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Question Scheme Marks AQOs
1(a) 6.3 63
. 2 2
lim —Bx:J. —dx Bl 1.2
ox—0 X 1 X
x=2.1 ’
@
(b) = [2Inx]") =2In6.3-2In2.1 M1 1.1b
=In9 CSO Al 1.1b
(2)
(3 marks)
Notes:
Mark (a) and (b) as one
(a)

03 5 63
B1: States that X dx or equivalent such as 2 x  dx but must include the limits and the dx.
2.1 2.1

Condone dx <> Ox as it is very difficult to tell one from another sometimes

(b)
M1: Know that jldx = In x and attempts to apply the limits (either way around)
X

Condone J.de = pInx (including p=1) or J.gdx = plngx as long as the limits are applied.
X X

Also be aware that J-gdx =In x2 , jzdx = 21n|x| +¢ and Izdx =2Incx o.e. are also correct
X X X
[pIn x]zf =pIn6.3— pIn2.1 is sufficient evidence to award this mark

Al: CSO1In9. Also answer = In 32 so k=9 is fine. Condone ln‘ 9‘

39.69

4.41

Note that solutions appearing from "rounded" decimal work when taking Ins should not score the
final mark. It is a "show that" question

The method mark must have been awarded. Do not accept answers such as In

2.197

Eg [2Inx]’ =2In63-2In2.1=2.197 =Ink > k=¢  =8.998=9
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Question Scheme Marks AOs
2 x' Xl
3 f— —_— — —
< < M1 1.1b
= Inx—12(+¢) Al 1.1b
¢ o o ¢ ¢, ¢ 1
3 2| =| = S N M1 2.1
L x"Inx dx 4lnx 6 4lne 6 6
1
7 5 1
T + T Al 1.1b
3)
(5 marks)
Notes:

M1: Integrates by parts the right way round.
Look for Ax*Inx —I Jor' x - dx o.c. with k>0 . Condone a missing dx
X

. . 1
M1: Uses a correct method to integrate an expression of the form I foc x—dx —> ¢ x'
X

4

4
Al: I x’Inxdx = XT Inx— f—6 (+ ¢) which may be left unsimplified

MI: Attempts to substitute 1 and e’ into an expression of the form +px*Inx+gx*, subtracts and uses

Ine’ =2 (which may be implied).
7

Al: Eeg +% o.e. Allow 0.4375¢" +0.0625 or uncancelled fractions. NOT ISW: 7e* +1 is A0

You may see attempts where substitution has been attempted.
u dx u
Eg u=Inx=x=¢ and —=e
du
M1: Attempts to integrate the correct way around condoning slips on the coefficients

4u 4u

j x3lnxdx:j e4”udu=e4 u—j e4 du

4u 4u

3 € (§
M1 Al: J. x Inxdx= 1 u— T (+c)

M1 Al: Substitutes 0 and 2 into an expression of the form +pue™ +ge* and subtracts

It is possible to use integration by parts "the other way around"

To do this, candidates need to know or use I Inxdx=xlnx—x

FYI I:J‘ X lnxdx:x3(xlnx—x)—I (xlnx—x)><3x2 dx:x3(x1nx—x)—3l+%x4

4 1 4 1y 1 4
Hence 4/ =x Inx 7" =>1= 1 Inx T
Score M1 for a full attempt at line 1 (condoning bracketing and coefficient slips) followed by M 1 for line
2 where terms in / o.e. to form the answer.
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Question Scheme Marks | AOs
3(a) Attempts
y.%:(2sin2t+3sint)><16sintcost and uses sin2¢ =2sintcost M1 2.1
Correct expanded integrand. Usually for one of
(R) = J- 48sin’ tcost+16sin” 2¢ dt
(R):_[ 48sin’ tcost+64sin” tcos’ ¢ dt Al L.1b
(R):j 24sin 2rsint +16sin” 2¢ dr
Attempts to use cos4t =1-2sin’ 2¢ :(1—8sin2tcos2t) M1 1.1b
sz 8—8cos4r+48sin’ rcost dr  * Al* 2.1
0
Deduces a =% B1 2.2a
Q)

(b) 2 B . 3 M1 2.1

I 8—8cos4t+48sin” tcost dt =8 —2sin4dt+16sin” ¢ Al L1b

Z Ml 2.1

. .3 (4 .
[8t—2$1n4t+16sm tl) =2n+42 Al L1b
C))
(9 marks)
Notes:

(a) Condone work in another variable, say 6 <> ¢ if used consistently for the first 3 marks

M1: For the key step in attempting y.% =(2sin2¢+3sin¢)x16sinzcoss with an attempt to use

sin 2t =2sinfcost Condone slips in finding % but it must be of the form ksinfcost

E.g. 1

E.g. II

y.az(251n2t+3smt)><ksmtcost:(4smtcost+351nt)><ksmtcost

y.%=(2sin2t+3sint)><ksintcost=(2$in2t+3sint)x§sin2t

Al: A correct (expanded) integrand in # . Don't be concerned by the absence of [ or dr or limits

(R):I 48sin’ tcost+16sin° 2¢ dt or (R):J- 48sin’ tcost +64sin’ tcos ¢ dt

but watch for other correct versions such as ( R) = I 24sin2¢sint +16sin” 2¢ dt

T | EXPERT
IC | TUITION




M1: Attempts to use cos4z =+1+2sin’ 2¢ to get the integrand in the correct form.
. . : . P
If they have the form Psin’ 2¢ it is acceptable to write Psin’ 2t = ?(il + cos 4t)

If they have the form Qsin’ rcos’ ¢ sight and use of sin2¢ and/or cos2¢ will usually be seen first.
There are many ways to do this, below is such an example

) 2 1—cos2¢t \( 1+cos2t 1—cos’ 2t 1 cos” 2t 1 1+cos4t
Qsin” tcos t—Q( > j( 5 j_QLTJ_Q[Z 7 J_Q[ZT)

Allow candidates to start with the given answer and work backwards using the same rules.

2 2 . "
So expect to see cos4r =+1+2xsin 2¢ or cos4s =+2xcos 2¢+1before double angle identities for

sin2t or cos2tare used.

A1*: Proceeds to the given answer with correct working. The order of the terms is not important.
Ignore limits for this mark. The integration sign and the d# must be seen on their final answer.
If they have worked backwards there must be a concluding statement to the effect that they
know that they have shown it. The integration sign and the dt must also be seen

E.g. Reaches J. 48sin” tcos? + 64sin’ rcos” ¢ dt

Answer is 8 —8cos 4t +48sin’ tcost dt
= 8—8(1—2sin22t)+48sin2tcostdt
= 16sin2 2¢+48sin’ tcost dt

= | 64sin’tcos’ 7 +48sin’ tcost dr o
J which is the same, v

B1: Deduces a = % . It may be awarded from the upper limit and can be awarded from (b)

(b)

M1: For the key process in using a correct approach to integrating the trigonometric terms.
May be done separately.
There may be lots of intermediate steps (e.g. let u =sin ¢) .
There are other more complicated methods so look carefully at what they are doing.

j 8 —8cos4t +48sin’ tcost df =...+ Psin 4t + Qsin’ t where P and Q are constants

Al: I 8—8cos4t+485in2tcostdt=8t—2$in4t+16sin3t(+c)

If they have written 16sin’ ¢ as 16sin ¢’ only award if further work implies a correct answer.

Similarly, 8¢ may be written as 8x. Award if further work implies 8¢, e.g. substituting in their limits.
Do not penalise this sort of slip at all, these are intermediate answers.
. . T T . . : .
M1: Uses the limits their @ and 0 where a = §> 7 OF3 Inan expression of the form k¢ + Psin4t+Qsin’ ¢
leading to an exact answer. Ignore evidence at lower limit as terms are 0

8
Al: CSO 2m+4+/2 or exact simplified equivalent such as 27 +ﬁ or 2m++/32.

Be aware that I4 8 —8cos 4t +48sin’ tcost dt = 8t+Asin 4t +16sin’ ¢ (+c)would lead to the
0 =

correct answer but would only score M1 A0 M1 A0
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Question Scheme Marks AOs

x" = x"t M1 1.1b

4
J (8x3—%+5jdx:8%...+5x Al 1.1b
X

3.

:2x4—3x%+5x+c Al 1.1b

“4)

(4 marks)

Notes

M1:

Al:

Al:

Al:

For raising any correct power of x by 1 including 5—5x (not for + ¢ ) Also allow eg
x3 - x3+1

For 2 correct non-fractional power terms (allow unsimplified coefficients) and may appear

on separate lines. The indices must be processed. The + ¢ does not count as a correct term
1

here. Condone the 1 appearing as a power or denominator such as 5% for this mark.

For the correct fractional power term (allow unsimplified) Allow eg +— 2><1.5\/; :
3

1

Also allow fractions within fractions for this mark such as %xz

2

All correct and simplified and on one line including + ¢. Allow —3\/; or —@ for —3x=.
1

Do not accept +—3x? for this mark.

Award once a correct expression is seen and isw but if there is any additional/incorrect
notation and no correct expression has been seen on its own, withhold the final mark.

Eg.J'Zx4 “3x*+Bx+cdr  Or  2x*—3x'+5x+c=0 withno correct expression seen

earlier are both AO.
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Question Scheme Marks AOs
5(a) ) dy 2 -1 M1 1.1b
y==x —2\/;+3:>&—§x—x Al | 11b
13
dy 2 af 13 13 13
— =—x4-4=—| y——=—(x-4
(de 3" (GJ r3T ) ML 2t
13x—6y—26=0* Al* 1.1b
&)
(b) 2 3
J [%—Zx/;+3jdx:%—%x§+3x(+c) '\A/I]]_- iig
y=0=>x=2 Bl 2.2a
A | 13, 76 13
A fRis| ——=x"+3x| —=x(4-"2")x"—="=——-— M1 3.1a
reao.s[gg e D
37
=9 Al 1.1b
&)
(10 marks)
Notes

(@) Calculators: If no algebraic differentiation seen then maximum in a) is MOAOB1IM1A0*
1 1

M1: x" —> x"'seenat leastonce ..x> —>..x', .x2 >.x2, 350.

1 1,

Also accept on sight of eg ..x2 —...x2

2 1 - : -
Al: Ex_x 2 or any unsimplified equivalent (indices must be processed) accept the use of

0.6x but not rounded or ambiguous values eg 0.6x or eg 0.66....x
B1l:  Correct y coordinate of P. May be seen embedded in an attempt of the equation of /

: 1 1 :
M1: Fully correct strategy for an equation for /. Look for y—";" = "g"(x—4) where their

13 . . - . o . . d
) is from differentiating the equation of the curve and substituting in x =4 into their d—y

X
and the y coordinate is from substituting x =4 into the given equation.

If they use y =mx+c they must proceed as far as ¢ =... to score this mark.

Do not allow this mark if they use a perpendicular gradient.
Al*: Obtains the printed answer with no errors.

(b) Calculators: If no algebraic integration seen then maximum in b) is MOAOB1IM1A0Q
1 3

M1:  x" — x"*'seen at least once. Eg ..x* > ..x°, .x2 >..x2, 3—3x". Allow eg
.x2 > ..x* The +cis not a valid term for this mark.
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3
X

Al: 3—§x3 +3x or any unsimplified equivalent (indices must be processed) accept the use

of exact decimals for % (0.1) and —% (—1.3) but not rounded or ambiguous values.

B1l:  Deduces the correct value for x for the intersection of / with the x-axis. May be seen
indicated on Figure 2.
M1: Fully correct strategy for the area. This needs to include
e acorrect attempt at the area of the triangle using their values (could use integration)
e acorrect attempt at the area under the curve using 0 and 4 in their integrated expression
e the two values subtracted.
Be aware of those who mix up using the y-coordinate of P and the gradient at P which is
MO. The values embedded in an expression is sufficient to score this mark.

37 _ 1 : :
Al: ry or exact equivalent eg 4§ or 4.1 butnot4.111.... isw after a correct answer

Be aware of other strategies to find the area R
eg Finding the area under the curve between 0 and 2 and then the difference between the curve
and the straight line between 2 and 4:

2 4
2
j %—2\/;+3 dx+J‘ ——2\/_——x+% dx
0 2

. . : i 1
M1 x" — x"*'seen at least once on either integral (or on the equation of the line y = §x+3)

3 3 3

Al  for correct integration of either integral E_ﬂx +3x or %—%xz —gx +%x (may
be unsimplified/uncollected terms but the indices must be processed with/without the +C)

Bl Correct value for x can be seen from the top of the first integral (or bottom value of the
second integral)

M1  Correct strategy for the area eg.

3 2 3 4
9 3 9 3 12 3 9 3 9

0 2

37 _ 1 :
Al: ) or exact equivalent eg 45 or 41 butnot4.1 or4.111....

1
You could also see use of the area of a trapezium and/or the use of the line y = gx +3 to find

other areas which could be combined or used as part of the strategy to find R. Ignore areas
which are not used. The marks should still be able to be applied as per the scheme

Avrea of large trapezium

1
y=—x+3
1 L 13] 44 3
=—x|3+— |x4d=— 3

2 3

Area of triangle and the y

: . 1
<«—_ coordinate of point P are both ?3
2 4 Give BOD if in doubt of intention

3

: 1 .
Area of trapezium — (Area between y = §x+ 3 and curve C + area of triangle)

_44 56 13 _37
3 9 3 9
T | EXPERT
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Question Scheme Marks AOs

6(a) h=05 Bl 1.1b
Az%x%{0.4805+1.9218+2(0.8396+1.2069+1.5694)} M1 | 1.1b
=241 Al 1.1b
3)
(b) 2 2 2Inx M1 3.1a
I(Inx) dx-x(lnx) —J.xx . dx Al 11b
:x(lnx)2—2_|.|nx dx=x(|nx)2—2(x|nx—_|.dx)
) ) dM1 | 21
=x(|nx) —2I|nx dxzx(lnx) —2xInx+2x
4
I:(lnx)zdx:[x(lnx)z—2x|nx—|—2xl
= 4(In4)° —2x4In4+2x4—(2(In2)* =2x2In 2+ 2x2) ddM1 | 2.1
=4(2In2)" -16In2+8-2(In2)" +4In2-4
=14(In2)" -12In2+4 Al | 11b
3)
(8 marks)
Notes
(a)
B1: Correct strip width. May be implied by %x%{} or %x{}

M1: Correct application of the trapezium rule.
Look for %x "h"{0.4805+1.9218+ 2(0.8396+1.2069 +1.5694)} condoning slips in the digits.

The bracketing must be correct but it is implied by awrt 2.41
Al: 2.41 only. This is not awrt

(b)

M1: Attempts parts the correct way round to achieve ax(In x)2 —,Bj Inx dx o.e.

May be unsimplified (see scheme). Watch for candidates who know or learn Iln xdx=xInx—x

xInx—x

who may write I(In x)2 dxzj‘(ln x)(Inx) dx = |nx(x|nx—x)—j dx

X
Al: Correct expression which may be unsimplified

dM1: Attempts parts again to (only condone coefficient errors) to achieve ax(In x)2 —pxInxtyx o.e.
ddM1: Applies the limits 4 and 2 to an expression of the form +x(In x)2 + BxInx+yx, subtracts and

applies In4 = 2In 2 at least once. Both M's must have been awarded
Al: Correct answer

It is possible to do j(ln x)2 dx via a substitution  =Inx but it is very similar.
ML1AL dM1: [u®e" du=u’e" - [2ue" du,=u’e" - 2ue" +2¢"

ddM1: Applies appropriate limits and uses In4 = 2In 2 at least once to an expression of the form
u®e" — pue” £ ye" Both M's must have been awarded

T | EXPERT
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Question Scheme Marks | AOs
7 4
3x —4 3 -3 M1 1.1b
_‘- o dx‘_‘-ix_zx dx Al | LIb
3 2 -2
X
=l _oxZ  (+ dM1 3.1a
2><2 2% 5 (+o)
3 2 1
=—X +—+4+cCc o0.¢ Al 1.1b
4 x?2
“4)
(4 marks)
Notes:

(@
M1: Attempts to divide to form a sum of terms. Implied by two terms with one correct index.

4
J. 3_x3 —i3 dx scores this mark.
2x  2x

Al: J.%x —2x " dx o.e such as %j(?:x— 4x_3) dx . The indices must have been processed on both

terms. Condone spurious notation or lack of the integral sign for this mark.

dM1: For the full strategy to integrate the expression. It requires two terms with one correct index.

Look for =ax” +bx" where p=2or qg=-2

Al: Correct answer %xz +i2+c 0.e. such as %x2 +x +c
X
T | EXPERT
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Question Scheme Marks | AOs
8 "6 7 MI | LIb
—dx=|ax?*| =20 =36-12vk =20 ’
jk NP [“x l = vk Al | LIb
Correct method of solving Eg. 36 —12Vk=20=k = dM1 3.1a
=k= % oe Al 1.1b
“)
(4 marks)
Notes:

1 9
M1: For setting {axz} =20
k
Al: A correct equation involving p Eg. 36 —12vk =20

1
dM1: For a whole strategy to find . In the scheme it is awarded for setting [ax2

k

1
limits and proceeding using correct index work to find 4. It cannot be scored if k2 <0

16
Al: k=—
k 9

9
} =20, using both

T | EXPERT
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Question Scheme Marks | AOs
9(a) f(x)=-3x" +12x+8=-3(x+2) +... M1 | 1.1b
=3(x=2)"+.. Al | LIb
=-3(x=2)"+20 Al Llb
3)
Coordinates of M =(2,20) Blft | Llb
(b) Blft | 2.2a
(2)
(© 5 s M1 1.1b
J 23x? +12x+8 dx = —x° + 6x° +8x i
z 2
Method to ﬁndR=their2><20—J. (—3x +12x+8)dx Ml | 3.la
0
R :40—[—23+24+16} dM1 | 1.1b
=8 Al 1.1b
)
(10 marks)
Alt(c) , Ml | 1.1b
—12x+12dx=x"—6x>+12 :
J 3x x+12dx=x" —6x" +12x Al L1b
2
Method to find R ='[ 3x* —12x+12 dx M1 3.1a
0
R=2—6x2"+12x2 dM1 | 1.1b
P Al 1.1b
Notes:
(a)

M1: Attempts to take out a common factor and complete the square. Award for —3(x+ 2)2 +...

