or the denominator of g_y equal to £ 4 (usually £ =1) can only
X

achieve a maximum of 3 marks in this part. They can only achieve the 2", 3" and 4™ Method marks to give a
marking profile of MOAOM1M1AOM1AQ.

Special Case: It is possible for a candidate who does not achieve full marks in part (a), (but has a correct

denominator for g_y ) to gain all 7 marks in part (b).
X

d_y_ 2x — 4y

Eg: Anincorrect part (a) answer of can lead to a correct (— 3, 6) in part (b) and 7 marks.

dx  4x+2y
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Question

Number Scheme Marks
177. 3 +xy—1y*+5=0
3! > 3'In3 | Bloe
Differentiates implicitly to include either
By dy d £2x D or +ky M1*
Lax=p 37 1|n3+(y+x—j 2y— Y _ 0 dx
Hx dx dx dy
(ignore) Xy —> +y+ xa Bl
dy dv _ 4 | AL
L2 =0
T T T
(1,3)=1 393 +3+ M - 2(3)d—y _0 _ S”bSt_'t“teS x=1,y=3intotheir| .
dx differentiated equation or expression.
n3+3+ % _6Y -0 = 3413 de
dx dx dx
dy _3+1In3 dM1*
dx 5
Y _ 1(Ine3 +In3) = 1In(3e3) Uses 3 = Ine® to achieve & = lIn(3e3) Al cso
dx 5 x 5
[7]
7
Notes for Question 177
B1: Correct differentiation of 3*~! . l.e. 3*°* - 3**In3 or 3"} =%(3x)—> %(SX)InS
x—-1 _ A(x-1)In3 (x-1)In3 x—-1 _ l x\ _ 1 xIn3 1 xIn3
or 3 t=¢e — In3e or 37 =2(3")=2e" > —(In3)e
3 3
o . N . . dy dy dy
M1: Differentiates implicitly to include either i/lxd or +ky . (Ignore ol ).
X X
: dy
Bl: o> +y+x—
dx
T'AL L+ y+ xj—y - ZySI—y =0 Note: The 1% A0 follows from an award of the 2™ BO.
X X
Note: The "= 0"can be implied by rearrangement of their equation.
ie: 37 'In3+ y + xj—— ZyS—y leading to 3" 'In3+y = ZyZI - xj—y will get A1 (implied).
X X
2" M1: Note: This method mark is dependent upon the 1% M1* mark being awarded.
Substitutes x =1, y = 3 into their differentiated equation or expression. Allow one slip.
3" M1: Note: This method mark is dependent upon the 1% M1* mark being awarded.
Candidate has two differentiated terms in g_y and rearranges to make 3 the subject.
X X
Note: It is possible to gain the 3" M1 mark before the 2" M1 mark.
x—1
Eg: Candidate may write Y = y+37In3 before substituting in x =1 and y =3
dx 2y —x
nd . 3 ; dy 1 3 1 3
2" AL: cso. Uses 3=1Ine’ to achieve = = ~In(3¢?), = ZIn(ue’) , A=5and u =3
dc 5 A
Note: 3 =Ine® needs to be seen in their proof.
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177. | Alternative Method: Multiplying both sides by 3
3Ft4xy—-1y?+5=0
3" +3xy-3y°+15=0
3> 3In3 | B1
Differentiates implicitly to include either
dy dy | M1*
+lx—= or thky—
Aliter &x 3°In3 + 3y+3xd—y —6yd—y: 0 _lxdx or _kydx'
W Hx dx dx
ay 2 dy
(ignore) 3xy > +3y + 3xa Bl
ey e oo AL
dx dx
(1L9=] Fn3+3@ + QO -6 L= SusHEs x=1 v =3 imomer) g,
dx dx differentiated equation or expression.
3In3+9+3d—y—18d—y= 0 = 9+3In3= 15d—y
dx dx dx
d 9+3In3 3+1In3
dy _ +3In {: +1n } dM1*
dx 15 5
Y _ 1(Ine3 +1In3)
dx 5
Y _ l(Ine3 +1n3) = 1In(3e3’) Uses 3 = Ine? to achieve & = 1In(3e3) Al cso
dc 5 5 dc 5
[7]
7
NOTE: Only apply this scheme if the candidate has multiplied both sides of their equation by 3.
NOTE: For reference, Y = 3y+3In3
dx 6y — 3x
NOTE: If the candidate applies this method then 3xy — + 3y + Sx(dj—y must be seen for the 2" B1 mark.
X
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Question Scheme Marks
Number
178. x=27sec’t, y=3tant, ngg%
q q At least one of % org—y correct. | B1
d—x=815ec2tsecttant, d—y=35ec2t d ! g !
! Both — and — are correct. | B1
dt dt
2 2
dy__8sec’r [ 1 cost _ cos’t | apgiies their & divided by their &5 | M1:
dx 8lsec’stans | 27secrtans 27tant 27sint dt dt
2(x
Atr=2 d_ 3sec” (§) :i{:i:i} 4 Al cao cso
6 dx 8lsec’(£)tan(z) 72| 54 18 72
[4]
Notes for Question 178
B1: At least one of % or% correct. Note: that this mark can be implied from their working.
B1l: Both dx and Y are correct. Note: that this mark can be implied from their working.
. . Sdy . . dx dy dx . . .
M1: Applies their Edlwded by their PR where both & and & are trigonometric functions of ¢.
Al: 7;42 or any equivalent correct rational answer not involving surds.
Allow 0.0é with the recurring symbol.
Alternative response using the Cartesian eguation in part (a)
1 1
1 1 d—yzin?(x%—g) 2 | Ml
2 2 d 1 2 2(2 % dx
— 3 y — 3 3
Way2 | = 2 =9 ) = gm= 51w 0 37 dy 1 Lo ot
3 o 2w -9) 2 2xs | oe | AL
dx 2 3
T T
At t ==, x=27sec’| = | =243 _ _
6" (6) V3 Uses ¢ =% to find x and substitutes
o 1 2\ ) ) " dM1
a_ 1 3 = 73 their x into an expression for —,
- dr 2((24\/5) 9} {3(24\/5) j dx
dy 1( 1 1 1 1
S0, —= | —=||—=|=— — | Al cao cso
dx 2(\@](3 ﬁ] 18 | 18
Note: Way 2 is marked as M1 Al dM1 Al
Note: For way 2 the second M1 mark is dependent on the first M1 being gained.
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Sﬂﬁ]sé':rn Scheme Marks
179. (a)| x=2t+5, y=3+§
dr _ 2, Y _ — 472
dt dr
P Candidate’s Y divided by candidate’s dx M1
SO, d— = 2 = - 2t == —2 d
o ! Correct = | Al
dx
At (9,5),t=2
When d
dy -4(2)7 " 2 Substitutes their found ¢ into their -~ | M1
t_2,—:— = 2(2) =— 757 dx
dx 2 2
dy 1 dy 1
So, +=-= —=->|Al
dx 2 dx 2 cs0
[4]
f_X25 y=3+ 4 An attempt to eliminate z. | M1
(b) 2 ( X — 5)
2 Achieves a correct equation in x and y only. | Aloe
= y=3+
7 x—-5
— = 3(x—-5)+8
x-5
SR Sl x#5 a=3b=—T,c=1andd=-5 or =" | A1 oe
x-5 X —
[3]
g
Notes on Question 179
Note: Part (a) and part (b) can be marked together.
@) Alternative Method for part (a)
M1 for £A(x —5) where 1#0
yo3+—2 _3igx-5" =Y __gu_5? (<=9)
x=5 dx Al for —-8(x — 5)7
dy i e ) . dy
At (9,5), o -8(9-5) M1 for substituting x = 9 into their @
So, v__1 Al for y__1 by correct solution only
dx 2 dx 2
. 8 4 x=5 .
(b) Award M1ALl for either x=——+5 or —— = or equivalent.
y-3 y—3
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Question

Number Scheme Marks
180. sin(ry) —y-x*y=-5
Differentiates implicitly to include
. dy dy
either +k — or ——. (Ignore
cos(zy) " or i (Ig M1
(& =)
dy dy dy : d
(a) ﬂcos(ﬁy)a— E - (ny+xza}=_ (SIﬂ(;ry))—)(ﬂCOS(ﬁy) éj,
— = - X 5 Al
y
- -—land (-5-0
(-9)-(- & Jand (-5-50)
2 dy
+2xy+x"— | M1
dx
(dj—y(ﬂCOS(ﬂy) -1-x° )= 2xy Grouping terms and factorising out g_y dM1
X X
dy _ 2xy 2xy
dx (ﬂcos(ﬂy) —1—x2) (ﬂCOS(ﬁy) -1-x ) Al oe
[]
At (2,1), Substituting x =2 & y =1into an
(b) Y 22)0) ; (= : j equation involvin dy . | ML
de  (rcos(z(®)-1-(2?) \ -7-5 g 95"
. 4 y —1=m; (x — 2)with
T y-1= -2 : . : M1
4 - —5(x ) ‘their TANGENT gradient’;
Cuts x-axis = y =0 = 1= 4 (- 2) Setting y =0 in their tangent ML
-n-5 equation.
So, =ﬁ+5+2{:“+13} TS 2 | Aloe cso
4 4
[4]
9
Notes on Question 180
Note: 2" M1 can be implied for —1= 4 (x-2) or . if no equation of tangent is
(b) -n—-5 x—2 m+5
given.
Note: Award 2" MO where m in y —1=m(x — 2) is either a changed tangent gradient or a normal
gradient.
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Question
Number

Scheme

Marks

181.

VY _sndi
dr

V =r(40)*h {= 16007rh}
Y 1600x
dh

dv
X_
dr

x —327h
0.02 Vi

dr  dh

dr dv

dn 1

dr 16007
dh

So, —= -
dt

V = r(40)*h

Y 16007

dh

di’ = (i 327zx/ﬁ) + (theird—Vj

dr dh

Correct proof.

Bl
B1ft

M1

Al *cso

[4]

Notes on Question 181

Note: Use of ¥ = z+2h is 1% BO until » = 40 is substituted.

Notes on Question 181 continued

Alternative Method

%(ﬁ402h) =-32zh
d_h B —327[\/Z
dr 740°

002vh *

So, ah_ _
dr

B1B1: d

t (7z402h) =

—322Jh

Al: Correct proof.