Alternatively attempt to compare —3x° +12x+8 to ax” +2abx +ab” +c to find values of a

and b

Al: Proceeds to a form —3(x—2)” +... or via comparison finds a =—3,b=-2

Al:  =3(x-2)"+20

T | EXPERT
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12

(b)
B1ft: One correct coordinate

B1ft: Correct coordinates. Allow asx= ...,y = ...
Follow through on their (b, ¢)

(©)

M1: Attempts to integrate. Award for any correct index

Al: J —3x” +12x+8 dx =—x’ +6x” +8x (+ ¢ ) ( which may be unsimplified)

o
M1: Method to find area of R. Look for their2x"20"— jf (x) dx

0
dM1: Correct application of limits on their integrated function. Their 2 must be used

Al: Shows that area of R = &

T | EXPERT
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Question Scheme Marks AOs
10 (a) x=u’+1=dx=2udu Oe B1 1.1b
. 3dx 3x2u du
Full substitution = M1 1.1b
j(xl)(3+ 24x-1) _“(u2 +1-1)(3+2u)
Finds correct limitse.g. p=2,4=3 B1 1.1b
_ 3Z><2/du _ 6du AL ”1
u” (3+2u) u(3+2u)
4)
(b) 6 A B
_— =4 :)A:...,B:...
u(3+2u) u 3+2u M1 L1b
Correct PF 6 —g— 4
' u(3+2u) u 3+2u Al 1.1b
O ohu-2in(3+20) (%) ami ) 3la
u(3+2u) Alft 1.1b
Uses limits ¢ ="3",u ="2" with some correct In work
. M1 1.1b
leadingto kInb  E.g. (2In3-2In9)—(2In2-2In7)= 2In%
Inﬂg Al 2.1
36
(6)
(10 marks)
Notes: Mark (a) and (b) together as one complete question

(@
B1: dx = 2udu or exact equivalent. E.g. O _ 2u, du _ l(x—l)%
du de 2

M1: Attempts a full substitution of x =% +1, including dx — ...udu to form an integrand in terms of .
Condone slips but there should be an attempt to use the correct substitution on the denominator.

B1: Finds correct limits either states p = 2,4 =3 or sight of embedded values as limits to the integral

A1*: Clear reasoning including one fully correct intermediate line, including the integral signs, leading to the
given expression ignoring limits. So B1, M1, BO, Al is possible if the limits are incorrect, omitted or left
as 5 and 10.

(b)
M1: Uses correct form of PF leading to values of 4 and B.
6 2 4
Al: Correct PF————~=— (Not scored for just the correct values of 4 and B)

u(3+2u) u _3+2u

dM1: This is an overall problem solving mark. It is for using the correct PF form and integrating using Ins.
Look for Plnu+QIn(3+2u)

Alft: Correct integration for their £+

u 3+2u
M1: Uses their 2 and 3 as limits, with at least one correct application of the addition law or subtraction law
leading to the form kInbor Ina. PF's must have been attempted. Condone bracketing slips. Alternatively
changing the u's back to x's and use limits of 5 and 10.
Al: Proceeds to |n4_9. Answers without working please send to review.

13 36 T | EXPERT
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Question Scheme Marks | AOs
11 (a) oy ] M1 1.1b
5
——=+3 [dx=5x +3x Al 1.1b
.[ (2& j
[5vx+3x] =4=5Jk+3k-8=4 dM1 | 11b
3k +5Vk—12=0 * Al* 2.1
“)
(b) 3k+5vk —12=0= 3k —4)(Vk +3) =0 Ml | 3.la
I:%,(—3) Al 1.1b
Vk=..=k=..0e dM1 | 1.1b
k= %, X Al 2.3
“
(8 marks)
Notes
(a)
1
M1: For x" — x"" on correct indices. This can be implied by the sight of either x2 or x
1
Al:  5Jx+3x or 5x” +3x but may be unsimplified. Also allow with + ¢ and condone any
spurious notation.
dM1: Uses both limits, subtracts, and sets equal to 4. They cannot proceed to the given answer
without a line of working showing this.
Al*: Fully correct proof with no errors (bracketing or otherwise) leading to given answer.
(b)
M1: For a correct method of solving. This could be as the scheme, treating as a quadratic in Jk
and using allowable method to solve including factorisation, formula etc.
. . 4
Allow values for \/% to be just written down, e.g. allow Jk = ig,(ﬁ)
Alternatively score for rearranging to 5Jk =123k and then squaring to get
k=(12-3k)’
Al JE=2 (-3)
3 2
Or in the alt method it is for reaching a correct 3TQ equation 9k’ —97k +144 =0
dM1: For solving to find at least one value for £. It is dependent upon the first M mark.
In the main method it is scored for squaring their value(s) of Jk
In the alternative scored for solving their 3TQ by an appropriate method
. . 16 .
Al:  Full and rigorous method leading to £ = — only. The 9 must be rejected.

9
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Question Scheme Marks AOs

12 (a) y=x(x+2)(x—4)=x"—2x> —8x Bl 1.1b
1 2
Jx3—2x2—8xdx _)ZX4_§X3_4XZ M1 1.1b
0
Attempts area using the correct strategy I ydx dM1 2.2a
)
0
1 4 2 3 2 _16 20 *
—x —=x - =0)—|4——- =— Al* 2.1
‘:4x 3 4x :'_2 (0) (4 3 16) 3
(C))
b 1 2 20
®) For setting 'their’ —b* —= b’ —4b* =+ Ml 1.1b
4 3 3
For correctly deducing that 3b* —8b> —48b*> +80 =0 Al 2.2a
Attempts to factorise
A X 5 5 M1 1.1b
3b" —8b" —48b" £80 = (b+2)(b +2)(3b"...b...20)
Achieves (b+2)° (3b2 —20b+ 20) = 0 with no errors Al* 2.1
4
(©
,r‘ States that between x =-2
Bl 1.1b
and x =5.442 the area
above the x-axis = area
Bl 2.4
below the x -axis
(2)
(10 marks)

(2)
B1: Expands x(x+2)(x—4)to x’ —2x> —8x (They may be in a different order)

M1: Correct attempt at integration of their cubic seen in at least two terms.

1 .
seen at least twice

Look for an expansion to a cubic and x" — x"*
dM1: For a correct strategy to find the area of R;

It is dependent upon the previous M and requires a substitution of —2 into * their integrated function.

0
The limit of 0 may not be seen. Condone [% x* —§x3 - 4x2} = ? oe for this mark
-2

T

d

EXPERT
TUITION




. . 20 . . .
A1%*: For a rigorous argument leading to area of R; = 3 For this to be awarded the integration must be correct

and the limits must be the correct way around and embedded or calculated values must be seen.

16 1 4 2 3 2 20
Eg. Look for —(4 + 3 —16} or —[Z(—Z) - 3(—2) - 4(—2) j oe before you see the 3
Note: It is possible to do this integration by parts.
(b)
1, 2 20 1, 2 ’
M1: For setting their —b* —= b’ —4b* =+ = x-S 4| =
or setting their 7 3 3 O [7¥ —3% 4x ; 0
A1l: Deduces that 3b* —8b* —48bh> +80 = 0. Terms may be in a different order but expect integer coefficients.
1 2 20
It must have followed —b* —= 5> —4b* = —== oe.
4 3 3
) 1., 2, , 20 ) )
Do not award this mark for Zb — §b —4b” + 3= 0 unless they attempt the second part of this question

by expansion and then divide the resulting expanded expression by 12
MI1: Attempts to factorise 3b* —8b° —48b” +80 = (b + 2) (b+2)(3b°...b...20) via repeated division or

inspection. FYI 3b* —8b° —48b° +80 = (b + 2) (3b° —14b> —20b + 40) Allow an attempt via inspection
3b* —8b* —48h> £80 = (b2 +4b+ 4) (3b>...h...20) but do not allow candidates to just write out

3b* —8b° —48b* +80 = (b + 2)2 (3b” —20b +20) which is really just copying out the given answer.
Alternatively attempts to expand (b + 2)2 (3b2 —20b+ 20) achieving terms of a quartic expression

A1*: Correctly reaches (b+2) (3b2 —20b+ 20) = 0 with no errors and must have =0

In the alternative obtains both equations in the same form and states that they are same. Allow v' QED
etc here.

(c) Please watch for candidates who answer this on Figure 2 which is fine

B1: Sketches the curve and a vertical line to the right of 4 (x = 5.442 may not be labelled.)

B1: Explains that (between x =—2 and x =5.442) the area above the x-axis = area below the x -axis with
appropriate areas shaded or labelled.
Alternatively states that the area between 1.225 and 4 is the same as the area between 4 and 5.442

) . 20
Another correct statement is that the net area between 0 and 5.442 is — —

Look carefully at what is written. There are many correct statements/ deductions.
Eg. " (area between 0 and 4) - (area between 4 and 5.442) = 20/3". Diagram below for your information.

40

R, =36.03

20

————— R, =3603
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17

Question Scheme Marks AOs
13 (a) (i) Explains 2x —g =0when x=20e Hence g =4 * B1* 24
(ii) Substitutes 3,1 into y=—P3%  andsolves Ml 1.1b
2 (2x—4)(x+3)
1 p-9
== =>p-9=6=>p=15* *
3 (2)><(6) p p Al 2.1
3)
(®) Attempts to write _15=3x in PF's and integrates using Ins
(2x—4)(x+3) M1 3.1a
between 3 and another value of x.
15-3x A B .
= + leading to 4 and B
(2x-4)(x+3) (2x-4) (x+3) creloam Ml 1.1b
15-3x 1.8 B 2.4 or 09 24 e Al 11
(2x—-4)(x+3) (2x-4) (x+3) (x=2) (x+3) ‘
" 15-3x
I= dx=mIn(2x—4)+nIn(x+3)+(c) Ml 1.1b
J (2x—4)(x+3)
[ 15-3x
I = dx=0.9In(2x—-4)—-2.4In(x+3) oe Alft 1.1b
J (2x—4)(x+3)
5
Deduces that Area Either 15-3x
(2x—4)(x+3)
s Bl 2.2a
5
Or [ .............. ]3
Uses correct In work seen at least once for In6=In2+1In3 or
In8=3In2
dM1 2.1
[0.91n(6)—2.4ln(8)]—[0.9ln(2)—2.4ln(6)]
=33In6-72In2-0.9In2
=3.3In3—-4.8In2 Al 1.1b
®
(11marks)
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()
B1*: Is able to link 2x—g =0and x =2 to explain why g =4

Eg "The asymptote x =2 is where 2x—g=0s0 4—g=0=>¢g=4"
"The curve is not defined when 2x2—-g=0=¢g=4"

There must be some words explaining why ¢ = 4 and in most cases, you should see a reference to
either "the asymptote x =2", "the curve is not defined at x=2", 'the denominatorisO at x =2"

1 —
M1: Substitutes (3, —j into y = (P;h and solves

2 2x— 4) (x + 3)
1 -
Alternatively substitutes (3, EJ into y= % and shows % = r6(6) oe
X — X+ X
A1*: Full proof showing all necessary steps 1 = _P=)_ =>p-9=6=>p=15

2 (2)x(6)

In the alternative there would have to be some recognition that these are equal eg v hence p =15

(b)
M1: Scored for an overall attempt at using PF's and integrating with Ins seen with sight of limits 3 and another
value of x.
Mi1: 15-3x = 4 + B leading to 4 and B
(2x-4)(x+3) (2x-4) (x+3)
INE 15-3x 1.8 2.4 . or for example 0.9 2.4 9 12

(2x—4)(x+3) (2x—4) (x+3) (x—=2) (x+3)° (10x-20) (5x+15) >
Must be written in PF form, not just for correct 4 and B

15-3x
M1: AreaR = = —
rea _'-(2x—4)(x+3) dx=mIn(2x—4)+nIn(x+3)

OR j(2x1_54_)5§+3)dx=m1n(x—2)+nln(x+3)

!
(x=2)

Note that J dx—)lln(kx—Zk) and I—)dx—>m1n(nx+3n)

m
(x+3

Alft: = 153« dx=0.9In(2x—-4)—-2.4In(x+3) oe. FT on their 4 and B
(2x—4)(x+3)

B1: Deduces that the limits for the integral are 3 and 5. It cannot just be awarded from 5 being marked on
s

15-3
Figure 4. So award for sight of '[ al (dx) or [ .............. ]j having performed an integral which

(2x — 4) (x + 3)
3
may be incorrect
dM1: Uses correct In work seen at least once eg In6=In2+In3, In8=3In2 or mIn6k —mIn2k =mlIn3
This is an attempt to get either of the above In's in terms of In2 and/or In3
It is dependent upon the correct limits and having achieved m In(2x —4)+ nIn(x +3) oe
Al: =3.3In3—-4.8In20e
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Question Scheme Marks | AOs
14(a) X —s ! Ml 1.1b
4 2 1,5, Al 1.1b
—+hkx |dx=——+-kx"+c
J‘()ﬁ j X2 2 Al 1.1b
3)
(b) 2
{—iﬁlkﬁ} :(—%+l ><4)— __2 2+lk><(0.5)2 =8 | Ml 1.1b
X 2 0.5 2 2 (05) 2
15
7.5+§k:8:>k:... dM1 1.1b
4
=— Al 1.1b
k 5 oe
3)
(6 marks)

Notes

Mark parts (a) and (b) as one
(a)

M1: For x" — x"" for either x>

or x'. This can be implied by the sight of either x % or x%.

-3+1 and x1+1

Condone " unprocessed" values here. Eg. x
Al: Either term correct (un simplified).
-2 2

Accept 4><)i— or k%

Al: Correct (and simplified) with +c.

with the indices processed.

Ignore spurious notation e.g. answer appearing with an J sign or with dx on the end.

2

2 1
Accept —— + Ekx2 +c or exact simplified equivalent such as —2x* + k% +c
X

(b)
2 1
M1: For substituting both limits into their—— + Ekx2 , subtracting either way around and setting
X
equal to 8. Allow this when using a changed function. (so the M in part (a) may not have been
awarded). Condone missing brackets. Take care here as substituting 2 into the original function
gives the same result as the integrated function so you will have to consider both limits.

dM1: For solving a linear equation in 4. It is dependent upon the previous M only
Don't be too concerned by the mechanics here. Allow for a linear equation in k leading to £ =
4

Al: k= iS or exact equivalent. Allow for ™ where m and n are integers and i T

1 n n
Condone the recurring decimal 0.26 but not 0.266 or 0.267
Please remember to isw after a correct answer

19
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Scheme Marks AOs
IS. The overall method of finding the x coordinate of A4. M1 3.1a
y:2x3—17x2+40x:>%:6x2—34x+40 Bl 1.1b
dy 2
5, 0= 6% —34x+40=0=2(3x=5)(x—4)= 0= x=.. M1 1.1b
Chooses x=4 % Al 3.2a
3 2 1 4 17 3 2
[ 22 =17x +40x dx = Fx' = +20x Bl 1.1b
Area =1(4)“—1—7(4)3+20(4)2 M1 1.1b
2 3

_26 Al* 2.1

3

()
(7 marks)
Notes

M1: An overall problem -solving method mark to find the minimum point. To score this you need
to see

e an attempt to differentiate with at least two correct terms

e an attempt to set their % = 0 and then solve to find x. Don't be overly concerned by the

mechanics of this solution

B1: (% :j 6x* —34x+40 which may be unsimplified

M1: Sets their % =0, which must be a 3TQ in x, and attempts to solve via factorisation, formula

or calculator. If a calculator is used to find the roots, they must be correct for their quadratic.
5

If %is correct allow them to just choose the root 4 for M1 Al. Condone (x - 4)()( - Ej

Al: Chooses x=4 This may be awarded from the upper limit in their integral

Bl1: j 2x° —17x> +40x dx = B x* - %f + 2ox2} which may be unsimplified

M1: Correct attempt at area. There may be slips on the integration but expect two correct terms
. . . d -
The upper limit used must be their larger solution of &y =0 and the lower limit used must be 0.

So if their roots are 6 and 10, then they must use 10 and 0. If only one value is found then the limits
must be 0 to that value.
Expect to see embedded or calculated values.

Don’t accept J': 2x° —17x" +40x dx = ? without seeing the integration and the embedded or

calculated values

256 . . . :
Al*: Area = = with correct notation and no errors. Note that this is a given answer.
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Notes on Question 15 continue

For correct notation expect to see
d d : , ,
ay or Eused correctly at least once. If f(x) is used accept f'(x) . Condone y

. J 2x’ —17x* +40x dx used correctly at least once with or without the limits.
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Question Scheme Marks AQOs
16 (a) * o) ) M1 l.1a
dx=—In(3x—k)
J Bx—k) 3 Al 1.1b
@ 3k 2 2 2
dx==In(9% —k)—-=In(3k —k) dMm1 1.1b
J, Bx-k) 3 3
zzln % :zln4 oe Al 2.1
3 (2/K) 3
“4)
(b) r
%dxz— ! M1 1.1b
J (2x-k) 2x—k)
@2k
%dx:— ! + ! dM1 1.1b
J, 2x-k) (4k—k) (2k—k)
_2 1 Al 2.1
3% ("% '
3)
(7 marks)

(@)

M1: 2 dx=A4In(3x—k) Condone a missing bracket
(Bx—k)

Alzj 2 de=2InGx—k)
Gx—k) 3

Allow recovery from a missing bracket if in subsequent work AIn9% —k — AIn8k
dM1: For substituting £ and 3k into their A4 In(3x — k) and subtracting either way around

2 8 2
Al: Uses correct In work and notation to show that [ = 5 In (Ej or 5 In4 oe (ie independent of k)

(b)
M1: j 2 ~dx = ¢
2x—k) (2x—k)

dM1: For substituting k and 2k into their

and subtracting
(2x—k)

Al: Shows that it is inversely proportional to £ Eg proceeds to the answer is of the form f% with A=%

1 1 1 I 1
There is no need to perform the whole calculation. Accept from ——+-—= (—— + lj — o —

X — oC
G k) U3 )% "k

If the calculation is performed it must be correct.

Do not isw here. They should know when they have an expression that is inversely proportional to £.

You may see substitution used but the mark is scored for the same result. See below

C
u=2x—-k— ‘:—:| for M1 with limits 3k and k& used for dM1
u
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Question Scheme Marks AOs
17(a) dH HcosO 25t dH cosO 25t M -
dr H e
1 Ml 1.1b
In H =—sin0.25¢(+c
10 (+¢) Al 1.1b
Substitutes t =0, H =5=c=1n(5) dM1 3.4
in| )= Laino2si = p = 5e1sm02s Al* 2.1
5 10
)
(b) Max height = 5¢*1=5.53m (Condone lack of units) B1 34
(1)
© Sets 0.25¢ = 577[ Mi 3.1b
314 Al 1.1b
(2)
(8 marks)

(@
1 0.25¢
M1: Separates the variables to reach jﬁ dH = J. % d¢ or equivalent.

The integral signs need to be present on both sides and the dH AND df need to be in the correct positions.

M1: Integrates both sides to reach In H = Asin 0.25¢ or equivalent with or without the + ¢

1
Al: InH = msm 0.25¢ + ¢ or equivalent with or without the + ¢. Allow two constants, one either side

If the 40 was on the lhs look for 40In H =4sin0.25¢ + ¢ or equivalent.

dM1: Substitutes =0, H =5 =>c =.. There needs to have been a single " + ¢ " to find.

It is dependent upon the previous M mark. You may allow even if you don’t explicitly see "t =0, H =5" as
it may be implied from their previous line

If the candidate has attempted to change the subject and made an error/ slip then condone it for this M but not
the final A. Eg. 40In H =4sin0.25t +¢c == H* =""*% 4 ¢ =50 =1+ = c=...

Also many students will be attempting to get to the given answer so condone the method of finding ¢ =...
These students will lose the A1* mark

1 .
A1*: Proceeds via In H = —sin0.25¢+1n5 or equivalent to the given answer H = 5¢*5"*

10

least one correct intermediate line and no incorrect work.

with at

DO NOT condone c's going to c's when they should be ¢ or 4
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. 1 . llsino.zsmns %sinO.ZSt s
Accept as a minimum In H = 7050 025t +In5= H =¢l0 or H=el X € before

sight of the given answer

If the only error was to omit the integration signs on line 1, thus losing the first M1, allow the candidate to
have access to this mark following a correct intermediate line (see above).

If they attempt to change the subject first then the constant of integration must have been adapted if the A1*
) 1 . 1 Gin0.25e+c L Gin0.25¢

is to be awarded. lnH:msm().25t+c:H:e10 = H = Ae'

The dM1 and A1* under this method are awarded at virtually the same time.

H t

40
Also, for the final two marks, you may see a proof from Iﬁ dH = jcosO.ZSt dt
0

[

(b)

B1: States that the maximum height is 5.53 m  Accept 5¢*! Condone a lack of units here, but penalise if
incorrect units are used.

()

5
M1: For identifying that it would reach the maximum height for the 2nd time when 0.25¢ = TH or 450

Al: Acceptawrt 31.4 or 107 Allow if units are seen
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Question Scheme for Substitution Marks AOs

18 2
Chooses a suitable method for j 2xNx+2 dx
0

Award for Ml 3.1a
e Using a valid substitution u =..., changing the terms to u's
e integrating and using appropriate limts .

Substitution Substitution
dx dx B1 1.1b
u=x+2=—=2u oe u=x+2=>—=1 oe
du du
J 2xx+2 dx J 2xJx+2 dx
M1 1.1b
= jA(uz + 2’ du = IA(ui2)JZdu
5 3 3 3
=Pu’ +Qu — Su? +Tu? dMl1 2.1
4 5 8 3 4 Bl 8 3
L _*.2_°2.2 Al 1.1b
5 u 3 u 5 u 3 u
Uses limits 2 and \/5 the Uses limits 4 and 2 the correct 4dM1 L1b
correct way around way around
32
——— % %k
T (2++2) Al 2.1
(7
(7 marks)

M1: For attempting to integrate using substitution. Look for
e terms and limits changed to u's. Condone slips and errors/omissions on changing dx — du
e attempted multiplication of terms and raising of at least one power of u by one. Condone slips
e Use of at least the top correct limit. For instance if they go back to x's the limit is 2

B1: For substitution it is for giving the substitution and stating a correct —

du

dx : du
Eg, u =+x+2 = — =2u or equivalent such as— =

1

du dr  2x+2
M1: It is for attempting to get all aspects of the integral in terms of 'u'.
All terms must be attempted including the dx. You are only condoning slips on signs and coefficients
dM1: It is for using a correct method of expanding and integrating each term (seen at least once) . It is
dependent upon the previous M
Al: Correct answer inx or u  See scheme
ddM1: Dependent upon the previous M, it is for using the correct limits for their integral, the correct way
around

32
Al*: Proceeds correctly to = E (2 + x/i ) . Note that this is a given answer

2
4 8 32
There must be at one least correct intermediate line between |:§ u — § u’ :| and — (2 ++/2 )
NG
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Question Scheme for by parts Marks AOs
Alt
18 2
Chooses a suitable method for I 2xy/x+2 dx
0
Award for Ml 3.1a
e using by parts the correct way around
e and using limits
) 2 3
(Vr+2)dr=3(x+2)2 BI 1.1b
[ 4
* 3 3
2x\x+2 dx=Ax(x+2)2—jB(x+2)2(dx) M1 1.1b
3 3
= Ax(x+2)2-C(x+2)> dMm1 2.1
4 3 8 3
=—x(x+2)2——(x+2)2 Al 1.1b
R )
Uses limits 2 and 0 the correct way around ddM1 1.1b
32
= %
- (2++2) Al 2.1
Q)

26

M1: For attempting using by parts to solve It is a problem- solving mark and all elements do not have
to be correct.

e the formula applied the correct way around. You may condone incorrect attempts at
integrating ~/x+ 2 for this problem solving mark
o further integration, again, this may not be correct, and the use of at least the top limit of 2

3
3

= 2 2 2 S
(x+2)2 oe Maybeawardedj 2x\x+2 dx_)xzxg
0

w| N

B1: For I(M)dx =

3

3
M1: For integration by parts the right way around. Award for Ax(x + 2)E - J.B (x + 2)E (dx)

3 5
dM1: For integrating a second time. Award for Ax(x + 2)5 - C(x + 2)5

4 3 8 3
Al: EX(XJF 2)2 _E(X+ 2)2 which may be un simplified

ddM1: Dependent upon the previous M, it is for using the limits 2 and 0 the correct way around
32 . . .
Al1*: Proceeds to = E (2 + \/5 ) . Note that this is a given answer.

At least one correct intermediate line must be seen. (See substitution). You would condone missing
dx’s
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Question Scheme Marks AOs
19
j(%)f —6\/;+ljdx

Attempts to integrate awarded for any correct power M1 I.1a

4
20 _ox +1 |dv= 2xt 4 x Al 1.1b

3 3 4
=6 Al | Lib

%
= éx4—4x;+x+c Al 1.1b
(4 marks)
Notes

M1: Allow for raising power by one. x" — x"*'
Award for any correct power including sight of 1x

Al: Correct two ‘non fractional power’ terms (may be un-simplified at this stage)

Al: Correct ‘fractional power’ term (may be un-simplified at this stage)

Al: Completely correct, simplified and including constant of integration seen on one line.
Simplification is expected for full marks.

4
. . X
Accept correct exact equivalent expressions such as o —4xx +1x' +¢
4 3
x" —24x* +6x
—  —+c

6
Remember to isw after a correct answer.

Accept

. . 1 3
Condone poor notation. Eg answer given as jg x'—4x +x+c

27
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Question Scheme Marks AOs
20. For the complete strategy of finding where the normal cuts the x-
axis. Key points that must be seen are Mil 3.1a

e Attempt at differentiation

28
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e Attempt at using a changed gradient to find equation of

normal
e Correct attempt to find where normal cuts the x - axis
32 dy 64 M1
=—+4+3x-8=>—=——+43
y = +3x—-8= = + Al

For a correct method of attempting to find

Either the equation of the normal: this requires substituting

x =4 1in their % = —6—? +3=(2), then using the perpendicular
X
gradient rule to find the equation of normal y—6="— % "(x—4)
dM1 2.1
Or where the equation of the normal at (4,6) cuts the x - axis. As
above but may not see equation of normal. Eg
1

0-6="- 5 "(x—4) = x =... or an attempt using just gradients
n_ l n__ =a=

2 a-4 -

Normal cuts the x-axis at x =16 Al 1.1b

For the complete strategy of finding the values of the two key
areas. Points that must be seen are
e There must be an attempt to find the area under the curve
by integrating between 2 and 4 M1 3 1a
e There must be an attempt to find the area of a triangle

e
b 1 1 1 " 1 "
using EX( 16'-4)x6 or J‘ (—§x+8j dx

4

32 32 3, M1
J?+3x 8dx= x+2x 8x Al
2 3, T
Area under curve = =| ——=+>x" —8x | =(-16)—(-26)=(10) dM1 1.1b
x 2 5
Total area =10+ 36 =46 * Al* 2.1
10)
(10 marks)

(2)
The first S marks are for finding the normal to the curve cuts the x - axis
M1: For the complete strategy of finding where the normal cuts the x- axis. See scheme

M1: Differentiates with at least one index reduced by one
. dy 64
Al: R +3
dM1: Method of finding
either the equation of the normal at (4, 6) .
or where the equation of the normal at (4, 6) cuts the x - axis
See scheme. It is dependent upon having gained the M mark for differentiation.
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Al: Normal cuts the x-axis at x=16
The next 5 marks are for finding the area R
M1: For the complete strategy of finding the values of two key areas. See scheme

M1: Integrates J % + 3x —8 dx raising the power of at least one index
X

Al: 32 +3x-8dx=- 32 + 3 x* —8x which may be unsimplified
xz X 2

323 )
. — 2 — —

aM1: Arca = ‘:—7+§x —SxL ~ (~16)—(~26) = (10)

It is dependent upon having scored the M mark for integration, for substituting in both 4 and 2 and
subtracting either way around. The above line shows the minimum allowed working for a correct
answer.

A1%*: Shows that the area under curve = 46. No errors or omissions are allowed

A number of candidates are equating the line and the curve (or subtracting the line from the curve)
The last 5 marks are scored as follows.
M1: For the complete strategy of finding the values of the two key areas. Points that must be seen
are
e There must be an attempt to find the area BETWEEN the line and the curve either way
around by integrating between 2 and 4

e There must be an attempt to find the area of a triangle using %x ('16'— 2) X (—% x2+ 8) or

16
via integration j ("— % x+8 ") dx
2

(1 2
M1: Integrates J (“— X+ 8 "J - (3—2 +3x— 8) dx either way around and raises the power of at least
X

one index by one

Al: i[—%+%x2 —16xj must be correct

1 32
dM1: Area = ("—§x+8"]—(—2+3x—8j dx = ......either way around
X
Al: Area= 49-3=46
NB: Watch for candidates who calculate the area under the curve between 2 and 4 = 10 and
subtract this from the large triangle = 56. They will lose both the strategy mark and the answer
mark.
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Question Scheme Marks @ AOs
21(2) Ml | 22
(1)j B dx = \/§xj Jx dx=1048 = 2042 N 1'13
3
32 MIl 2.1
242 _2=
(11)J‘\/_de‘\/_dx+J‘\/_dx x}+10 3 Al | 11b
4)
(b) a 2 3 M1 | L.1b
R= dx=|=x2 '
IRE {3)‘ 1 Al | 1.1b
2 3 2 3 2
§a2—§=10:>a =16=a=16° dM1 3.1a
42 8
:>a:2X§:2§ Al 2.1
)
(8 marks)
Notes:
(a)(1)

M1: For deducing that J. a VBx dx =8 x j ax/; dx attempting to multiplyj‘ “\/; dx by /8
Al: 2042 or exact equiv:llent | |
(a)(ii) 1
M1: For identifying and attempting to use j Jx dx = J Jx dx +I Jx dx
0 0 1

32 .
Al: For 3 or exact equivalent

(b)
1 3
M1: Attempts to integrate, x> — x*

a 2 3 ¢
Al: J.I\/;dx=[§x}
1

3 a

dM1: For a whole strategy to find a. In the scheme it is awarded for setting [...xz} =10, using both
1

limits and proceeding using correct index work to find a. Alternatively a candidate could assume

5P
a=2" . In such a case it is awarded for setting [...xz } =10, using both limits and proceeding using
1

correct index work to A=..
8

4><z -
Al: g=2 3=2°

. . 8
In the alternative case, a further statement must be seen following k = 3 Hence True

31
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Question Scheme Marks @ AOs

22 y=(x=2)" (x+3)=(x" —4x+4)(x+3)=x" = 1x* ~8x+12 Bl | Llb

An attempt to find x coordinate of the maximum point. To score this
you must see either

e an attempt to expand (x—2)2 (x+3) , an attempt to

differentiate the result, followed by an attempt at solving

Y_y Ml | 3.a
dx
e an attempt to differentiate (x—2)2 (x+3) by the product rule
followed by an attempt at solving %} =0
3 2 dy 2
y=x" —lx —8x+12:>a:3x —-2x—8 M1 1.1b
. . dy
Maximum point occurs when v 0= (x—2)(3x+4)=0 Ml 1.1b
4

An attempt to find the area under y = (x - 2)2 (x + 3) between two

values. To score this you must see an attempt to expand

5 M1 3.1a
(x—2)"(x+3) followed by an attempt at using two limits
P
Area = (x3—1x2—8x+12)dx={7—?—4x2+12x} Ml | Llb
Uses a top limit of 2 and a bottom limit of their
4 XX o 2 Ml | 22
- _ TR _ 2a
X = 3R {4 3 4x +12x}4
28 1744 2500
= - Al 2.1
R T
)
(9 marks)

Notes:

B1: Expands ()c—2)2 (x+3)to x’ —1x* —8x+12 seen at some point in their solution. It may appear

just on their integral for example.
M1: This is a problem solving mark for knowing the method of finding the maximum point. You

should expect to see the key points used (i) differentiation (i1) solution of their %} =0

32
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M1: For correctly differentiating their cubic with at least two terms correct (for their cubic).

M1: For setting their % =0 and solves using a correct method (including calculator methods)

4
Al: =——
= x=-3

M1: This is a problem solving mark for knowing how integration is used to find the area underneath
a curve between two points.

M1: For correctly integrating their cubic with at least two correct terms (for their cubic).

M1: For deducing the top limit is 2, the bottom limit is their x = ~3 and applying these correctly

within their integration.

33

Al: Shows above steps clearly and proceeds to R = 22(1)0
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Question Scheme Marks AOs
=2x+3+ -

23 f(x)=2x+3+12x Bl L1b
Attempts to integrate Ml l.1a
J(+2x+3+%)dx=x2+3x—2 Al 1.1b

X X
12(N2
((2\/5)2 +3(242) - 2(\/2_)}—(—8) Ml | LIb
X
—16+32 * Al* 1.1b
(5 marks)
Notes:
B1:  Correct function with numerical powers

M1:
Al:
Mi1:
Al*:

Allow for raising power by one. x" — x"*'

Correct three terms

Substitutes limits and rationalises denominator
Completely correct, no errors seen
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Question Scheme Marks AOs
24
Writes I— dr= jl +-dt and attempts to integrate M1 2.1
=t+Int (+c) ML | L1b
(2a+In2a)—(a+Ina)=In7 Ml | L1b
) 7
azlnZ with k=— Al 1.1b
2 2
(4 marks)
Notes:

M1: Attempts to divide each term by ¢ or alternatively multiply each term by ¢ !

1
M1: Integrates each term and knows I -dt =1Int. The + ¢ is not required for this mark
t

M1: Substitutes in both limits, subtracts and sets equal to In7

Al: Proceedsto g = m% and states k = —or exact equivalent such as 3.5
2
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Question Scheme Marks AOs
25
(-2)(x-4) M o6xa8 13 33 Ml 1.1b
YAl adx &y T2t e Al 1.1b
3 1 1 5 3 1 dM1 3.1a
1o 3 242 ‘de_i 2 ox? pdx?(+
7Y —5X X =70 x”(+c) Al 1.1b
Deduces limits of integral are 2 and 4 and applies to their
—x%—x%+4x% Ml 2.2a
10
CCH IS [, SN, FUN, J BEL LY,
10 5 5 5
12 16 16 12 Al =
Area R =?\/_—? (or ?—?ﬁj
()
(6 marks)
Notes:
. (x—2)(x—4) I
M1: Correct attempt to write ik as a sum of terms with indices.
X

3 1 1

Look for at least two different terms with the correct index e.g. two of X , X’ , X ? which have

come from the correct places.
1 1

o o 7 1
The correct indices may be implied later when e.g. ~/x becomes x” or e becomes x
X

1 1 1

303

1
1 _
Al: sz —5X +2x ° which can be left unsimplified e.g.

—xz_% —lxE —xi + 2x_2
4 2

| —

1 3 1 _l
or as e.g. Z[xz —6x" +8x 2}

1 1

L N 2 1 2
The correct indices may be implied later when e.g. +/x becomes x” or = becomes x
X
dM1: Integrates x" — x"* for at least 2 correct indices
3 5 1 3 1 1

. 2 2 2 2 2 2
re.atleast2of x" >x", x" >x", x —>x

It is dependent upon the first M so at least two terms must have had a correct index.
53 1 ) £ 1 2 L ) LY 1
Al: Exz —x’ +4x2(+c). Allow unsimplified e.g. ngxz _§X§x2 —gxz +2x2x°

5 3 1

or as e.g. %(%xz —4y? +16x2j(+c).

5 3 1

1 - - —
M1: Substitutes the limits 4 and 2 to their Exz —x” +4x” and subtracts either way round.