M1: Simplifies to give an expression for 3—}’ .

t
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Question Scheme Marks
Number
182. | Working parametrically:
x=l—%t, y=2'—-1or y=e" -1
(a) {x=0=} 0:1—%z:>t:2 Applies x = 0 to obtain a value for z. | M1
Whent=2, y=2"-1=3 Correct value for y. | Al
I b lue f el
. Applies y =0 to obtain a value for ¢.
b =0=!0=2"-1=¢=0 . M1
(b) {y } (Must be seen in part (b)).
When ¢ =0, x:l—%(O):l x=1]A1
[2]
(c) &1 andeither =22 or Y oeoin B1
de t de
dy  2'In2
& 1 Attempts their Y divided by their d—x M1
-5 dt de
2
. -1
Atd, t="2" 50 m(T)=-8In2 = m(N) 1 Applies # ="2" and m(N) = —— | M1
8In2 m(T)
y-3= 1 (x-0) or y=3+ ! x or equivalent. See notes. ML AL oe
8In2 8In2 cso
[5]
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182. (a) | M1: Applies x = 0 and obtains a value of .
Al: For y=2°-1=30r y=4-1=3
Alternative Solution 1:

M1: For substituting ¢ = 2 into either x or y.

Al: x:l—%(Z):O and y=2°-1=3

Alternative Solution 2:
M1: Applies y =3 and obtains a value of ¢.

Al: For x=1- %(2)=0 orx=1-1=0.

Alternative Solution 3:
M1: Applies y =3 or x =0 and obtains a value of 7.
Al: Showsthat t =2 for both y=3and x=0.
(b) M1: Applies y =0 and obtains a value of .  Working must be seen in part (b).
Al: Forfinding x =1.
Note: Award M1ALl for x =1.
dx

(© B1: Both o and (;—); correct.  This mark can be implied by later working.

M1: Their (;—); divided by their i—: or their d—yx; Note: their 3—}; must be a function of .

o their(dxj
dr

M1: Uses their value of ¢ found in part (a) and applies m(N) = — L

m(T)’
M1: y — 3= (their normal gradient)x or y = (their normal gradient) x + 3 or equivalent.

1 1
Al: -3= -0) or y=3+ or y—3=——(x—-0) or (8In2)y —24In2 =
V3= Ging W0 or y=Sagmx of y=3= g (k- 0) or (8In2)y *
or y=3 = L You can apply isw here.
(x-0) 8In2

Working in decimals is ok for the three method marks. B1, Al require exact values.
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Questio
n Scheme Marks
Number
182. | Alternative: Converting to a Cartesian equation:
t=2-2x => y=2">-1
Applies x = 0in their Cartesian
@ |[{x=0=}y=2"-1 PPiIes x . M1
equation...
y=3 ... to arrive at a correct answer of 3. | Al
_ _ [2]
Applies y =0 to obtain a value for
(b) |{y=0=)0=2""-1=0=2-2x=>x=.. x. | M1
(Must be seen in part (b)).
x=1 x=1|Al
[2]
2-2x
& 1277, A#1 | M1
©) dx 2(2%)In2 ~2(2°*")In2 or equivalent | A1
AtA4, x=0, S0 m(T)=-8In2 = m(N) = 1 Applies x=0 and m(N) = -t M1
8In2 m(T)
1
V3= g 70 O y=3t g X o As in the original scheme. | M1 Al oe
equivalent.
[5]
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Question Scheme Marks
Number
3 dr 2
183. (@) V=x = d—=3x X CsO | B1 (1)
X
() dx_dx 97 0048 M1
d dV dr 3x?
At x=8
dx 0.048
- = =0.00025 ( cms™ 2.5x107™
(c) S=6x* = d—S:12x Bl
dx
d—S—d—Sxd—x—12x(—o'O48J M1
df dx dr 3x?
At x=8
ds 2 -1
—=0.024 cmes
- ( ) Al 3)
[6]
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Question

Number Scheme Marks
L o dy , dy
184. | (2) Differentiating implicitly to obtain +ay & and/or +bx ™ M1
X X
48y2d—y+ .. —54 .. Al
dx
2 2 dy ;
9x°y > 9x d—+18xy or equivalent | B1
X
(48y2+9x2)d—y+18xy—54=0 M1
dx
dy 54-18xy 18—6xy
dx 48y° +9x° ( 16y* +3x° ®)
(b) 18—6xy =0 M1
Using x = 3 or y= 3
y X
3Y 3 3 3
16y3+9(—j y—54(—]:0 or 16(—) +9x2(—j—54x=0 M1
y y X X
Leading to
16y* +81-162=0 or 16+x*-2x*=0 M1
s 81 4
== or =16
Y "6 ¥
yzﬁ,_ﬁ or x=2,-2 Al Al
2 2
Substituting either of their values into xy =3 to obtain a value of the M1
other variable.
(2 Ej (_2 _Ej both | A1 ©)
2) 72
[12]
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Question

Number Scheme Marks
dx
185. | (@) E=2x/§c052t B1
dy .
— =-8costsin¢ M1 Al
dt
dy _ —8cosrsint M1
dx  23cos2s
__Asin2t
23 cos 2¢
dy 2\/— ( 2]
—=-Z3tan2 k=-=
dx 3 3 Al ©)
b4 3 . .
(b)Whent=§ x=§, y=1 can be implied | B1
m=—2tan 2-”) (=2) M1
3 3 L
3
~1=2| x-> M1
g (x zj
y=2x-2 Al 4)
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Question Scheme Marks
Number
186. (a) &X 2+6yﬂ+ 6xy + &Zﬂ = & M1Al Bl
X dx dx | — - =
d -2-
Y u not necessarily required.
dx 6y + X
dy _ 8(-1)- 2-6(-1)(2) 4
At P(-11), m(T)=— = ==
(=29, m(T) =5 6(1)+ 3€ 1 9 dML AL cso
[5]
-1 9
Som(N) = — <= —
(b) (N) = { 4} M1
9
N: y—1=z(x+1) M1
N: Ox—-4y+13=0 Al
[3]
8
(@) M1: Differentiates implicitly to include eithet kyﬂ or 3X2&. (Ignore d :j).
dx ax dx
Al (2x+3y2) - (2+ 6y %J and (4x2 - Q() Note: If an extra “sixth” term appears then award AO.
X
Bl 6xy+ 3x2ﬂ.
dx
dM1: SQubstitutingx =- 1andy = linto an equation involving(l(jl. Allow this mark if either the numerat
X
or denominator otd— = w is substituted into or evaluated correctly.
dx 6y + X
If it is clear, however, that the candidate is intending to substitate Yand therdaward MO.
Candidates who substitute= ~ 1ape - il usually achievem(T) = -
Notethat this mark is dependent on the previous method mark being awarded.
Al For—ﬂ or -8 or —0.'4 o awrt—0.44
9 18
If the candidate’s solution is not completely correct, then do not give this mark.
, 1
M1: Applies mN) =— ———.
(b) PP ® their m(T)
M1 Usesy-1=(m)(x--1) orfindscusingx =~ Jand y = land usesy= (m X+ ¢ "
1 1 ,
Where =——— or =——— or = — their mT ).
i their m(T) M their m(T) i T)
Al: 9x—-4y+13=0o0r - 9+ 4y - 13= Oor 4y - X - 13= Oor 1& - 8 + 26= Oetc.
Must be “=0". So do not allowxa+ 13 ydetc.
2
Note: m, = - _Oy*3 is MOMO unless a numerical value is then foundrfgr
8x—2- 6bxy
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Alternative method for part (a): Differentiating with respect to y

&x 2%+6y+ 6xy%+3<2 =8x%
Xy dy dy dy

M 1: Differentiates implicitly to include eitheZ% or6xy% or ikxz. (Ignore(% =]).
dy dy dy dy

dy

Al (2x+3y2) > [2% + 6yJ and [4x2 - SX%J. Note: If an extra “sixth” term appears then award AO.
y

Bl 6xy+ 3x2ﬂ.
dx

dM1: Substitutingx =—- land/ = Ihto an equation involvingg—X or % Allow this mark if either the
y

2
numerator or denominator eq‘)—( = Gy
dy 8x—2-6xy
If it is clear, however, that the candidate is intending to substitate fand therdaward MO.
Candidates who substitute=  1ape -  viijl usually achievem(T) = -

Note that this mark is dependent on the previous method mark being awarded.

is substituted into or evaluated correctly.

Al: Fo —ﬂ or —E or —O..4 or awrt— 0.44
9 18

If the candidate’s solution is not completely correct, then do not give this mark.
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Queston
Number

Scheme Marks

187.

(@)

(b)

x=4sin(t+7—6T], y=3c0os2 , Q t< 2r

X _gcodt+ 7], Y= _6sinz B1 B1
ot 6)

So, dy  —6sin2t

dx 400{“”] B1V oe
6

(3]

{ﬂ =0 :>} -6sin2t=0 M1 oe
dx

@t=0, x-4$n( j=2, y=3cos= 3 - (2,3 M1

@t——,x 4sj ?):—3 y=3cosr=-3- (2/_3,— 3)

()4
oven. o)
{

-2,y=3cosZ= 3- H 2,3

6

571) _ 4(—;@) y=3cosdr=- 3. ¢ 2/3- 3 ALA1AL

t—— X = 4sin —
@ 3

(3]
8

(@)

B1: Either one o% = 4co{t + %Tj or % —-6sin2 . They do not have to be simplified.

B1: Both % and% correct. They do not have to be simplified.

Any or both of the first two marks can be implied.
Don’t worry too much about their notation for the first two B1 marks.

B1: Their% divided by their% or theirﬂx;. Note: This is a follow through mark.

dt their(dx)
dt
Alternative differentiation in part (a)
x = 24/3sint + 2cog = a— 2/ 3cos- 2sin

y=3R2cx’t-1) = %z - 4cos sih)

dy

or y =3cogt - 3in’t = Ez—GcosI sint— 6sih cds

or y=3(1-23n%t) = %: (-4cog sin)
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187. (b)

M1: Candidate sets their numerator from part (a) or t%%irequato 0.

Note that their numerator must be a trig function. Ign%?eequato 0 at this stage.

M1: Candidate substitutes a found valud,ab attempt to find either one »fory.

The first two method marks can be implied by ONE correct set of coordinates, fp)or (y, ) interchanged.
A correct point coming from NO WORKING can be awarded M1M1.

Al: Atleast TWO sets of coordinates.

Al: Atleast THREE sets of coordinates.

Al: ONLY FOUR correct sets of coordinates. If there are more than 4 sets of coordinates then award 4
Note: Candidate can use the diagram’s symmetry to write down some of their coordinates.

Note: When x = 4sin(g) = 2, y=3cos 0= 3is acceptable for a pair of coordinates.

Also it is fine for candidates to display their coordinates on a table of values.
Note: The coordinates must be exact for the accuracy marks. le (3.46...,-3) or (-3.46..., -3) is AQ.

Note: % = 0= sint = 0 ONLY is fine for the first M1, and potentially the following M1A1A0AOQ.
X

Note: % =0= cod = OONLY is fine for the first M1 and potentially the following M1A1AOQAO.
X

Note: % = 0= sint = 0& cog = 0 has the potential to achieve all five marks.
X

Note: It is possible for a candidate to gain full marks in part (b) if they make sign errors in part (a).