There is no requirement to evaluate but 4 and 2 must be substituted either way round with

evidence of subtraction, condoning omission of brackets.
5 3 1 5 3 1

E.g. condone %x 47 —4* 4 4x4° —%x 27 2% 4 4x2?
This is an independent mark but the limits must be applied to an expression that is not y so they

may even have differentiated.
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12

A1l: Correct working shown leading to ?\/f —?but also allow 16 _12

= 5 2 or exact equivalents

Award this mark once one of these forms is reached and isw

See overleaf for integration by parts and integration by substitution.
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Integration by parts:

(x- 1 1 Ml 1.1b
J‘ dx —2 x 4x dx ( 2x 6 Al L1b
1 . 1
E(x—2)(x—4) - E(2x—6)x dxzz( X —3xdx
2 2
:E(x—Z)(x—4)x -5 +2x Al L1b
2 2
Ore'g' :E(x_z)(x_“')x _Ex (Zx 6)+Ex
Deduces limits of integral are 2 and 4 and applies to their
; 2 3 2.2a
1 3 1 4 M1
E(x—2)(x—4)x -3 (2x 6)+Ex
16 128 4 16
-5+ F‘(‘)*?ﬁ*Eﬁ)
12 ~ 16 (16 12 Al 2.1
AreaR = - - _=
rea R =122 5(0r5 Sﬁj
()

Notes:
1 1
M1: Applies integration by parts and reaches the form a(x—2)(x—4)x" + j(px +q)x” dx o, p %0

1 1

oee.g. a(x2 —6x+8)x2 i-.‘(px+q)x2 dxa,p#0
A1l: Correct first application of parts in any form

1

dM1: Attempts their J.( px+ q)x2 dx by expanding and integrating or may attempt parts again.

1 3 1 1 3 3
E.g. j-(2x—6)x2dx:f{2x2—6x2]dx:... ore.g. J-(Zx—6)x2dx= x*(2x- 6)—%jx2dx

If they expand then at least one term requires x" — x"orif parts is attempted again, the structure

wll\)

must be correct.

Al: Fully correct integration in any form

1

M1: Substitutes the limits 4 and 2 to their = %(x—2)(x—4)x2 -

3
x* +2x° and subtracts

| w»

(AN

either way round. There is no requirement to evaluate but 4 and 2 must be substituted either way

round with evidence of subtraction, condoning omission of brackets.

16 128 4 16
E.g. condone O—?+F—O+§\/§+E\/§
This is an independent mark but the limits must be applied to a “changed” function.

A1l: Correct working shown leading to %\/f — %but also allow % —%\/f or exact equivalents

Attempts at integration by parts “the other way round” should be sent to review.
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Integration by substitution example:

_ _ u =2)(u’ -4
u—x/;(x—uz)zj‘(xi)#dx—j(l#%du
* Ml 1.1b
j-(uZZ)(uz4) Al 1.1b
= -~ 2udu
Uu
5
RN R [ e’ dMm1 3.1a
2j(u 6u +8)du—2{5 3 +8uj( ) Al L1b
Deduces limits of integral are v/2 and 2 and applies to their
14 64 q Ml 2.2a
2|53
%(%—16 +16- [4*/_ 42 + 8ID
Al 2.1
12 16 16 12
AreaR = -—— — =
rea 5\/7 z (or s 5\/7)
(6)

Notes:

[ -2)(-4)
M1: Applies the substitution e.g. u =+/x and attempts & ” gx—udu

A1: Fully correct integral in terms of u in any form e.g. %J.(uz _2)(u2 —4)du

dM1: Expands the bracket and integrates u" — u""" for at least 2 correct indices

. 4 5 2 3
ie.atleast2of u »u, u >u, k—>ku

5
1| u 6u . .
Al: 5 (? - Su] (+c). Allow unsimplified.

M1: Substitutes the limits 2 and /2 to their l

2

5
[u? - 6% + 8u] and subtracts either way round.

There is no requirement to evaluate but 2 and v/2 must be substituted either way round with

evidence of subtraction, condoning omission of brackets.
E.g. condone %(%—16 16—£—4f 8\/_j

Alternatively reverses the substitution and applies the limits 4 and 2 with the same conditions.

Al: Correct working shown leading to %\/5 —%but also allow ?—%ﬁ or exact equivalents

Award this mark once one of these forms is reached and isw.

There may be other substitutions seen and the same marking principles apply.
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Question Scheme Marks AOs
26(a 3 A B
@) -2 2 4=, B=.. Ml | Lib
2x-D(x+1) 2x-1 x+1
Either 4=2 or B=-1 Al 1.1b
& -2 Al 1.1b
Qx-D(x+1) 2x-1 x+1 '
(&)
(b) 1 3
—dV=] ——— dt B1 l.1a
14 (2t -1)(t+1)
2 g (1) (e 1) (ke Ml | 3.a
2t—-1 t+1
InV =In(2¢-1)-In(¢+1)(+c) Alft 1.1b
Substitutes =2,V =3=>c¢=(In3) M1 3.4
InV =In(2t-1)-In(z+1)+In3
_3(21—1)>I< Al* 2.1
—(t+1)
(©))
(b) Alternative separation of variables:
LdV: ;dt B1 l.1a
3V 2t=1)(t+1)
2 a1 = n(e+1)(se) Ml | 3a
3 2t-1 ¢+1
1 1 1
§1n3V:§ln(2t—1)—§ln(t+l)(+c) Alft 1.1b
Substitutes t:2,V:3:>c:(%ln3j Ml 34
1 1 1 1
gan=§ln(2t—1)—§ln(l‘+1)+§ln3 ,
—(t+1)
(©))
(c) (1) 30 (minutes) B1 3.2a
(i) 6 (m%) B1 3.4
(0]
(10 marks)
Notes:
(a)
M1: Correct method of partial fractions leading to values for their 4 and B
A B
E.g. substitution: 3 = + =3=A(x+1)+B2x-1)=> A=..,B=...
2x-D(x+1) 2x-1 x+1
. 3 A B
Or compare coefficients = + :>3=x(A+2B)+A—B:>A:...,Bz...
2x-D(x+1) 2x-1 x+1
A B
Note that = + =3=A4A2x-1)+B(x+1)=> 4A=...,B=... scores M0
2x-D(x+1) 2x-1 x+1
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Al: Correct value for “4” or “B”

2 1 2 -1
———ore.g.
2x—-1 x+1 2x—-1 x+1

Must be seen as fractions but if not stated here, allow if the correct fractions appear later.

(b)
B1: Separates variables ldV = 3 dr . May be implied by later work.
Vv 2t -1t +1)

Al: Correct partial fractions not just values for “4” and “B”.

Condone omission of the integral signs but the dV and df must be in the correct positions if
awarding this mark in isolation but they may be implied by subsequent work.
M1: Correct attempt at integration of the partial fractions.
Look for ..In(2¢—1)+...In(¢+1) where ... are constants.

Condone missing brackets around the (2¢ — 1) and/or the (¢ + 1) for this mark
Alft: Fully correct equation following through their 4 and B only.

No requirement for +c here.

The brackets around the (2¢ — 1) and/or the (z + 1) must be seen or implied for this mark
M1: Attempts to find "c¢" or e.g. “In k” using ¢ =2, V =3 following an attempt at integration.

Condone poor algebra as long as =2, V' =3 is used to find a value of their constant.

Note that the constant may be found immediately after integrating or e.g. after the In’s have
been combined.

3(2t-1)

(1+1)

AT*: Correct processing leading to the given answer V' =

Alternative:

1
—d
2t-D(+1)

Condone omission of the integral signs but the d/ and d¢ must be in the correct positions if
awarding this mark in isolation but they may be implied by subsequent work.
M1: Correct attempt at integration of the partial fractions.
Look for ...In(2¢—1)+...In(¢+1) where ... are constants.

Condone missing brackets around the (2¢ — 1) and/or the (¢ + 1) for this mark
Alft: Fully correct equation following through their 4 and B only.
No requirement for +c here.
The brackets around the (2¢ — 1) and/or the (z + 1) must be seen or implied for this mark
M1: Attempts to find "¢" or e.g. “In k” using ¢ =2, V =3 following an attempt at integration.

B1: Separates variables J- %dV = J‘ t . May be implied by later work.

Condone poor algebra as long as =2, V' =3 is used to find a value of their constant.

Note that the constant may be found immediately after integrating or e.g. after the In’s have
been combined.

3(2¢-1)

(1+1)

AT*: Correct processing leading to the given answer V' =

(Note the working may look like this:

1 1 1 1 1 1 1
§IH3V :§ln(2t—1)—§ln(t+l)+c, §ln9:§ln(3)—§ln3+c, C:§1n9
o@D L 9 3

(1+1) (1+1) (1+1)
Note that BOM1A1M1ALl is not possible in (b) as the B1 must be implied if all the other marks
have been awarded.
Note also that some candidates may use different variables in (b) e.g.

1

2 = 3 =\ —dy= 3 dx etc. In such cases you should award marks for
dx (2x—1)(x+l) y 2x-D(x+1)
equivalent work but they must revert to the given variables at the end to score the final mark.
Also if e.g. a “#” becomes an “x” within their working but is recovered allow full marks.
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(c)

B1: Deduces 30 minutes. Units not required so just look for 30 but allow equivalents e.g. /2 an hour.
If units are given they must be correct so do not allow e.g. 30 hours.

B1: Deduces 6 m®. Units not required so just look for 6. Condone V' < 6 or V'< 6
If units are given they must be correct so do not allow e.g. 6 m.
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Question Scheme Marks AOs
27
(@) y=x3—10x2+27x—23:>j—y=3x2—20x+27 BL | 11b
X
(d—yj =3x5° —20x5+27(=2) M1 | 1.1b
d'x x=5
y+13=2(x-5) M1 | 21
y=2x-23 Al 1.1b
“
(b) Both C and / pass through (0, —23) B1 223
and so C meets / again on the y-axis '
1)
(c)
+ | (x°-10x* + 27x - 23— (2x - 23)) dx
M1 1.1b
. Alft | 1.1b
== X——Exs-kéxz
4 3 2
432 aM1 | 21
:(625 1230 N 625j(_0)
4 3 2
625
=0 Al 1.1b
4)
(c) Alternative:
+J.(x310x2+27x23) dx R
Al 1.1b
4
:i[x——£x3+£x2—23xj
4 3 2
‘10, 27 "1
{x———x3+—x2—23x} +=x5(23+13)
4 3 2 0 2 dM1 | 2.1
:—@+90
12
625
=0 Al 1.1b
(9 marks)
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Notes

()
B1: Correct derivative

MZ1: Substitutes x = 5 into their derivative. This may be implied by their value for g_y
X

MZ1: Fully correct straight line method using (5, —13) and their g_y atx=5
X
Al: cao. Must see the full equation in the required form.
(b)
B1: Makes a suitable deduction.
Alternative via equating / and C and factorising e.g.
x®-10x* +27x-23=2x-23
x*—10x* +25x =0
x(x* ~10x+25)=0=x=0

So they meet on the y-axis
(©)
M1: For an attempt to integrate x” — x"*for £* C-1"
Alft: Correct integration in any form which may be simplified or unsimplified. (follow through
their equation from (a))

If they attempt as 2 separate integrals e.qg. (x3 —10x* +27x— 23) dx— | (2x—23) dxthen

award this mark for the correct integration of the curve as in the alternative.
If they combine the curve with the line first then the subsequent integration must be correct
or a correct ft for their line and allow for £ C - /”

dM1: Fully correct strategy for the area. Award for use of 5 as the limit and condone the omission
of the “— 0”. Depends on the first method mark.

Al: Correct exact value

Alternative:

M1: For an attempt to integrate x" — x"**for +C

Al: Correct integration for +C

dM1: Fully correct strategy for the area e.g. correctly attempts the area of the trapezium and
subtracts the area enclosed between the curve and the x-axis. Need to see the use of 5 as the
limit condoning the omission of the “— 0” and a correct attempt at the trapezium and the
subtraction.

May see the trapezium area attempted as (2x—23) dx in which case the integration and

use of the limits needs to be correct or correct follow through for their straight line
equation.
Depends on the first method mark.

Al: Correct exact value

Note if they do / — C rather than C -/ and the working is otherwise correct allow full marks if

their final answer is given as a positive value. E.g. correct work with / — C leading to —% and

then e.g. hence area is %is acceptable for full marks.

If the answer is left as —% then score AO
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Question Scheme Marks AOs
28(a)
u=1l+Jx = x= (u 1) gx:2(u—1)
u
or Bl 1.1b
1 _1
u= 1+\/_:>—:—x 2
j )du
M1 2.1
g u-1
—><2x ‘du =
*_d —2(”_1)3d Al | 11b
X = u .
1++/x u
0 1
3)
®) S -3u’+3u-1 1
ZJ‘ o ou rou— du—ZJ‘ [u2—3u+3——jdu=... M1 3.1a
u u
3
3
~(2) w3 i Al | 11b
3 2
52 3(5)° [1 3 j
=2|—————+3(5)-In5—-| =——=+3-Inl dm1 2.1
{3 2 ( ) 3 2
=%—2|n5 Al | L1b
“)
(7 marks)
Notes
(a)
B1: Correct expression for j—x or 3—” (or u") ordx in terms of du or du in terms of dx
u

M1: Complete method using the given substitution.

This needs to be a correct method for their j—x or 3—” leading to an integral in terms of u
u X

only (ignore any limits if present) so for each case you need to see:

g—i:f(u)ﬁj‘ ﬁdx:j @f(u)du
du

d_ g(x)—> J N \/_ I g J- h(u)du. In this case you can condone
X + u

1
slips with coefficients e. allow—:— 2 = —d = h(u)d
P 9 e z’“ J-1+\/_ _[ “j(”)“
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1 -3
but not d—u:lx 2 al dx = XX du = h(u)du
dx 2 1++/x u 2

Al: All correct with correct limits and no errors. The “du” must be present but may have been
omitted along the way but it must have been seen at least once before the final answer.
The limits can be seen as part of the integral or stated separately.

(b)

M1: Realises the requirement to cube the bracket and divide through by « and makes progress

with the integration to obtain at least 3 terms of the required form e.g. 3 from ku?, ku?, ku, kInu

Al: Correct integration. This mark can be scored with the “2” still outside the integral or even if
it has been omitted. But if the “2” has been combined with the integrand, the integration
must be correct.

dM1: Completes the process by applying their “changed” limits and subtracts the right way round

Depends on the first method mark.

Al: Cao (Allow equivalents for % e.g. %)
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Question Scheme Marks AOs
29() d—’t/ — 0.48-0.14 BL | 3.1b
dv dn 1
V =24h—>— =24 OF —=_—
= a7 TAREY) B1 3.1b
dh_dV dz 0.48-0.14
dz de ~dV 24
or e.g. M1 2.1
AV _drdh . 948-01n=24%"
dr di dt dz
dh
1200d_t =24-5h* Al* 1.1b
“)
(b)
1200d—h_24 5h= 1200 dh= | dt
dr 24—-5h
= e.g. aln(24—5h) =1t(+c) oe
M1 3.1a
or
1200 _ 24 5, 9L _ 1200
dr dh 24 —5h
= eg. t(+c)=aln(24-5h) oe
t =—240In(24-5h)(+c) oe Al | 11b
t:O,h:2:>O:—240In(24 10)-|—c:>c— (240In14) M1 3.4
t= 240In(14)—240|n(24—5h) Al 1.1b
r=240n—2 L g1 w14
24-5h 240 24-5h 24-5h ddM1 21
—14e % =24 -5h = h =
h=4.8-2.8¢ e e.g. h—2—54—154e %0 Al 3.3
(©)
(c) Examples:
t
e ASt—ow,e? -0
e Whenh>4.38, Oclj—V<0
t
e Flowin=flowoutatmax #s00.17=48 > h=4.8
L M1 3.1b
o Ase >0 h<48
dv dh 1
. —— =-0.02 0r —=———
h=o= =002 O T 0o
di =0=h=4.8
dr
e h=5=48-28e% =5=¢ ™ <(
e The limit for 4 (according to the model) is 4.8m and the tank
is 5m high so the tank will never become full Al 392

e If 1 =5 the tank would be emptying so can never be full
e The equation can’t be solved when 2 =5
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| @ ]

(12 marks)
Notes
(a)
B1: Identifies the correct expression for Z—V according to the model
t
B1: Identifies the correct expression for :I_Z according to the model
M1: Applies dr _dv x ;j_h or equivalent correct formula with their (2—V and (ZI_Z which may
t t t

be implied by their working
Al*: Correct equation obtained with no errors
Note that: d—V =0.48-0.14 = d—h = 0.48-0.12 = 1200d—h = 24 —5h* scores
dr dr 24 drz
B1BOMOAO. There must be clear evidence where the “24” comes from and evidence of the
correct chain rule being applied.

(b)
M1: Adopts a correct strategy by separating the variables correctly or rearranges to obtain 3_2

correctly in terms of 4 and integrates to obtain # = ¢ In (24—5h)(+c) or equivalent (condone

missing brackets around the “24 — 54) and + ¢ not required for this mark.
Al: Correct equation in any form and + ¢ not required. Do not condone missing brackets unless
they are implied by subsequent work.
M1: Substitutes = 0 and # = 2 to find their constant of integration (there must have been some
attempt to integrate)
Al: Correct equation in any form
ddM1: Uses fully correct log work to obtain /4 in terms of z.
This depends on both previous method marks.
Al: Correct equation
Note that the marks may be earned in a different order e.g.:

¢+c:-240|n(24—5h):>—2%m+d = In(24-5h) = Ae * =245}

t=0,h=2= A=14=14e %0 =24 -5h = h=48-2.8¢
Score as M1 Al as in main scheme then

M1: Correct work leading to 4Ae® =24 —5/ (must have a constant “A”)
t

Al: Ae 20 =245}
ddM1: Uses t =0, h = 2 in an expression of the form above to find A
AL h=48-28¢ %
(c)
M1: See scheme for some examples
Al: Makes a correct interpretation for their method.