(b) An alternative method for finding the coordinates of the two maximum points.
Somecandidates may use= 3cdd@ write down that thg-coordinate of a maximum point is 3.

They will then deduce thdat= 0 or andproceed to find th&-coordinate of their maximum point. These
candidates will receive no credit until they attempt to find one of-dwordinates for the maximum point.

M1M1: Candidate stateg = &nd attempts to substitute= 0 or /7 into x = 4sin(t + %TJ

M1M1 can be implied by candidate stating either (208)2,- 3).

Note: these marks can only be awarded together for a candidate using this method.
Al: For both (2,3) or £ 2, 3).
AOQAO: Candidate cannot achieve the final two marks by using this method. They can, however, achieV

et

marks by subsequently solving their numerator equal to O.
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Question

Number Scheme Marks
188. | (@) 3—:=%ﬂ'h—ﬂ'h2 or equivalent < M1 A1
At h=0.1, O'—Viyz(o.l)—ﬁ(o.l)2 =0.04r ZUmiar @
dh 25
di dv¥ d¥ =« 1 T .
b —=——= x or —— =+ their (a
®) & dr di 800 irh-nh 800 @ | M1
di =7~ 25 1
At h=01, —=—x—=— awrt 0.031
& 800 7z 32 Al 2)
[6]
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Question

Number Scheme Marks
1d
189. =2 . B1
y dx
1
:2|nx+2x(—j M1 Al
X
At x=2, Iny=2(2)In2 M1
leading to y=16 Accept y=e Al
1dy
At (2,16 ——=2In2+2
( ) 16 dx M1
OI—)}:16(2+2In 2) Al 7
X
[7]
Alternative
y:e2x|nx Bl
d 1
—(2x|nx):2|nx+2x = M1 Al
dx X
d—y:(2|nx+ Zx(EDe“'”* M1 Al
dx x
At x=2, d—y:(ZIn2+2)e‘””2 M1
dx
=16(2+2In2) Al (")
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297

Question Scheme Marks
Number
. V3
190. | (a) tand =3 or sm0:7 M1
T
0 = 3 awrt1.05 | Al (2)
dx ) y
(b) —=sec"d, —=cosé¥
dée d
dy cosé 3
—= cos’ @
dx sec’d ( ) MLAL
() 1 ..
At P, m = COS (Ej =3 Can be implied | A1
Using mm' =-1, m =-8 M1
For normal y—$V3=-8(x-v3) M1
AtQ, y=0 —%V3=—8(x—\/3)
leading to x=143 (k=%) 1.0625 | Al (6)
T" | EXPERT
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Rurmber Scheme il
d/ ;
191. Ez—lGln(O.S)O.S M1 Al
d/ 3
Atr=3 E=—16In(0.5)0.5 M1
=-2In0.5=In4 M1 Al
[5]
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Question

Number Scheme Marks
192 i(2)‘) =In2.2" B1
' dx
<o, Ay dy
IN2.2"+2y—=2y+2x— M1 Al=Al
dx dx
Substituting (3, 2)
8In2+4d—y:4+6d—y M1
X dx
(;l_y =4In2-2 Accept exact equivalents | M1 Al (7)
X
[7]
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?\ltenf:)igp Scheme Marks
193. | (a) d—x:ZSintcost,d—y:ZSeczt B1B1
dr dr
2
dy _sec’t (: 1 3) orequivalent | M1 AL (4)
dx sinfcost\ sinrcos’t
T 3
b Atr=—, x=—, y=2+3 B1
(b) 3 YT Y
2 T
dy sec 3 16
d_=—ﬁ ﬂzﬁ M1 Al
X sinZcos=
3
16 3
—2V3="—"| x—= M1
7 vs(x 4)
3
[10]
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Question

Number Scheme Marks
V =9rxh :>d—V=97rd—h Bl
dr dr
972'2—?20.487[—0.67#1 M1
dh
cso | Al (5)

Leading to 75a =4-5h %k
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Question

Number Scheme Marks
. : dy
195 @) —23|n2x—3sm3yd—:0 M1 Al
X
d_y:_ZS!an Accept 28|!‘12x | —23.|n2x AL 3)
dx 3sin3y —3sin3y  3sin3y
27
(b) At x=—, cos(?j+cos3y:1 M1
1
cos3y == Al
Y72
3y=21x y=% awrt 0.349 | Al 3)
2sin2(= inz
(c) At[l fj, b : (6)— 25_|n3=_g M1
6 9 dx  3sin3(z) 3sinz 3
_z__E(x_zj "
YT 3" 6
Leading to 6x+9y-27=0 Al (3)
[e]
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Marks

G
dA4
196 —=15 B1
dr
A=7mr? :>d—A:27rr B1
dr
When A=2
2=1r* = r:\/z (:0.797884 M1
T
A _dd o
dt dr dr
dr
15=27nr— M1
dr
o _ 15 0299 awrt 0.299 | aq
dr 27[@
[5]
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Question

Number Scheme Marks
197 (a) efz"d—y—zyefz" = 2+2yd—y A1l correct RHS M1 A1
dx dx
d —2x —2x dy —2x
—lye )= —=-2ye B1
s )=t
(e'zx—Zy)d—y:2+2ye_2x M1
dx
2+2ye ™
dy = Z—ye A1 (5)
dx e -2y
2+2¢°
dx e-2
Using mm' =-1
=L M1
4
1
y-l= Z(x—o) M1
x—4y+4=0 or any integer multiple A1 4)
[9]
Alternative for (a) differentiating implicitly with respect to y.
e —2ye™ dr_ 2£+ 2y Al correct RHS M1 A1
dy dy
d 2x —2x —2x dx
—(ye )= =2ye " — B1
dy (y ) 4 dy
(2+2ye™)—==e"-2y M1
% ~ e—2x_2y
dy 2+2ye™
2 2 —2x
dr_242ve A G)
dx e -2y
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Question

Number Scheme Marks
198 %:—4sin2t & =6cost B1, B1
d 6
_ cost ( J M1
 4sin2t 4sint
Atr=Z m=— I 1 accept equivalents, awrt —0.87 A1 4
3’ 4><% 2 pred ’ . @
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Question

Number Scheme Marks
199.(a) | C: y* -3y =x*+8
Differentiates implicitly to include either
zyd_y - 3d_y = 3x? ikyd—y or J_r3d—y. (Ignore (d—y =j ) M1
dx dx dx dx dx
Correct equation. | Al
A correct (condoning sign error) attempt to
(2y—3)d—y = 3x? combine or factorise their * 2yd—y Y v
dx dx dx
Can be implied.
dy  3* 3x? AL
dx  2y-3 2y-3 o¢
[4]
(b) y=3 = 9-3(3)=x*+8 Substitutes y =3 into C. | M1
8 => x=-2 Only x=-2 | A1
dy .
— =4 from correct working.
X
(-2,3) = d_3(4) — d_ 4 Also can be ft using their “x” value and y =3 inthe | oq /-
6—3 dx dy 3X2
correct part (a) of —=——
dx 2y-3
[3]
7 marks
199(b) final Al . Note if the candidate inserts their x value and y=3
2
into Y = 3 , then an answer of Y = their x*, may indicate a
dx 2y-3 dx
correct follow through.
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Question

Number Scheme Marks
o _ 16 20 Uses similar triangles, ratios or
200. (a) | Similar triangles = 2 % O3 trigonometry to find either one of these | M1
two expressions oe.
2 3 H 2h
Substitutes » =2 into the formula for the
vt o L2 2 AT g "7 Al
3 3 L3 27 volume of water V.
[2]
(b) From the question, a_ 8 a_ 8 | Bl
dt dt
d_V_lZ;rh2 _47zh2 d_V_127rh2 or 41 h* B1
dn 27 9 dn 27 9
Candidate’s d—V +d—V; M1;
d_h_d_V;d_V_X9 18 de  dn
d¢e  dr  dn 4bzh®  zh? 127 h? 9 18
8+ or 8x > or > 0e | A1l
27 A h 7Th
1
dh 18 1 18 il
When =12, — = —— = — —— or i
d 144z 8z 144, 8z |Aloelsw
[5]
\ 7 marks
Note the answer must be a one term exact value.
Note, also you can ignore subsequent working after .
T
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Question 200 Alernative

Question

Number Scheme Marks
200. (a) | Similar shapes=> either
177(16)%24 _(gf or v
|4 h 17(16)°24
Uses similar shapes to find either one of M1
) 3 these two expressions oe.
M_(ﬁj or L_(_
Vv h 1xr?(24) (24
BN Agh Substitutes their equation to give the
V =20487 x (—j = AG correct formula for the volume | Al
24 27 of water V.
[2]
200. (a) | Candidates simply writing:
2
vl o ve lﬂ'(E n would be awarded MOAO.
9 3 3 \24
(b) From question, (L—It/ =8 = V=8 (+c) (L—It/ =8orV =8 | Bl
e 27V N h:(27(8t) :(% 27(8t)) or %j or 3 2t B1
4 4 Vd 4z T T
) Ykt e
dh 21 -2 dr
o 73 dh (21
—=3(—j =t | Al oe
dt 7) 3
12\«
When 1 =12, t:(—) x— = 32rx
3 2
So when 1
h:lZ,%:(Ej(l]:( 23 8z Al oe
dr ) \32x 1024~
[3]
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Question

Number Scheme Marks
201. (@) | At4, x=-1+8=7 & y=(-1)°*=1 = A(7,1) A(7,1) | B1
[1]
(b) x=t-8¢, y= 2
d—x=3t2—8, LUNPY
dt dt
d 2 Their & divided by their & | M1
dx  3°-8 Correct & | Al
At4, m(T)= 2(_21) _ 2 _-2_2 Substitutes for 7 to give any of the | ,
3(-)°-8 3-8 -5 5 four underlined oe: | —
T: y—(their 1) = m, (x—(their 7)) Finding an equation of a tangent
with their point and their tangent
gradient
or1=£(7)+c = c=1-%=-% or finds ¢ and uses | 4M1
v = (their gradient)x + "c".
HenceT: y=%2x-2
gives T: 2x-5y-9=0 AG 2x-5y-9=0 | A1 cso
[5]
Substitution of both x = #* —8¢ and
3 _ _ 2 —
©) 2(* —8t) -5t —9=0 = Rinto T M1
2t —5¢° -16t-9=0
(¢+1){(26* —7t-9) =0} A realisation that ML
(t +1){(r +1)(2¢ ~9) =0} (t+1)is a factor.
{t=-1(at4)} 1=% atB t=3 | Al
) Candidate uses their value of ¢ to
x=(3) -8(3)="-36="4' = 55.125 or awrt 55.1 find either the x or y coordinate ddM1
y=(2)" =%=20.25 or awrt 20.3 One of either x or y correct. | Al
Both x and y correct. | Al
Hence B(4L, &) awrt [6]
12 marks
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Note: dM1 denotes a method mark which is dependent upon the award of the previous method mark.
ddM1 denotes a method mark which is dependent upon the award of the previous two method marks.
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Question 201 Alternative