There must be no incorrect working or contradictory statements.
This is not a follow through mark and if their equation in (b) is used it must be correct.
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Question Scheme Marks AOs
30(2) 3 +8x-3=(Ax+B)(x+2)+C or Ax(x+2)+B(x+2)+C
= A=...B=...C=..
or
x+6
M1 1.1b
x+2)x?+8x-3
X2 +2x
6x-3
6x+12
-15
Twoof 4=1B=6,C=-15 Al 1.1b
All threeof 4=1,B=6,C =-15 Al 1.1b
3)
30(b) 2
T3y | ve6- > de—.15In(x12) M1 1.1b
x+2 x+2
:%xz +6x—15|n(x+ 2) (+c) Alft 1.1b
6 2 8 3 6
+ —
X iy = [1x2+6x—lSM(x+2{
x+2 2 0
= (18 + 36 — 15In8) — (0 + 0 — 15In2) M1 21
=18 +36 - (15-45)In2 ore.g. 18+36+15In (gj
=54 -301In2 Al 1.1b
“)
(7 marks)

Notes:
(a)
M1: Multiplies by (x + 2) and attempts to find values for 4, B and C e.g. by comparing coefficients or substituting
values for x. If the method is unclear, at least 2 terms must be correct on rhs.
Or attempts to divide x* +8x—3 by x + 2 and obtains a linear quotient and a constant remainder.
This mark may be implied by 2 correct values for 4, B or C
Al: Two of 4 =1, B =6, C=-15. But note that just performing the division correctly is insufficient and they must
clearly identify their 4, B, C to score any accuracy marks.
Al: All threeof 4=1,B=6,C=-15
x2+8x—3_ 15

xX+6-—
x+2 x+2

This is implied by stating or within the integral in (b)

(b)

M1: Integrates an expression of the form

to obtain kIn(x + 2).

x+2
Condone the omission of brackets around the “x + 2"

A1ft: Correct integration ft on their 4x+ B+ , (A,B, C# 0) The brackets should be present around the “x + 2”

x+2
unless they are implied by subsequent work.
M1: Substitutes both limits 0 and 6 into an expression that contains an x or x? term or both and a In term and
subtracts either way round WITH fully correct log work to combine two log terms (but allow sign errors when
removing brackets) leading to an answer of the form a + bInc (a, b and ¢ not necessarily integers)
e.g. if they expand to get —15In8 — 15In2 followed by -15In16 and reach a + bInc then allow the M mark
Al: 54 - 301In2 (Apply isw once a correct answer is seen)
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1
24x (8x+1)—(4x° 2 1 3 1 1
Examples: (dyj= \/;( *+) ( zx +X)x , l)C 2(8x+:|-)—1(4xz+x)x 2, 2><§x2 +£><1x 2
(2vx) 2 4

dx 2 2 2

2
Al*: Obtaing d¥ _ 12x" +x —16+Vx via 3\/;+i-ﬂ or a correct application of the quotient or product rule

dx Ax~/x 4\/; X
and with sufficient working shown to reach the printed answer.
There must be no errors e.g. missing brackets.

(b)
MI1: Sets 12x* + x —16+/x = 0 and divides by /x or equivalent e.g. divides by x and multiplies by v/x

3
dM1: Makes the term in x2 the subject of the formula

Al1*: A correct and rigorous argument leading to the given solution.

Alternative - working backwards:

2
3 3 3
x= 4_x = x? :i—£:12x2 =16 —/x =12x* =16:/x —x =12x* —16/x +x =0
3 12 3 12
M1.: For raising to power of 3/2 both sides. dM1: Multiplies through by v/x. A1: Achieves printed answer and makes a

minimal comment e.qg. tick, #, QED, true etc.
(c)
2
2

_— : o : 4 ’
M1: Attempts to use the iterative formula with x; = 2. This is implied by sight of x, = LE—EJ or awrt 1.14

Al: x, =awrt 1.13894
A1l: Deduces that x = 1.15650
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Via firstly integrating

Question Scheme Marks AOs
31 N 2 B 53 1 5 M1 1.1b
f'(x)=6x"+ax—-23=f(x)=2x +2ax 23x+c Al 11b
"e"=-12 Bl 2.2a
f(-4)=0= 2x(-4) +%a(—4)2 ~23(-4)-12=0 dML | 31
a=...(6) dM1 1.1b
(f(x)=)2x* +3x" —23x-12

Or Equivalent e.g. Alcso 2.1

(f(x)=)(x+4)(22" =5x=3) (f(x)=)(x+4)(2x+1)(x-3)

(6)
(6 marks)

Notes:
M1: Integrates f’(x) with two correct indices. There is no requirement for the + ¢

Al: Fully correct integration (may be unsimplified). The + ¢ must be seen (or implied by the —12)
B1: Deduces that the constant term is —12

dM1: Dependent upon having done some integration. It is for setting up a linear equation in a by usingf (—4) =0
May also see long division attempted for this mark. Need to see a complete method leading to a remainder in

terms of a which is then set = 0.

a
For reference, the quotient is 2x” + (E — 8))( +9—2a and the remainder is 8a — 48

1
May also use (x + 4)(px? + gx + 1) = 2x° +Eax2 —23x —12and compare coefficients to find p, ¢ and » and

hence a. Allow this mark if they solve for p, ¢ and »

Note that some candidates use 2f(x) which is acceptable and gives the same result if executed correctly.

dM1: Solves the linear equation in a or uses p, ¢ and r to find .

It is dependent upon having attempted some integration and used f (+4) =0 or long division/comparing

coefficients with (x + 4) as a factor.

Alcso: For (f (x)=)2x*+3x* —23x~12 oe. Note that “f(x) =" does not need to be seen and ignore any “= 0"

Via firstly using factor

Question Scheme Marks AOs
31 Alt _ 2 M1 1.1b
f(x)—(x+4)(Ax +Bx+C) AL 11b
f(x) = Ax*+(44+ B)x*+(4B+C)x+4C=> C=-3 B1 2.2a
f'(x)=34x" +2(44+B)x+(4B+C f'(x) = 6x° +ax-23
(x) =34x" +2( )x ( ) and f'(x)=6x"+ax ML 314
=>A=..
Full method to get 4, Band C dM1 1.1b
f(x) =(x+4)(2x* -5x-3) AlLcso 2.1
(6)
(6 marks)
Notes:

M1: Uses the fact that f(x) is a cubic expression with a factor of (x + 4)
Al: For f(x) = (x + 4)(4x* + Bx + C)

B1: Deduces that C = -3 T | EXPERT
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dM1: Attempts to differentiate either by product rule or via multiplication and compares to f(x) = 6x* + ax — 23
to find 4.

dM1: Full method to get 4, B and C

Aleso: f(x) = (x + 4)(2x* = 5x - 3) or f(x) = (x + 4)(2x + 1)(x - 3)
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Question Scheme Marks AOs
32(a)(i) d . .
yxE—SSII’I 2tx6C0St Or 5x2sintcostx6C0St M1 12
(Area=) | 5sin2rx6costdr= | 5x2sinfcostx6costds
or dm1 1.1b
5sin2tx6costds = | 60sinzcos® ¢ dt
2
(Area =) j 60sinzcos® ¢ dr * AL* 2.1
0
3)
a)(ii
(@) 60sin¢cos’ ¢t dt = —20cos’ ¢ M1 1.1b
Al 1.1b
Area = | ~20cos” t]of =0-(—20)=20 * AL* 2.1
3
®) 5sin2t =4.2 = sin 21:% M1 34
t =0.4986...,1.072... Al 1.1b
Attempts to finds the x values at both ¢ values dM1 3.4
t =0.4986...= x =2.869...
Al 1.1b
t=1.072= x=5.269...
Width of path = 2.40 metres Al 3.2a
&)
(11 marks)
. Notes:
(a)()

d : . .
M1: Attempts to multiply y by d—xto obtain A4sin 2¢cost but may apply sin2¢ =2sin¢cos¢ here
t
dM1: Attempts to use Sin2¢ =2sin¢cos¢ within an integral which may be implied by

e.g. AIsin 2txC0St df = Iksintcosz t dt

A1*: Fully correct work leading to the given answer.
This must include Sin2s =2sinzcost or e.g. 5sin2¢=10sinzcost seen explicitly in their proof and a correct
intermediate line that includes an integral sign and the “d¢”
Allow the limits to just “appear” in the final answer e.g. working need not be shown for the limits.

(a)(ii)

M1: Obtains JGOsin tcos? ¢ dt =k cos® ¢ . This may be attempted via a substitution of « = cos ¢ to obtain

J.6OSintCOStht:ku3

A1l: Correct integration —20cos® ¢ or equivalent e.g. -20u°
A1*: Rigorous proof with all aspects correct including the correct limits and the 0 — (—20) and

not just: _20cos® %—(—20 cos®0) =20
(b)
M1: Uses the given model and attempts to find value(s) of  when sin 2 = % Look for 2¢ = sin14—é2 =>t=..

Al: At least one correct value for ¢, correct to 2 dp. FY1 7 =0.4986...,1.072... or in degrees ¢=28.57...,61.42...
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dM1: Attempts to find TWO distinct values of x when sin 2z = % Condone poor trig work and allow this mark if 2

values of x are attempted from 2 values of ¢.
A1: Both values correct to 2 dp. NB x = 2.869..., 5.269...

Or may take Cartesian approach

2
5sin 2f = 4.2 = 10sinzcoss = 4.2 :10%‘/1—% — 4.2 = x* —36x? +228.6144 =0 = x = 2.869....5.260...

M1: For converting to Cartesian form Al: Correct quartic M1: Solves quartic Al: Correct values

Al: 2.40 metres or 240 cm
Allow awrt 2.40 m or allow 2.4m (not awrt 2.4 m) and allow awrt 240 cm. Units are required.
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Question Scheme Marks | AOs
9 9
33 States { lim ZJ; Sx is Jxdx Bl 1.2
dx—0 o 4
3 9
= {%xz} M1 1.1b
3
4
3 3
3 3 3 3
= 3—38 or 12% or awrt 12.7 Al 1.1b
3)
(3 marks)
Notes for Question 33
9
B1: States I Jx dx with or without the 'dx'
4
3

Mi: Integrates +/x to give Ax?; A %0
Al: See scheme

E 3 3
Note: You can imply B1 for |:/1x2 } or for Ax92 — Ax42

4

9

9 3 9
Note: Give BO for j \/; dx — j \/; dx or for j \/; dx without reference to a correct j \/; dx
1 1 3

4

Note: Give B1 M1 Al for no working leading to a correct 3—38 or 12% or awrt 12.7

9
Note: Give B1 M1 A1 for J. \/;dxzﬁ or 12% or awrt12.7

s 3

. 23 T 38 2
Note: Give B1 M1 Al for §x2+c :? or 125 or awrt 12.7

4

Note: Give B1 M1 Al for no working followed by an answer 3—38 or 12% or awrt12.7

Note: Give MO A0 for use of a trapezium rule method to give an answer of awrt 12.7,

9
but allow B1 if J Jxdx isseenina trapezium rule method
4

Note: Otherwise, give BO M0 A0 for using the trapezium rule to give an answer of awrt 12.7
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Notes for Question 33 Continued

Alt The following method is correct:

n n . 2
Area (4) = lim E (x —x () = lim Y ~ (2 4 ij
n—owo n—ow n n
i=1

i=1

. Z Z(mj 1z£i2j
= lim — —
n—»o n n
- im 124 ALY
n—o | p — n — n —

= lim _4_n + iz(ln(n+l)j+ L}[ln(n+1)(2n+1)ﬂ
n n \2 n \ 6

n—>0

= lim|— +
o | n 2n’ 6n’

= lim 4+2+2+1+L+%
n—o | n 3 2n 6n

4+2+1:9
3 3

4 4n’+4n N 2n +3n? +n}

9
So, lim ZJ} 5x = Area(R) = (3x9) — (2><4)——9
x=4

ﬁ or 12% or awrt 12.7
3 3
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Question Scheme Marks | AOs
1
34 (a) (u=4-Jh=) du_ 1,5 or %=—2(4—u) or %:—2\@ Bl 1.1b
dh 2 du du
h ~2(4-
f dh_ _ I(—u)du Ml 2.1
4—\/2 u
=J‘[—§+2j du Ml 1.1b
u
=—8Inu+2u {+c} Ml L.1b
Al 1.1b
:—81n‘4—\/Z‘+2(4—\/Z)+c - —81n‘4—\/ﬂ—2\/Z +k * Al* 2.1
(6)
dh %@ -h)
—= Y 0=t 4-Jn=0
(b) {dl 0 Jh Ml 3.4
Deduces any of 0<h <16, 0<h<16, 0<h<16, 0<h<16, Al 25
h<16, h<16 or all values up to 16 -8
(2)
(© j L = jiz°25dz
Way 1 (4_\/2) 20 Bl 1.1b
~ N 1 M1 1.1b
81n‘4 JZ‘ N 2! e N T
t=0,h=1=} —-8In(4-1)-2./(1) :ZLS(O)”SH: M1 3.4
= c= 8In(3)~2 = -8Inf4~i|- 24 = /' * ~8In(3) -2
| 2 dM1 | 3.1a
(h=12=} —81n‘4—\/ﬁ‘—2\/1_=Et'25—81n(3)—2
1'% =1221.2795202... = t = 'X/221.2795... or t=(221.2795..)" Ml 1.1b
t=75.154... =t = 75.2 (years) (3 sf) or awrt 75.2 (years) Al 1.1b
Note: You can recover work for part (¢) in part (b) (7)
( ) 12 20 T
C 025
dh = t=de Bl 1.1b
Way 2  (4-h) .[
2[4 r Ml 1.1b
20(—8In|4—/h|=2h) | =] =t'7
| 20-81nf4 A~ 24 | {5 1) Al 1.1b
20(—8In(4 —/12) - 2/12) = 20(—8In(4 —1) — 24/1) = dris_y M1 34
5 dM1 3.1a
T'%=221.2795202... = T='%221.2795... or T=(221.2795...)°° Ml 1.1b
T=75154...= T = 75.2 (years) (3 sf) or awrt 75.2 (years) Al 1.1b
Note: You can recover work for part (¢) in part (b) (7)
(15 marks)
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Notes for Question 34
(@)
1 -t
Bl: See scheme. Allow du = —Eh 2dh, dh=-2(4-u)du, dh=-2hdu o.e.
. dh . .
M1: Complete method for applying u=4— Jh to i to give an expression of the form
4—
J.Mdu k%0
u
Note: Condone the omission of an integral sign and/or du
Mi1: Proceeds to obtain an integral of the form J (é + Bj {du}; A, B+#0
u
MI1: j(é + Bj {du} — DInu + Eu; A, B, D, E #0; with or without a constant of integration
u
Al: J.(—§ + 2) {du} > —8lnu+2u ; with or without a constant of integration
u
Al*: dependent on all previous marks
Substitutes u =4 —+/A into their integrated result and completes the proof by obtaining the
printed result —81n‘4—\/ﬂ —2Jh +k
Condone the use of brackets instead of the modulus sign.
Note: They must combine 2(4) and their +c¢ correctly to give +k
Note: Going from —81n‘4—\/Z‘ +2(4 —\/Z) +c to —81n‘4 —\/Z‘ - 2\/Z + k, with no intermediate
working or with no incorrect working is required for the final A1* mark.
Note: Allow A1* for correctly reaching —81n‘4 —Jn ‘ ~2Jh +c+8 and stating £k =c+38
Note: | Allow Al* for correctly reaching —8111‘4—\/2‘ +2(4—h) +k = —8In 4—\/2‘ N
Alternative (integration by parts) method for the 2" M, 3 M and 1% A mark
{J-Mdu - fﬁ du } = (2u—8)Inu —J.Zlnudu = Qu—-8)Inu — 2(ulnu—u) {+ ¢}
u u
2" M1: | Proceeds to obtain an integral of the form (Au + B)Inu —J Alnu{du}; A, B#0
3rd M1: | Integrates to give DInu + Eu; D, E #0; which can be simplified or un-simplified
with or without a constant of integration.
Note: Give 3" M1 for (2u —8)Inu — 2(uInu —u) because it is an un-simplified form of DInu + Eu
1t Al: Integrates to give (2u —8)Inu — 2(ulnu —u) or —8lnu +2uo.e.
with or without a constant of integration.
(b)
Mi1: Uses the context of the model and has an understanding that the tree keeps growing until
% =0 = 4-+h=0. Alternatively, they can write % >0=4-h >0
t t
Note: Accept 7 =16 or 16 used in their inequality statement for this mark.
Al: See scheme
Note: A correct answer can be given M1 Al from any working.
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Notes for Question 34

(c) Way 1

B1: Separates the variables correctly. d# and dr should not be in the wrong positions, although
this mark can be implied by later working. Condone absence of integral signs.

M1: Integrates 1°> to give 1'% ; 1 %0

Al: Correct integration. E.g. —81n‘4—\/Z‘ —2h = ZiStl » or 20(—8ln‘4—\/ﬂ —2h) = %tl »
—81n‘4—\/ﬂ +2(4—+h) = 21511 % or 20(—8ln‘4—\/ﬂ +2(4—-+h)) = §t1 s
with or without a constant of integration, e.g. k, c or 4

Note: There is no requirement for modulus signs.

Mi1: Some evidence of applying both =0 and 4 =1 to their model (which can be a changed
equation) which contains a constant of integration, e.g. k, ¢ or 4

dM1: dependent on the previous M mark
Complete process of finding their constant of integration, followed by applying /# =12 and their
constant of integration to their changed equation

M1: Rearranges their equation to make ¢™"'* = ... followed by a correct method to give t=...; >0

Note: t""'* = can be negative, but their ‘7 =...” must be positive

Note: “their 1.25” cannot be 0 or 1 for this mark

Note: Do not give this mark if #™"'* =_.. (usually ¢°% =...)is a result of substituting =12 (or =11)

025
into the given dah = M . Note: They will usually write % as either 12 or 11.
dt 20 dr

Al: awrt 75.2

(c) Way 2

B1: Separates the variables correctly. d/4 and dr should not be in the wrong positions, although
this mark can be implied by later working.

Note: Integral signs and limits are not required for this mark.

MI1: Same as Way 1 (ignore limits)

Al: Same as Way 1 (ignore limits)

MI1: Applies limits of 1 and 12 to their model (i.e. to their changed expression in /) and subtracts

dM1 dependent on the previous M mark
Complete process of applying limits of 1 and 12 and 0 and T (or ‘¢’) appropriately to their
changed equation

Mi1: Same as Way 1

Al: Same as Way 1
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Question Scheme Marks | AOs
35 C:y:xlnx; [/ is a normal to C at P(C,C)
Letx, be the x-coordinate of where / cuts the x-axis
Y_ lnx+x[lJ {=1+Inx} Ml 2.1
dx x Al 1.1b
1 1
x=e,m, =2 = my= ) = y-e= —E(x—e)
M1 3.1a
1
y=0=>-e= —E(x—e) =>x=..
[ meets x-axis at x =3¢ (allow x=2e+elne) Al 1.1b
¢ e 1 .
{Areas:} either J. xlnxdx =[ .. | =.. or 5(('[}1611' x,) —e)e M1 2.1
1
1 1(x
xInxde= ¢ —x’Inx— | = = |{dx M1 2.1
—llenx— lx {dx} = llenx—lx2 M. LIb
2 2 2 4 Al 1.1b
¢ e 1
Area(R =I xlnxdx =| ... | = ...; Area(R,)=—((their x,) —e)e
(R) 1 [ ] (R,) 2(( ) —¢) M 312
and so, Area(R) = Area(R)) + Area(R,) {=1é&’+1+¢e’}
Area(R)=3¢’+1 Al 1.1b
(10)
Notes for Question 35
M1: Differentiates by using the product rule to give Inx + x(their g'(x)), where g(x)=Inx
Al: Correct differentiation of ¥ =XInxX, which can be un-simplified or simplified
M1: Complete strategy to find the x coordinate where their normal to C at P(€, €) meets the x-axis
i.e. Sets y=01in y—e= my(x—e)to find X =...
Note: m; is found by using calculus and m,; # m;
Al: [ meets x-axis at x = 3e, allowing un-simplified values for x such as x=2e+e¢lne
Note: | Allow x=awrt 8.15
M1: Scored for either
e Area under curve =J‘ xlnxdx = [ ]T = ..., with limits of e and 1 and some attempt to
1
substitute these and subtract
1 . . .
e or Area under line = 5((the1r x,) —e)e, with a valid attempt to find X,
X2
M1: Integration by parts the correct way around to give Ax” Inx— jB(—j {dx}; A#0,B>0
X
dM1: | dependent on the previous M mark
Integrates the second term to give +Ax”; 1 # 0
Al: lx2 lnx—lx2
4
Mi1: Complete strategy of finding the area of R by finding the sum of two key areas. See scheme.
Al: je 4
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Notes for Question 35 Continued
Note: Area(R,) can also be found by integrating the line / between limits of e and their x,
their x
4 1 3 eir x
i.e. Area(R,)= ——x+=¢|dx = [ ]th =
. 2 2 ¢
Note: Calculator approach with no algebra, differentiation or integration seen:
e Finding / cuts through the x-axis at awrt 8.15 is 2" M1 2™ Al
e Finding area between curve and the x-axis between x=1 and x=¢
to give awrt 2.10 is 3" M1
e Using the above information (must be seen) to apply
Area(R) = 2.0972...4+ 7.3890... = 9.4862... is final M1
Therefore, a maximum of 4 marks out of the 10 available.
61 T" | EXPERT

IC | TUITION




36 (a) x>ln(§j Bl | 22a
@
(b) Attempts to apply j y%dt M1 3.1a
dx 1 1
[P - J e M
1 A B
= 1=A(t+2)+ B(t+1
CH)(+2) @+ (2 (t+2)+B@+D Ml | 3.1a
1 1
A=1,B=-1 i -
{4=1, = | gives s Al | 1.1b
M1 1.1
J.[ ! —#]dt = > In(z+1) —In(¢+2) b
(+1) (t+2) Al 1.1b
Area(R) = [1n(z+1)—1n(t+2)]§ = (In3 - 1n4) — (In1 — In2) M1 2.2a
= In3-In4+In2 = m(%j - m(ﬁj
4 4
:m(i) x Al* | 2.1
: .
®)
(b) 1 1
Att ts t 1 dx = dx = dx,
Alt 1 ermpts 1o apply Iy Iex—2+1 Iex —1 M1 3 1a
with a substitution of u =¢* —1
dr b= [lj( I )du Al | LIb
Y B u)\u+l '
1 A B
= —+4 l=Au+1)+ B
wtD - w ey T AwED B Ml | 3.1a
1 1
A=1,B=-1 ives — —
{4=1, = | gives — D Al | 1.1b
I[l 1 ] M1 1.1b
- - du = } Inu—In(u+1)
u (u+l) Al 1.1b
Area(R) = [Inu —In@+D] = (In3—In4) - (Inl1 - In2) M1 2.2a
= n3-In4+In2 = m(%) - m(ﬁj
4 4
_ 1n(§j * Al* | 21
: .
®)
(9 marks)
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36 (b)
Alt 2

Attempts to apply J. ydx :J- ! dx = J. xl dx,

e —2+1 e —1 Ml 3.1a
with a substitution of v =¢*
1 1
o |- e u
v—1)\v
1 A B
= +— 1= A4v+ B(v-1
T R = v (v=1) Ml 3.1a
{4=1,B=—1= | gives (vl—l)_% Al 1.1b
I( ! —lev = In(v-1) - Inv MI L1b
(v=1) v Al 1.1b
Area(R) = [ln(v—l)—lnv]j = (In3-1n4) — (Inl = In2) M1 2.2a
= In3—-In4+In2 = ln(%j = 1n(§)
4 4
=ln(§j * Al* | 21
5 .
t))
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Question 36 Notes:

(@)

B1: Uses x=In(z+2) with ¢ > —% to deduce the correct domain, x > In (gj

(b)
Mi1: Attempts to solve the problem by either
e aparametric process or

X

e a Cartesian process with a substitution of either u =¢* —1 or v=¢

Al: Obtains

o 1 1 dt¢ from a parametric approach
JUr+1)\r+2
o (lj( 1 j du from a Cartesian approach with u =e* —1
o u u+l
ol 1 1 | | x
. (—J(—j dv from a Cartesian approach with v =-¢
J\V— A%
Mi1: 1 1 |

Applies a strategy of attempting to express either , or
PP & pHng fo exp (+DE+2)  u@+l) O (=1

as partial fractions

Al: Correct partial fractions for their method

Mi1: Integrates to give either

o Faln(t+1)£f In(t+2)

o tolhuztfnu+l); a, #0, where u=¢e" —1
e toghln(v-)xfInv; a, f#0, where v=¢"
Al: Correct integration for their method

Mi: Either

way round

e Cartesian approach: Deduces and applies limits of 3 and 1 in u, where u =¢* —1,
and subtracts the correct way round

e (Cartesian approach: Deduces and applies limits of 4 and 2 in v, where v=¢",
and subtracts the correct way round

Al*: Correctly shows that the area of R is In (%j , with no errors seen in their working

e Parametric approach: Deduces and applies limits of 2 and 0 in ¢ and subtracts the correct
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Question Scheme Marks AOs
37
(3x°5+A)dx:2x15+Ax(+c) MI 31a
Al 1.1b
Uses limits and sets = 24 °= (2x8+44)—(2x1+4)=24" M1 1.1b
Sets up quadratic and Sets up quadratic and attempts
) M1 1.1b
attempts to solve b~ —4ac
7
=>A=-2, 5 and states that | States »* —4ac=121> 0and hence Al 24
there are two roots '
there are two roots
(5 marks)
Notes:
M1: Integrates the given function and achieves an answer of the form fod'® + Ax(+c) where k is

Al:

M1:

M1:
Al:

a non- zero constant

Correct answer but may not be simplified

Substitutes in limits and subtracts. This can only be scored if I

Adx = Ax and not A—

Sets up quadratic equation in 4 and either attempts to solve or attempts b° —4ac

Either 4 =-2, % and states that there are two roots

Or states b> —4ac =121> 0and hence there are two roots

2

2

r
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Question Scheme Marks AOs
38 1 Ml 3.1a
d_ 5
dc 2 Al 1.1b
Substitutes x =4 = Y =6 MIl 2.1
Uses (4, 15) and gradient = y—15=6(x—4) Ml 2.1
Equation of /is y=6x-9 Al 1.1b
403
Area R = j‘ [sz —9x+11j—(6x—9)dx M1 3.1a
0
* 15 )
= {2);2 -?x2 +20x(+c)} Al | 11b
0
Uses both limits of 4 and 0
5 4 5
{sz—%sxz+20x} =2><42—1?5><42+20><4—0 Mi 2.1
0
Areaof R=24 * Al* 1.1b
Correct notation with good explanations Al 2.5
(10)
(10 marks)
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Question 38 continued
Notes:
3 !
M1: Differentiates 5x? —9x+11 to a form Ax? + B
1
Al: Y 1—5x2 —9 but may not be simplified
dx 2
M1: Substitutes x =4 in their % to find the gradient of the tangent
M1: Uses their gradient and the point (4, 15) to find the equation of the tangent
Al: Equationof/isy=6x—-9
4 3
M1: Uses Area R = j (sz -9x+1 1} - (6x —9)dx following through on their y =6x—-9
0
Bl
Look for a form Ax2 + Bx* + Cx
: 15 )
Al: = {sz - x*+ 20x(+c)} This must be correct but may not be simplified
0
M1: Substitutes in both limits and subtracts
Al*: Correct area for R =24
Al:  Uses correct notation and produces a well explained and accurate solution. Look for
e Correct notation used consistently and accurately for both differentiation and
integration
e Correct explanations in producing the equation of /. See scheme.
e Correct explanation in finding the area of R. In way 2 a diagram may be used.
Alternative method for the area using area under curve and triangles. (Way 2)
a 5 !
M1: Area under curve = j {sz —9x+11J = {sz +Bx’ + Cx}
0 0
39 !
Al: :{2x2—5x2+11x} =36
0
M1: This requires a full method with all triangles found using a correct method
. 1 . 3) 1 . .3
Look for Area R = their 36 ) x15x| 4 —their 5 + EX their 9 x thelrE
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Question Scheme Marks AOs
PO e L4, B BI | Ll
P(11-2P) P (1-2P)
Substitutes either P=0 or P = a into
2 M1 1.1b
1=A4A(011-2P)+BP = Aor B
1 2
I :%l+ il Al | LIb
P11-2P) P (11-2P)
3
(b) Separates the variables
22 ar=iar Bl | 3.la
P(1-2P)
. 2 4
Uses (a) and attempts to integrate —+——dP=t+c Ml 1.1b
P (11-2P)
2InP-2In(11-2P)=t+c Al | L.1b
Substitutes 1 =0,P=1=¢=0,P=1= c¢=(-21n9) Ml | 3.la
Substitutes P=2=¢=2In2+2In9-2In7 Mil 3.1a
Time =1.89 years Al 3.2a
(6)
© Uses Inlaws ~ 2InP-2In(11-2P)=¢—2In9
—m[2F -1, ML 21
11-2P) 2
1
Makes 'P' the subject = op —e?
11-2P
L
=9P=(11-2P)e? ML 2.1
1, 1,
:sz(ezJor:Pz{ezj
11
=P= —=>A=11,B=2,C=9 Al L1b
2+9¢ 2 '
3
(12 marks)
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Question 39 continued

Notes:

(a)

B1: 1 A B

Mi1:

Al:

(b)
B1:

Mi1:

Al:

Mi1:
M1:
Al:

(©)

M1:

M1:

Al:

Sets ——M =—+———
P(11-2P) P (11-2P)
Substitutes P =0 or P=% into 1=A4(11-2P)+BP = Aor B

Alternatively compares terms to set up and solve two simultaneous equations in 4 and B

1 2
1 .

= % Ly % L or equivalent ! _ ! + 2
p11-2P) P (11-2P) P11-2P) 11P 11(11-2P)

Note: The correct answer with no working scores all three marks.

22

———dP = | 1dt or equivalent
P(11-2P)

Separates the variables to reach I

Uses part (a) and J‘é 5 =AInP+CIn(11-2P)

+
P (1-2P)
Integrates both sides to form a correct equation including a 'c' Eg
21nP—21n(11—2P) =t+c

Substitutes t = 0 and P =1 to find ¢
Substitutes P =2 to find ¢ This is dependent upon having scored both previous M's
Time = 1.89 years

Uses correct log laws to move from 2lnP—2ln(11—2P)=t+c to ln(11 PZPJZ%H_d

for their numerical 'c¢'
1

—t
Uses a correct method to get P in terms of e?

1 P L
=—t+d>=> =e? followed by cross
11-2P) 2 11-2P

multiplication and collection of terms in P (See scheme)

This can be achieved from ln(

1
—t
Alternatively uses a correct method to get P in terms of e > For example

%Hd - 11-2P _ ef[%ndj N E ol e—(%nd

1
J = 1—; =2+ ei(EHdJ followed by

11-2P
division
11
Achieves the correct answer in the form required. P=——F—= A4=11B=2,C=9 oe
2+ 96_7
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Question
Number

Scheme

Marks

40.

M1: For x" — x"*
i.e. x'° or x’or x seen (not for “+ ¢”)

Al: For two out of three terms
correct un-simplified or simplified
2% —3x2 +4x+c (Ignore + ¢ for this mark)

Al:cao 2x"° —=3x* +4x+c. All
correct and simplified and on one
line including “+ ¢”.

Allow \l? for x'° but not x! for x.

MIA1A1

Ignore any spurious integral signs.

(&)

(3 marks)
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Question

Number Scheme Marks
41.(a) (x=3)3x+5)=3x"—4x-15 Correct expansion simplified or un- BI
Allow 3x” +5x—9x—15 simplified.
M1: x" — x"*' for any term. Follow
through on incorrect indices but not
f(x)=x"-2x"-15x+c for “+ ¢” M1Al
Al: All terms correct. Need not be
simplified. No need for + ¢ here.
Substitutes x = 1 and y = 20 into
x=1,y=20=20=1-2-15+c¢ | their f(x) to find c. Must have + ¢ at dM1
=c=36 this stage. Dependent on the first
method mark.
_ 3 _ 2
(f(x)z)x3—2x2—15x+36 Cao (f(x)—)x 2x 15x+36 Al
(All together and on one line)
)
(b) A=4 ‘ Correct value (may be implied) Bl
Way 1 f(x)=(x—=3)2(x+A4) = (x* —6x+9)(x + A)
f(x)=x’+(A4-6)x"+(9-64)x+94
A-6=-2=>4=4 9-64A=-15=>4=4 94=36=>A4=4
M1: Expands (x—3)°(x+ A) and compares coefficients with their f(x) from part | M1A1
(a) to form 3 equations and attempts to solve at least two of them in an attempt
to show that A4 is the same in each case or substitutes their 4 to show that the
coefficients are the same.
Al: Fully correct proof — must use all 3 coefficients
3)
Way 2 A=4 Correct value (may be implied) Bl
f(x)=(x—-3)(x+4)=(x" —6x+9)(x+4)
=X —6x” +4x> +9x—24x+36=x" —2x" —15x+36
M1: Expands (x—3)*(x+"4") fully in an attempt to show that the expansion | M1A1
gives the same expression found as found in part (a)
Al: Fully correct proof (Condone invisible brackets here e.g. around x + 4
provided sufficient working is shown)
3)
Way 3 A=4 Correct value (may be implied) Bl
(¥ —2x* =15x+36) +(x—3) =x" +x-12
(x2 +x—12)+(x—3) =x+4 or (x2 +x—12) = (x+4)(x—3)
M1: Divides their f(x) from part (a) by (x — 3) and divides their quotient by (x —3) | M1A1l
in an attempt to establish the value of 4. Alternatively divides their f(x) from part
(a) by (x —3)* (Allow x*> 4 6x9) in an attempt to establish the value of 4.
Al: Fully correct proof
QA
Note that this is an acceptable proof:
A =4 (may be implied)
¥ —2x" —15x+36 =(x=3)(x" +x-12)
= (x—3)(x—3)(x+4)
= (x—3>)2 (x+4)
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Remember to check the last page for their sketch

41(c)

(0, 36)

4,0/ (3.0)

A positive cubic shape. Its position is not important but must be a curve and
not straight lines and the “ends” must not clearly turn back in on themselves.

B1

Touches at the point (3, 0) (could be a maximum). Accept 3 marked on the
x-axis and accept (0, 3) as long as it is in the correct place.
Allow (3, 0) in the body of the script but it must correspond with the sketch.
If ambiguous, the sketch takes precedence.

B1

Crosses or reaches the x-axis at (—4,0). Accept —4 marked on the x-axis and

accept (0, -4) as long as it is in the correct place. FT on their —A from part (b)
and allow “—A4“ and allow a “made up” A4.

Allow (—4, 0) in the body of the script but it must correspond with the
sketch. If ambiguous, the sketch takes precedence.

Bl1ft

Crosses the y-axis at (0, 36) and with a maximum in the second quadrant.
Accept 36 marked on the y — axis and accept (36, 0) as long as it is in the
correct place. FT on their numerical 'c' from part (a) only.

Allow (0, 36) in the body of the script but it must correspond with the sketch.
If ambiguous, the sketch takes precedence.

Blft

“4)

(12 marks)
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Question
Number

Scheme

Marks

42.

| szs 7% _5de

Ignore any spurious integral signs throughout

Raises any of their powers by 1.

E.g. ¥’ >x’or x° > x?or k> kx
or x™" — x™"* _Allow the powers
to be un-simplified e.g. x> —x*"or

o xor kb > k.

M1

Any one of the first two terms
correct simplified or un-simplified.

Al

Any two correct simplified terms.

Accept +i2for+1x*2 but not x*
8x 8

for x. Accept 0.125 for %but %

would clearly need to be identified
as 0.3 recurring.

Al

1 _
Zx*+=Zx?=5x+c

3 8

All correct and simplified and
including + ¢ all on one line.

Accept + izfor 1 butnot?
8x 8

for x. Apply isw here.

Al

(4 marks)
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Question
Number

Scheme

Marks

43

Allow the marks in (b) to score in (a) i.e. mark (a) and (b) together

M1: 30 —» 30xo0r 6 N ax% or

NS
5x°

2 ﬁx% (these cases only)

NE

) . Al: Any 2 correct terms which can
R be simplified or un-simplified. This
= f(x) =30x+ Gﬁ—52—5(+0) includes the powers — so allow
' ' —1+1for Land allow 2 +1for 3

(With or without + ¢)

Al: All 3 terms correct which can
be simplified or un-simplified.
(With or without + ¢)

M1A1Al1

Ignore any spurious integral signs

Substitutes x = 4,f(x) =-8into
their f(x) (not f'(x)) i.e. a changed
f '(x) containing +c and rearranges

to obtain a value or numerical
expression for c.

x=4,f(x)=—8=
-8=120+24-64+c=c=...

M1

Cao and cso (Allow «/x for x2 and

5
e.g. Jx° or x*/x for x?).
Isw here so as soon as you see the

correct answer, award this mark.
Note that the “f(x) =" is not needed.