Question

Number Scheme Marks
201, (2) It i_s acceptable for a candidate to write x =7, y =1, to A7) | B
gain B1.
[1]
Aliter
(c) x=1>-8t=t(t*-8)=t(y - 8)
Way 2
So, x* =1*(y —8)°" = y(y - 8)*
2x-5y-9=0 = 2x=5y+9 = 4x° =(5y+9)°
Hence, 4y(y —8)° = (5y +9)? Forming an equation in termsog:‘;z M1
4y(y* —16y + 64) = 25)° + 90y + 81
4y° — 64y* + 256y = 25y° + 90y + 81
4y —89y° +166y —81=0
A realisation that dM1
(v - 1)(y - 1)(4y — 81) = 0 (v —1)is a factor.
Correct factorisation | Al
y =5 =20.25 (or awrt 20.3) Correct y-coordinate (see below!)
2 _si(81 _ Q)2 Candidate uses their y-coordinate
¥ =3G9 to find their x-coordinate. ddM1
Decide to award Al here for
. Al
correct y-coordinate.
x =41 =55.125 (or awrt 55.1) Correct x-coordinate | Al
Hence B(4L, ) [6]
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Question

Number Scheme Marks
Aliter
201.(c) | t=+[y
Way 3
3
so 5=(() -6
2x —5y —9 =0 yields
: B a_ Forming an equation in terms of y
2(r) -16(yy) -5y -9=0 onty. | M1
3
= 2(\y) -5y -16(yy)-9=0
A realisation that
{ 2y - 7f } (\/;-‘rl) is a factor. | M1
{ y+1 2\/_ } Correct factorisation. | Al
y =% =20.25 (or awrt 20.3) Correct y-coordinate (see below!)
3 Candidate uses their y-coordinate
_( [s1) _ 81
x _( 4 ) 8( 4 ) to find their x-coordinate. ddM1
Decide to award Al here for
. Al
correct y-coordinate.
x =41 ="55125 (or awrt 55.1) Correct x-coordinate | Al
Hence B(4,2) [6]
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Question

Number Scheme Marks
202. (a) . d4 a4 =0.032 seen
’ From question, — =0.032 ds ' Bl
dt N .
or implied from working.
S = Lo _ 27x byitselfseen |
dx or implied from working
d d4 d4 1 0.016
L (0.032)—; 1= 0.032 + Candidate's %; M1;
dr dr dx 2rx TX dx
When x=2cm, % = 0.016
dt 2r
Hence, % =0.002546479... (cm s™) awrt 0.00255 | Al cso
[4]
(b) V =zx*(5x) =57 x° V =zx*(5x) or 57zx° | Bl
dv ; (Z—V =157 x*
— =15 X
dx e or ft from candidate’s V B1Y
in one variable
dv dr dx , [ 0.016 . dv dx
— = x—2= = 157x°. ;1= 0.24 Candidate’s — x —;
dt dxxdt ﬂx(ﬁx]{ x} andidates xxdt w1
When x=2cm, (L—It/ =0.24(2) =0.48 (cm®s™) 0.48 or awrt 0.48 | Al cso
[4]
8 marks
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Question

Number Scheme Marks
203. (a) 3x*—y*+xy=4 (eqgn *)
Differentiates implicitly to include either
+hky2 or xL. (Ignore (g—y :)) M1
B dy dy Correct applicati f product rul
Aol br—2y ~ +|y+x—=|=0 orrect application () _of product rule | g1
Hx dx dx =
(3x2_y2)—>(6x—2y g—yJ and (4—0) | AL
. Wx
Y = —bx-y or Y = Sxty not necessarily required.
dx x—2y dx 2y-x
d 8 _6 _ 8 . . dy _ 8 . .
dy_o XxX-y _9o Substituting — = — into their M1
de 3 x—=2y 3 dr 3 .
equation.
giving —18x — 3y =8x - 16y
Attempt to combine either terms in x
giving 13y =26x or terms in y together to give either | dM1 =
ax or by.
Hence, y=2x =>y-2x=0 simplifying to give y —2x=0 AG | Al cso
[6]
(b) AtP & Q, y=2x. Substituting into egn *
gives 3x% — (2x)% + x(2x) = 4 _ Attempt replacing y by 2x M1
in at least one of the y terms in eqn *
Simplifying gives, x*=4 = x=+2 Either x=2o0r x=-2 | Al
y=2x = y=14
Hence coordinates are (2,4) and (-2,—4) Both (2,4) and (-2,-4) | Al
[3]
9 marks
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Question