1 5
= (f(x) =)30x+12x? —2x? —88

Al

()

(5 marks)
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Question

Scheme Notes Marks
Number
44 4
J (2x* ——=+3)dx
Jx
M1: x" — x"*'. One power increased by 1 but not for just + c.
This could be for 3 > 3x or for x” — x"** on what they think
1
——is as a power of x.
Jx
2 i Al: One of these 3 terms correct.
—x ——x?+3x 441 4 M1A1A1
5 2 Allow un-simplified e.g. R R
441 -1+1
Al: Two of these 3 terms correct.
4+l -141
Allow un-simplified e.g _AxX T gp
4+1° —141°
Complete fully correct simplified expression appearing all
2 . N on one line with constant. Allow 0.4 fora .
=—x"—8x?+3x+c 5 Al
Do not allow 3x* for 3x
Allow /x or x°°for x*
Ignore any spurious integral signs and ignore subsequent working following a fully
correct answer.
[4]
4 marks
)5 " | EXPERT

IC | TUITION




Question

Number Scheme Marks
45. y=4x— iz
X
M1: x" — x™.
1
e.g. Sight of x* or x'or —
X
5 Do not award for integrating their answer to part
4
X e (@) MI1A1Al
x* !
or Al: 410r—5x—
4 -1 —
X H3xT+e Al: For fully correct and simplified answer with + ¢
all on one line. Allow x*+5x 1 +C
X

Allow 1x* for x*

Apply ISW here and award marks when first seen. Ignore spurious integral
signs for all marks.
3)
(3 marks)
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Question
Number

Scheme

Marks

46

3 1
f(x)=x2 - X2 +2X(+¢)

Ml: x" — x™

Al: Two terms in X correct,
simplification is not required in
coefficients or powers

Al: All terms in X correct.
Simplification not required in
coefficients or powers and

+ ¢ 1s not required

MIA1AI

Sub x=4,y=9into f(X)=c=...

M1: Sub x =4,y =9 into f(X) to
obtain a value for . If no + ¢ then
MO. Use of X =9, y =4 is MO.

Ml

3 1

Accept equivalents but must be

3
29 simplified e.g. f(X)=X2 —4.5JX +2x+2

(f(x)=)x2 —5x5+2x+2

Must be all ‘on one line’ and simplified.
Allow X\/; for x*

Al

)

(5 marks)
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Question Scheme Marks
Number
; 8x*
47. j(gx +4)dx =T+4x M1, Al
=2x*+4x+c Al
(3 marks)
Notes
Ml x" —x"" s0 x* 5> x* or 4—>4x or 4x'
. : : : o o 8 4
Al This is for either term with coefficient unsimplified (power must be simplified)— so Zx or 4x
(accept 4x")
Al Fully correct simplified solution with ¢ i.e. 2x* +4x +¢ [ allow 2x* +4x+cx” ]

If the answer is given as J‘ 2x* +4x+ ¢, with an integral sign — having never been seen as the fully correct

simplified answer without an integral sign — then give M1A1AO but allow anything before the = sign
eg y=2x"+4x +c¢, fx)=2x"+4x +¢, _[: 2x* +4x+c,etc....

If this answer is followed by (for example) x* +2x + k then treat this as isw (ignore subsequent work)
If they follow it by finding a value for ¢, also isw, provided correct answer with ¢ has been seen and credited
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Question Scheme Marks
Number
3 2 ’%
48. f(x)= gx —10x 2 +1 |dx
1
3 2
¥ o2 = 1) = S 107 e x () M1, Al Al
2
Substitute x=4,y=25 =25=8-40+4+c=c= M1
x’ !
(f(x)):§—20x2+x+53 Al
)
(5 Marks)
Notes
M1  Attempt to integrate x” — x™*'
Al Term in x* or term in x* correct, coefficient need not be simplified, no need for +x nor +c
Al ALL three terms correct, coefficients need not be simplified, no need for +c
Ml For using x =4, y = 25 in their f(x) to form a linear equation in ¢ and attempt to find ¢
3 1
Al = e 20x% 4+ x+53 cao (all coefficients and powers must be simplified to give this answer- do
not need a left hand side and if there is one it may be f(x) or y). Need full expression with 53
These marks need to be scored in part (a)
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Question

Number Scheme Marks
s 6
49 J' 2x7 +—=dx
Jx
xn N xn+l Ml
x° =
:?+12X2+C Al Al
3)
(3 marks)
M1 For x" — x"" . ie. x* or x2 or (\/;) seen
Do not award for integrating their answer to part (a)
1
x° x?
Al For either ZZ or 6x I or simplified or unsimplified equivalents
2
Al For fully correct and simplified answer with +c.
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%ﬁggp Scheme Marks

dy -1
50. —=6x 2+x\/;
dx

xfx=x2 | Bl

xn N xn+1 Ml

X
y=1x+5(+0) Al, Al
2 2
2
Use x =4, y =37 to give equationinc, 37= 12\/Z+§(\/Z)5 +c M1
=>c =§ or equivalent eg. 0.2 Al
1 5
> 2 > 1
=12x2+=x2+— Al
() PR
(7 marks)
5
3 2
B1 x+/x = x?*. This may be implied by +5-oe in the subsequent work.
2
! 3
Ml x" = x"* in at least one case so see either x2or x2 or both

5
1 2

Al One term integrated correctly. It does not have to be simplified Eg. %xz or +%.
2 2

2
No need for +c

Al Other term integrated correctly. See above. No need to simplify nor for +c. Need to see

+

=
o=

or a simplified correct version

| —| o
|| %,

M1  Substitute x =4,y =37 to produce an equation in c.

Al Correctly calculates ¢ :% or equivalent e.g. 0.2
Loy 5 Lo
Al cso y=12x2+ gxz +§. Allow 5y =60x% +2x?% +1 and accept fully simplified equivalents.

1 5

1S 2 1
e.g y=L(60x2+2x2 +1) ,y=12\/;+§\/x_5+§
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Question
Number

Scheme

Marks

51

M1: Some attempt to integrate:

*" = x"*1 on at least one term.

(not for + ¢)
1

. 3. =
(If they think — is 3x2you can
Jx

j 10x° 452 3x% still award the method mark for
(|=)—-

- 1 3
5 2 X2 -3 x2

N~

5 2
10x and 4x

Al: or better

1

2

Al: 3xT or better

2

M1Al, Al

Each term correct and simplified
and the + ¢ all appearing together

s ; o3 on the same line. Allow +/x for
= 2x° —2x° —6x% +c¢ 1

x2 . Ignore any spurious integral
or signs and/or dy/dx’s.

Al

Do not apply isw. If they obtain the correct answer and then e.g. divide by 2
they lose the last mark.

[4]
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Question
Number

Scheme

Marks

52 (a)

(3-x%)?=9-6x"+x"

An attempt to expand the numerator
obtaining an expression of the form

9+ px* £qx*, p,q#0

M1

Ox 2 + x2

9+ x*

2
X

Must come from

Al

-6

2

Must come from

2
X

Al

Alternative 1: Writes

(3-x%)*

2
X

as (3x" —x)®and attempts to expand = M1

then A1A1 as in the scheme.

Alternative 2: Sets (3—x?)* =9+ Ax” + Bx", expands (3—x*)*and compares

coefficients = M1 then A1A1 as in the scheme.

(©)]

(f'(x) =9x7° —6+x?)

(b)

—18x7 +2x

M1: x" — x"Lon separate terms at least
once. Do not award for 4 — 0
(Integrating is MO0)

Alft: —18x~° + 2" B"xwith a numerical B
and no extra terms. (A may have been
incorrect or even zero)

M1 Alft

2

(©)

3

f(x)=-9x" —6x+ % (+c)

M1: x" — x"* on separate terms at least
once. (Differentiating is MQ)

3

ALft: —9x + Ax + % (+¢) with

numerical 4 and B, 4,B #0

M1ALft

(-3)°
3

+c¢ SOc¢

Uses x = -3 and y =10 in what they think
is f(x) (They may have differentiated
here) but it must be a changed function
i.e. not the original f'(x), to form a linear
equation in ¢ and attempts to find c¢. No
+ ¢ gets MO and AO unless their method
implies that they are correctly finding a
constant.

M1

c=-2

CSO

Al

c

3

(F(x) =) —9x ! —6x +% + their

Follow through their ¢ in an otherwise
(possibly un-simplified) correct
expression.

-1

AIIow—g for —9x toreven 9x1 .
x —

Alft

Note that if they integrate in (b), no marks there but if they then go on to
use their integration in (¢), the marks for integration are available.

(6))

[10]
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Question
Number

Scheme

Notes

Marks

53.

3
j&?—iﬂxzyi—4
X 3

1

-

-1

n+1

M1: x" — x"" “for either term.

4
If they write —- as 4x? allow
X

3

x> > x> here.

3 -1
Al: 3% or —4x—1 (one correct term

which may be un-simplified)

3 1

Al: 3% and —4x—1 (both terms

correct which may be un-simplified)

M1,ALAl

Note that M1AOAL1 is not possible

4 _
=x*+—+corx*+4x*t+¢

X

Fully correct simplified answer with + c all
appearing on the same line.

Al

[4]
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Question
Number

Scheme

Notes

Marks

54

M1: Correct attempt to split into 2
separate terms or fractions. May be

implied by one correct term. Divides
1 1

by x2or multiplies by x 2.

1 1
Al: x? +9x 2or equivalent

M1Al

M1: Independent method mark for
x" > x™! on separate terms

Al: Allow un-simplified answers. No
requirement for + ¢ here

M1Al

Substitutes x = 9 and y = 0 into their
integrated expression leading to a value for
c. If no ¢ at this stage MOAO follows unless
their method implies that they are correctly
finding a constant of integration.

M1

There is no requirement to simplify their
f(x) so accept any correct un-simplified
form.

Al

()

85

T | EXPERT
I | TUITION




Question
Number

Marks

55

(@

Horizontal translation — does not

; have to cross the y-axis on the right

but must at least reach the x-axis.

Bl

Touching at (-5, 0). This could be
stated anywhere or -5 could be
marked on the x-axis. Or (0, -5)

marked in the correct place. Be
fairly generous with ‘touching’ if
the intention is clear.

Bl

The right hand tail of their cubic
shape crossing at (-1, 0). This
could be stated anywhere or -1
could be marked on the x-axis. Or
(0, -1) marked in the correct
place. The curve must cross the
x-axis and not stop at -1.

Bl

A

(b)

(x+5)*(x+1)

Allow (x+3+2)*(x—1+2)

Bl

@

(©)

Whenx =0,y =25

M1: Substitutes x = 0 into their
expression in part (b) which is
not f(x). This may be implied by
their answer.

Note that the question asks them
to use part (b) but allow
independent methods.

Al: y = 25 (Coordinates not
needed)

M1 Al

If they expand incorrectly prior to substituting x = 0, score M1 A0
NB f(x +2) = x> +11x* + 35x + 25

2)

[6]
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Question Scheme Marks
Number
3 -1
56. (ze +%+5jdx S (o) M1 Al
X 3 -1
= 2% —2x': +5x+¢ Al; Al
Notes
M1: for some attempt to integrate a term in x: x" — x"*™
So seeing either 6x*> — +Ax° or %—) + ux™ or 5 — 5x is M1,
X
1° A1: for a correct un-simplified x* or x* (or 1 j term.
X
2"* Al: for both x* and x™* terms correct and simplified on the same line. le. 2x® —2x™" or 2x° - 2
X
3" Al: for +5x+c. Alsoallow +5x" +c. This needs to be written on the same line.
Ignore the incorrect use of the integral sign in candidates’ responses.
Note: If a candidate scores M1A1A1AL1 and their answer is NOT ON THE SAME LINE then withhold the
final accuracy mark.
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Question
Number Scheme Marks
141 6 ‘%*1 .
57 fl)=2— - 2X 43y (+¢) or equivalent. | M1 Al
2(2) )
16
f(4)=-1=} 7—12(2)+3(4)+c=—1 dm1
{4-24+124+c=-1 = c¢=7}
1
xz 6x2 Al
So, {f(x) =} - - +3x+7 cso
22)  (3)
2 [4]
{NB: f(x) ZXT —124x +3x + 7}
4
Notes
57 1" M1: for a clear attempt to integrate f'( ) with at least one correct application of
x"— x""t on f'(x) =1x —i+ 3.
27 x
; ; 1 141 6 —5+1 041 :
So seeing either =x > tAx " of ——=—>tux 2?2 or3—3x " isM1.
2 Jx

1" A1: for correct un-simplified coefficients and powers (or equivalent) with or without +c.
2" dM1: foruse of x =4 and y = —1 in an integrated equation to form a linear equation in c equal to -1.

ie: applying f(4) =—-1. This mark is dependent on the first method mark being awarded.

1
2 2
Al: For {f(x)z } ﬁ - % + 3x + 7 stated on one line where coefficients can be un-simplified or
2

simplified, but must contain one term powers. Note this mark is for correct solution only.
Note: For a candidate attempting to find f(x) in part (a)
If it is clear that they understand that they are finding f(x)in part (a); ie. by writing f(x) =... or y =... then
you can give credit for this working in part (b).
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Question Sdcheme Marks
5 3
58. X Az +C M1A1A1
5 3)
3 marks
Notes
M1  for X' — x™* applied toy only soX° or X’ seen.
Do not award for integrating their answer to part (a)
5 3
1%'A1 for Xg or —— (or better). Allowl/5x* here but not for’® Al
2
2" A1 for fully correct and simplified answer witfC+ Allow (1/5)x°
If + C appears earlier but not on a line whete1 could be scored then A0
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Questin Scheme Marks
59. 3 2
[f(%) :]3%—3%+5x[+c] or {x3—gx2+5x(+c)} M1A1
10=8-6+10+c M1
c=-2 Al
3 W oAm _ D
f(1) = 1—§+ 5 "-2" = 3 (0.e) Alft (5)
5 marks
Notes
1M1 for attempt to integrate&” — x™
1%' A1 all correct, possibly unsimplified. Ignore here.
2"M1 for usingx = 2 andf(2) = 10 to form a linear equation i Allow sign errors.
They should be substituting into a changa&gressn
2"A1 forc=-2
39 AlLft for %+ c Follow through their numerical ( # 0)
This mark is dependent oi'M1 and ' A1 only.
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Question
Number

Scheme

Marks

60.

M1 A1 Al
Bl

4)
4

Notes

n+l

M1: Attempt to integrate x" — x

(i.e. ax® or ax or ax”, where a is any non-zero constant).

1%t A1: Two correct terms, possibly unsimplified.
2" A1: All three terms correct and simplified.

. . 1
Allow correct equivalents to printed answer , e.g. %+7x—F or

6
Allow lx? or 7x'

B1: + C appearing at any stage in part (b) (independent of previous work)

1x6 +7x—=x"
2
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Question Scheme Marks
Number
61.
1 1
(a) sz,q:Z or 6x2, 3x° Bl1, Bl
)
3
2 3 3
(b) %)ﬁ% (=4x2 +x3j M1 ALft
%
x=4,y=90:32+64+C=90 = C=-6 M1 Al
3
vy =4x2 + x> +"their —6" Al
(%)
7
Notes
(a) Accept any equivalent answers, e.g. p = 0.5, ¢ =4/2
(b) 1% M: Attempt to integrate x" — x™* (for either term)
1% A: ft their p and ¢, but terms need not be simplified (+C not required for
this mark)
2" M: Using x = 4 and y = 90 to form an equation in C.
2" A: cao
3" A: answer as shown with simplified correct coefficients and powers — but follow
through their value for C
If there is a 'restart' in part (b) it can be marked independently of part (a), but marks for
part (a) cannot be scored for work seen in (b).
Numerator and denominator integrated separately:
First M mark cannot be awarded so only mark available is second M mark. So 1 out of 5
marks.
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Question
Number Scheme Marks
6 3 3
62. (J=)2 - AR M1A1,A1,AL
6 ' 3 4
5 4
= 2x° —x"+3x3 +c¢ Al
5
Notes
M1  for some attempt to integrate: x” — x"*! i.e ax® or ax® or ax’ or ax ', where a is
a non zero constant
12x°
1AL for =25 or better
6
3
2" A1 for —3% or better
:
39A1 for 4% or better
3
4™ A1 for each term correct and simplified and the +c occurring in the final answer
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Question
Number

Scheme

Marks

63.

1253 _%

(1=
(f(—l) :0:>) 0=4x(-)-4x1-1+c¢
c=9

+x(+¢)

[f(x)=4x3—4x2+x+9:|

M1 Al Al
M1

Al

Notes

1M1 for an attempt to integrate x" — x"**

1% Al  for at least 2 terms in x correct - needn’t be simplified, ignore +c
2"" A1 for all the terms in x correct but they need not be simplified. No
need for +c

2" M1 for using x = -1 and y =0 to form a linear equation in c. No +c gets
MOAO

39A1 forc=9. Final form of f(x) is not required.
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Question

Number Scheme Marks
64.
8L+6%_5x+c M1 AL
2
4 3
= 2x" +4x2,-B5x+c Al Al
4
Notes
M1  for some attempt to integrate a term inx: x" — x"™*
3 4 3
. . S 8 6
1% A1 for correct, possibly un-simplified x* or x2 term. e.g. % or %
2
3
2" A1 for both 2x* and 4x2 terms correct and simplified on the same line
11

N.B. some candidates write 4+/ x> or 4x 2 which are, of course, fine for Al
39ALl for -5x+c. Accept —5xl+c.

The +c must appear on the same line as the —5x

N.B. We do not need to see one line with a fully correct integral
Ignore ISW (ignore incorrect subsequent working) if a correct answer is followed by an incorrect version.