Number Scheme Marks
204. (a)| At P(4,2+/3) either 4=8cost or 2+/3 =4sin2s 4=8cost or 2+/3=4sin2t | M1
L t =% orawrt 1.05 (radians) only
= only solution is =% where 0,, ¢,, & — Al
stated in the range O,, ¢,, %
[2]
x=8cost, y=4sin2t
b 8 4sin2
Attempt to differentiate both x and y
due _ dy wrt ¢ to give +psint and | M1
o —8sint, o 8cos 2z +¢ Cos 2¢ respectively
Correct &and & | AL
Divides in correct way round
2 and attempts to substitute their
At P, d_ 8CO_S( ) value of t (in degrees or | 1+
dv 8sin(5) radians) into their &
expression.
You may need to check
8(—i) 1 candidate’s substitutions for
= 2 - =—==awrt 0.58 M1*
(—8)(7) J3 Note the next two method
marks are dependent on M1*
-1 1
Hence m(N) = —/3 or — Usesm(N) =———— . | dM1*
N their m(T)
Uses y—2+/3 = (their m, )(x — 4)
or finds c using x=4and
N: y—2v3=—3(x-4 dm1*
7 (x ) y= 24/3 and uses
y=(their m,)x +"c".
N: y=—-3x+6/3 AG y=—/3x+6.3 | Al cso
AG
or  2V3=-V3(4)+c = c=23+4/3 =643
so N: [y: —\/§x+6\/§]
[6]
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Question

Number Scheme Marks
205. (a) x*—4y* =12xy  (eqn *)
x=-8 = —512-4y* =12(-8)y / Substitutes x =—8 (at least once) into * to
B9 a2 obtain a three term quadratic iny . | M1
512-4y" = -96y Condone the loss of =0.
4y*-96y+512=0
y? —24y+128=0
(y-16)(y-8)=0 -
An attempt to solve the quadratic in y by
either factorising or by the formula or by | dM1
y= 24+ /576 —-4(128) completing the square.
2
Both y=16 and y=8.
=16 or y=8. DN
g g or (-8,8) and (-8,16). Al
[3]
Differentiates implicitly to include either ML
+hy2 or12xZ. Ignore & =...
(b) %x 3x2—8yd—y;: 12y+12xd—y W Yo 1 “
Bx dx dx Correct LHS equation; | Al;
Correct application of product rule | (B1)
dy _ 3x* -12y ) . od
dx 12x+8y not necessartly required.
dy 3(64)-12(8 96 Substitutes x = -8 and at least one of their
@ (_81 8)! _y = ( ) ( ) = = _31 - dy dMl
dx 12(-8)+8(8) -32 — y-values to attempt to find any one of -
@ (-8,16) dy _3(64)-12(16) _ 0 _ One gradient found. | Al
T de 12(-8)+8(16) 32 Both gradients of -3 and 0 correctly found. | Al cso
[6]
9 marks
11
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Question

Number Scheme Marks
Differentiates implicitly to include either ML
i 2 X X X
Azl(l't;r %x 3x2—x—8y' _ 12yd—x+12x the® §or12y¢-. Ignore & =...
(b). ) % dy ’ dy Correct LHS equation | Al;
Way 2 Correct application of product rule | (B1)
{dy 3 —12y} . . ed
- T A A not necessartty required.
de 12x+8y
Substitutes x = -8 and at least one of their
@ (-8,8), dy _3(64)-12(8) _ 96 _ -3, y-values to attempt to find any | qp1
dx 12(-8)+8(8) 32 — one of 3_y or &
dy 3(64)-12(16) O s
@ (-8,16), d—y =W =3 0. One gradient found. | Al
x —
Both gradients of -3 and 0 correctly found. | Al cso
[6]
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Question

Number Scheme Marks
Aliter
205. (b) x°—4y* =12xy (eqn *)
Way 3
4y* +12xy -x*=0
—12x + 14457 — 4(4)(—x°)
y =
8
~12x + 4/ 144x* +16x°
y =
8
_ —l2x+ 44 9x" +x°
y= 8
y=—-3x= %(9)62 +x3)%
A credible attempt to make y the subject
dy . and an attempt to differentiate either —2x M1
_ 2 3) 2. 2
a——%i%(%)(gx +x ) ,(18x+3x ) or %(9x2+x3)%.
d_y:_EJ_r 18x +3x° j—xz—%ik(gszrxs)%(g(x)) Al
dr 2 4(9x% +x°)° d 1
é =&+ 1(1)(9x% +2%) 7 (18x+3x%) | AL
dv 3, 18(-8)+3(64) _ _
=8 =Z=-=+ = S
@ x a2 4068+ (L512) Substitutes x = -8 find any one of <. | dM1
__3, 48 _ 3,48
2 464 2 32
dy_ 3 4 3 _ 0 One gradient correctly found. | Al
dx 2 2 —'7 Both gradients of -3 and 0 correctly found. | Al
[6]
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Question

Number Scheme Marks
dr dr .
206. (a) EzlGOO—c\/ﬁ or EzlGOO—k\/ﬁ , Either of these statements | M1
dh dh dy 4000
dv dh dV 4
—_— = X — = —
d dv dr &
cither. 9 _ 1600-cvh _ 1600 cvh _ 04— idh
dt 4000 4000 4000 dh
Convincing proof of m Al AG
or dh _1600—kvh _ 1600 kR 04—k
dt 4000 4000 4000
[3]
dv
(b) When £ =25 water leaks out such that o 400
400 = c\h = 400 = ¢~/25 = 400 = ¢(5) = ¢ =80
c 80 .
From above; k=——=——=0.02 as required Proof that £ =0.02 | B1 AG
4000 4000
_ [1]
Aliter
(b) 400 = 4000k
Way 2
= 400 = 4000k /25
Using 400, 4000 and 4 =25
= 400 =£(20000) = k = 5 = 0.02 or /A =5. Proof that k=0.02 | Bl AG
[1]
20
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