4 3
Condone poor use of notation e.g. J2x +4x2 —5x+ ¢ will score full marks.
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Question Scheme Marks
Number
65. 2,2 :
(a) ( :)iﬁi—zx (+e) M1A1A1
2 1
2 M1
f(4)=5 =5 :%x16—10><2—8+c
=9 AL (5)
1
[f (x) :%xz —1Ox2—2x+9}
(b)
5 15
m=3x4——-2 | =750r — M1
2 (s3]
L 1
Equation is: y—5:?5(x—4) M1AL
2y-15x+50=0 0.e. Al (4)
(9marks)
(@) | 1M1 foran attempt to integrate x” —» x"**
1% A1 for at least 2 correct terms in x (unsimplified)
2" A1 for all 3 terms in x correct (condone missing +c at this point). Needn’t be simplified
2" M1  for using the point (4, 5) to form a linear equation for ¢. Must use x =4 and y = 5 and
have no x term and the function must have “changed”.
3 A1 forc=9. The final expression is not required.
() | 1M1 foran attempt to evaluate f'(4). Some correct use of x = 4 in f'(x) but condone slips.
They must therefore have at least 3x4 or —3 and clearly be using f'(x) with x = 4.
Award this mark wherever it is seen.
2" M1 for using their value of m [or their ——] (provided it clearly comes from using x = 4 in
m
f’(x) ) to form an equation of the line through (4,5)).
Allow this mark for an attempt at a normal or tangent. Their m must be numerical.
Use of y = mx +c scores this mark when ¢ is found.
1% A1 for any correct expression for the equation of the line
2" A1 for any correct equation with integer coefficients. An “=" is required.
e.g. 2y = 15x — 50 etc as long as the equation is correct and has integer coefficients.
Normal Attempt at normal can score both M marks in (b) but AOAO
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Question
number

Scheme

Marks

66

3
xv/x = x2 (Seen, or implied by correct integration)

— 3 5
RS %2 - kx% or xé - ché (k a non-zero constant)

%
(v=) +X (+C) (“y="and“ +C” are not required for these marks)

5x4’2 47

+——+C Anequation in C is required (see conditions below).

%

5x%

35

(With their terms simplified or unsimplified).

C=1—51 or equivalent 2%, 2.2

o (Or equivalent simplified)

22 11

I.s.w. if necessary, e.g. y = 10x% + +€ = SOx% + Zx% +11

The final A mark requires an equation “y =...” with correct x terms (see below).

Bl

M1

Al.. Al

M1

Al

Al ft

[7]

3
B mark: x? often appears from integration of Jx , which is BO.

1°' A: Any unsimplified or simplified correct form, e.g. %

2 5
2" A Any unsimplified or simplified correct form, e.g. x;g, 2(\/5;) ,

2" M: Attempting to use x = 4 and y = 35 in a changed function (even if
differentiated) to form an equation in C.

39A: Obtaining C :1—51 with no earlier incorrect work.

4th A: Follow-through only the value of C (i.e. the other terms must be correct).
Accept equivalent simplified terms such as 10v/x + 0.4x2/x ...
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Question Scheme Marks
Number
67 4 1

Zi 3x (+ C) M1 Al

4 -
X4 1
—=3x"+C Al
2
(3)
[3]

M1 for some attempt to integrate an x term of the given y. x" — x"*

1% A1  for both x terms correct but unsimplified- as printed or better. Ignore +c¢

here

2"" A1 for both x terms correct and simplified and +c. Accept _3 but NOT

X
+-3x7"
Condone the +c appearing on the first (unsimplified) line but missing on the
final (simplified) line
Apply ISW if a correct answer is seen
If part (b) is attempted first and this is clearly labelled then apply the scheme and
allow the marks. Otherwise assume the first solution is for part (a).
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Question

Number Scheme Marks
68 12 8 M1
(1 =)—x6 —Zx*+3x+c
6 4 AlA1Al
=2x°—2x* +3x+¢
[4]

M1  for an attempt to integrate x" — x"*!

(i.e. ax® or ax* or ax, where g is any non-zero constant).
Also, this M mark can be scored for just the + ¢ (seen at some stage), even if no other
terms are correct.
1AL for 2x°
2" AL for —2x*
3@ A1 for3x+c (or 3x+k, etc., any appropriate letter can be used as the constant)

1

Allow 3x! + ¢, but not 3%—%—0.
Note that the A marks can be awarded at separate stages, e.g.

12

“2x®—2x*+3x  scores 2" A1l

12

== x% —2x* +3x+c¢ scores 3 Al

2x% —2x* +3x scores 1% Al (even though the ¢ has now been lost).
Remember that all the A marks are dependent on the M mark.
If applicable, isw (ignore subsequent working) after a correct answer is seen.
Ignore wrong notation if the intention is clear, e.g. Answer J'er —2x* +3x+cdx.
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Question

Number Scheme Marks
69 2 2
(f(x): 2—3%—7)6(+c) M1
2
3
= x°=2x2-Tx (+c) AlAl
f4)=22 = 22-64-16-28+c¢ M1
_ Alcso (5)
c=2
[5]
3

1M1 for an attempt to integrate (x> or x2 seen). The x term is insufficient for

this mark and similarly the + ¢ is insufficient.

3
st 3 3 3x2 . . . -
1" A1 for gx or ——— (An unsimplified or simplified correct form)
2

2" A1 for all three x terms correct and simplified... (the simplification may be

seen later). The + ¢ is not required for this mark.

1

Allow —7x*, but not —7%.
2""M1 for an attempt to use x = 4 and y = 22 in a changed function (even if

differentiated) to form an equation in c.
3@ A1 for ¢ = 2 with no earlier incorrect work (a final expression for f(x) is not

required).
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Question Scheme Marks
number
S 3
70. 2x+—=x"+c M1A1Al
©)
3
M1  for an attempt to integrate x” — x"™. Can be given if +c is only correct term.
st 5 3 ) 5 2x 1
17 Al for gx or 2x+c. Accept 1< for 3 Do not accept T or 2x as final answer
2" A1 for as printed (no extra or omitted terms). Accept 1% or 1.6 for g but not 1.6 or 1.67 etc
Give marks for the first time correct answers are seen e.g. g that later becomes 1.67, the 1.67 is
treated as ISW
NB M1AO0AL1 is not possible
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Question Scheme Marks
number
2
71. (a) (x2+3) =x* +3x% +3x2 +3? M1
2
2
x“+3 4 2
( i ) _X +6§ 9 26+ () Alcso (2)
X X
x3 9 1
(b) y:?+6x+—x* (+¢) M1A1A1
202£+6x3—g+c M1
3 3
c= -4 Al
3
[y =]? +6x—9x -4 Alft (6)
8
2
@) M1  for attempting to expand (x2 +3) and having at least 3(out of the 4) correct terms.
Al atleast this should be seen and no incorrect working seen.
If they never write % as 9x 2 they score AQ.
X
(b) 1 M1 for some correct integration, one correct x term as printed or better
u
Trying {— loses the first M mark but could pick up the second.
v
1% A1 for two correct x terms, un-simplified, as printed or better
2" A1 for a fully correct expression. Terms need not be simplified and +c is not required.
No + ¢ loses the next 3 marks
2" M1 for using x = 3 and y = 20 in their expression for f(x) {;t j_y} to form a linear equation for ¢
X
3YAl forc= -4
4™ A1ft for an expression for y with simplified x terms: 9 for 9x" is OK .
X
Condone missing “y = *
Follow through their numerical value of ¢ only.
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Question
number

Scheme

Marks

72.

3x2 >k or 4x® 5>k or -7 > kx (k a non-zero constant)
— or — (Either of these, simplified or unsimplified)

6 3 6
x° +2%— 7x or equivalent unsimplified, such as 3%+4%— 7x!

+C (or any other constant, e.g. + K)

M1

Al

Al

Bl

(4)

M: Given for increasing by one the power of x in one of the three terms.

A marks: ‘Ignore subsequent working’ after a correct unsimplified version of a
term is seen.

B: Allow the mark (independently) for an integration constant appearing at any
stage (even if it appears, then disappears from the final answer).

This B mark can be allowed even when no other marks are scored.
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Question
number

Scheme

Marks

73.

3
(@) 4x - kx® or 6Jx > k2 or % — kx™  (k a non-zero constant)
X

2 % 1 .
f(x)=2x", —4x/?, —8x (+0O (+ C not required)
3
Atx=4,y=1: 1=(2x16)—(4x44j—(8x4‘1)+c Must be in part (a)
Cc=3

(b) '(4) =16 — (6x 2) +% :% (=m) M: Attempt f'(4) with the given f'.
Must be in part (b)

Gradient of normal is —S [: —ij M: Attempt perp. grad. rule.
m

Dependent on the use of their f'(x)

Eqgn. of normal: y—-1= —é(x —4) (or any equiv. form, e.g. y-1 = _E)

x—4 9
. 2 17 . .
Typical answers for Al: | y = 35t (2x+9y-17=0) (y =-0.2x +1.8)

Final answer: gradient — ! or S is AO (but all M marks are available).
i } 4.5

%

M1

Al Al Al
M1
Al

M1

M1

M1 Al

(6)

(4)

10

(@) The first 3 A marks are awarded in the order shown, and the terms must be
simplified.

'Simplified' coefficient means % where a and b are integers with no common

factors. Only a single + or — sign is allowed (e.g. + — must be replaced by -).

2" M: Using x =4 and y = 1 (not y = 0) to form an egn in C. (No C is M0)
(b) 2" M: Dependent upon use of their f'(x).

3" M: egn. of a straight line through (4, 1) with any gradient except 0 or .

Alternative for 3" M: Using (4, 1) in y = mx + ¢ to find a value of ¢, but
an equation (general or specific) must be seen.

Having coords the wrong way round, e.g. y —4 = —%(x —1), loses the 3 M

mark unless a correct general formula is seen, e.g. y—y =m(x—x,) .

N.B. The A mark is scored for any form of the correct equation... be prepared
to apply isw if necessary.
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Question

Number Scheme Marks
dy 3
74.(a) | —=70x —35x° MIA1
dx
Put & =0 to give 70x —35x =050 x* =2
udx— o give 70x —35x> =050 x2 = M1
x=4 Al
y=112 Al
)
(W(:})/ 0 Wheny=0, 35x>=14x" and x° =f—j or 5 =2J; 50 \/_=§ M1
L o2 Al
4 (2)
(b) _ 2 3 4 5 _ _
(Way 2) Wheny =0, 35x°=14x> so 1225x" =196x> or 5=2/x so 25=4x M1
x -2 or x _1225 Al
196 (0]
©) _[ 3557 —14xTdr= 23— 14% (+¢) MIAIft
Way 1 3 )
25
[3?5 X —4x }4 =406.901..—-234.667 =172.23 dM1
4
Hence Area ="their 112x(64—4)"-"172.23"  or “252” — “172.23” ddM1
Al
79.77
S)
(c) : 2
Way 2 J“'l 12" {35x° —14x?}dx = (112x)—3—35x3 + 147x (+¢) MIALft
2
[(1 12x) - (? x - 4x%) } * with correct use of limits dM1
wgo
Integrated their 112 to give 112x with correct use of limits ddM1
Al
79.77
3)
[12]
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Notes
(@)

M1: Attempt at differentiation after multiplying out - may be awarded for 70x term correct
(If product rule is used it must be of correct form i.e. % =7x" (—2kx’"1 ) +14x(5-2x") )

A1: the derivative must be completely correct but may be unsimplified
For product rule this is % =7x’ (—x_% ) +14x(5—- 2«5)

M1: uses derivative = 0 to find x* = or x = with correct work for their equation (even without fractional

powers)

Al: obtains x = 4 then

Al: for y =112 (may be credited if seen in part (a) or in part(c))

(b)

Way 1 (Dividing first)

MI1: Puts y = 0 and obtains expression of the form x* = 4 (where £ is not equal to 1) after correct algebra

for their equation (may be a sign slip)

A1l: Obtains x = 6.25 or equivalent correct answer

(b)

Way 2 (dealing with fractional power first i.e. Squaring)

MI1: Puts y = 0 and squares each term correctly for their equation obtaining expression of the form
A* x™ = B>x" after correct algebra

A1l: Obtains x = 6.25 or equivalent correct answer

(c)

Way 1

M1: Correct integration of one of their terms — e.g. see x* term integrated correctly (not just raised power)
Alft: completely correct integral for their power which must have been a fraction (may be unsimplified)
dM1: (dependent on previous M) substituting their 25/4 and their 4 and subtracting

ddM1 (depends on both method marks) Correct method to obtain shaded area so their rectangle minus
their area under curve

Al: Accept answers which round to 79.77

(c)

Way 2

M1: Attempt at integration — x> term integrated correctly

Alft: completely correct integral for second and their third terms (provided one has a fractional power)
(ignore sign errors) (may be unsimplified)

dM1: (dependent on previous M) substituting their 25/4 and their 4 and subtracting (either way)

ddM1 (depends on both method marks) Correct method to obtain shaded area so their 112 integrated
correctly and correct signs for the other two terms in the integrand

Al: Accept answers which round to 79.77

Answer with no working — send to review

If they have the wrong fractional power on their second term after expansion in part (a) (usually 3/2),
all the method marks are available throughout the question and the A1ft is available in (c). The A
mark in part (b) may also be accessible. Maximum score is likely to be 8/12

If they have the trivial power 1 on their second term, then two method marks are available in (a) and
three method marks are available in part (c) Maximum score is likely to be 5/12
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Question

Number Scheme Marks
75 | Whenx=1, y=4+9-30-8=-25 B1
Way 1 Y=L V= a
Area of triangle ABP = 1x1x25=125 (Where P is at (1, 0)) B1
2
Way 1:".(4)63 +9x%* — 30x —8)dx = x* +§x3 _ 30« —8x {+ c} or x* +3x* —15x* —8x {+ c} M1Al
4 3 2
[x* +3x° —15x2 —8x}l =(1+3-15-8) — [(—%) +3(—%) —15(—%) —8(—%)}
’ dMm1
=(-19) = 2% or _19-1.02
256
[1] . 11} 11} . 5 n [13 2 (13 2 13 2 " o 5125"
So Area ="their 12.5"+ "their20—=" or “12.5” +“20.02” or “12.5” + "their —— ddM1
256 256
Al
= 32.52 NOT -32.52
( ) )
Less efficient alternative methods for first two marks in part (b) with Way 1 or 2
For first mark: Finding equation of the line 4B as y = 25x — 50 as this implies the —25 Bl
For second mark: Integrating to find triangle area
2 2
I(25x—50)dx = [%xz —SOx} =-50+375=-125 soareais 12.5 B1
1 1
Then mark as before if they use Method in original scheme
(75) | Way 2: Those who use area for original curve between -1/4 and 2 and subtract area
Way 2 | between line and curve between 1 and 2 have a correct (long) method .
The first B1 (if y=—25 is not seen) is for equation of straight line y = 25x — 50 Bl
The second B1 may be implied by final answer correct, or 4.5 seen for area of “segment
shaped” region between line and curve, or by area between line and axis/triangle found as 12.5 B1
2
I(4x3 +9x% —55x +42)dx = x* +§x3 - 55Tx+42x {+c} (orintegration as in Way 1) M1A1
The dML is for correct use of the different correct limits for each of the two areas: i.e.
4 3 2
[x* +3¢° ~15x* -8x]’, = (16+24-60-16) - (_E) +3(_1j _15(_3) —8(_1j
4 4 4 4 4
9 55x2 dMl
And {x“ +§x3 - +42x}f= 16+24-110+84—-(1+3-27.5+42)
So Area =their [x* +3v —15x*—8x|°, minus their | x* +2x° — 2% 4oy |2
0 Area =their [x +3x” —1ox" — xl% minus their | x +§x - +42x |; ddM1
I.e. "their 37.0195"—"their 4.5"  (with both sets of limits correct for the integral)
Reaching = 3252  (NOT -3252) Al
See over for special case with wrong limits
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NB: Those who attempt curve — line wrongly with limits —1/4 to 2 may earn M1A1 for
correct integration of their cubic. Usually e.g. M1A1l

2
j(4x3 +9x% — 55y +42)dx = x* +§x3 _ %

+42x {+ c}

(They will not earn any of the last 3 marks)

They may also get first B1 mark for the correct equation of the straight line (usually seen
but may be implied by correct line —curve equation) and second B1 if they also use
limits 1 and 2 to obtain 4.5 (or find the triangle area 12.5).

75

Notes

Way 1:

B1: Obtains y = - 25 when x = 1 (may be seen anywhere — even in (a)) or finds correct equation of line is
y =25x-50

B1: Obtains area of triangle = 12.5 (may be seen anywhere). Allow —12.5. Accept 1 x1x25

M1: Attempt at integration of cubic; two correct terms for their integration. No limits needed

Al: completely correct integral for the cubic (may be unsimplified)

dM1: We are looking for the start of a correct method here (dependent on previous M). It is for
substituting 1 and -1/4 and subtracting. May use 2 and -1/4 and also 2 and 1 AND subtract (which is
equivalent)

ddM1 (depends on both method marks) Correct method to obtain shaded area so adds two

positive numbers (areas) together — one is area of triangle, the other is area of region obtained from
integration of correct function with correct limits (may add two negatives then makes positive)

Way 2: This is a long method and needs to be a correct method

B1: Finds y=—25 at x=1 ,or correct equation of line is y = 25x — 50

B1: May be implied where WAY 2 is used and final correct answer obtained so award of final Al results
in the award of this B1. It may also be implied by correct integration of line equation or of curve minus
line expression between limits 1 and 2. So if only slip is final subtraction (giving final AOQ, this mark may
still be awarded) So may be implied by 4.5 seen for area of “segment shaped” region between line and
curve.

M1: Attempt at integration of given cubic or after attempt at subtracting their line equation (no limits
needed). Two correct terms needed

Al: Completely correct integral for their cubic (may be unsimplified) — may have wrong coefficients of
X and wrong constant term through errors in subtraction

dM1: Use limits for original curve between -1/4 and 2 and use limits of 1 and 2 for area between line
and curve— needs completely correct limits— see scheme- this is dependent on two integrations

ddM1: (depends on both method marks) Subtracts "their 37.0195"— "their 4.5" Needs consistency of

signs.

Al: 32.52 or awrt 32.52 e.g. 32% NB: This correct answer implies the second B mark

(Trapezium rule gets no marks after first two B marks) The first two B marks may be given wherever
seen. The integration of a cubic gives the following M1 and correct integration of their cubic

2
J‘(4x3 +9x° + Ax + B)dx = x* +§x3 + A7X+Bx {+c} givesthe Al
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Question Scheme Marks
Number
s Either | M1 \\
3 352 X2 ) 3 5
76. (3) I —atldvy = - - mes vl oA or o>t Apr0 ]
( 2 j ___.__Atleast one term correctly integrated | Al
... Both terms correctly integrated | Al
_______________________________________________________________________________________________________________________________________________ 3]
(b) 3 1 1 Sets y =0, inorder to find | M1 ~
0=3x—x> =>0=3-x2 or 0=x|3-x?|=>x=.. 1
the correct x2 =3 orx=9
2 57°
Area(s) = i gx2
2 5
_(3(9)° 2 ors Applies the limit 9 on an integrated
B [ 2 5 ©) {0} function with no wrong lower limit . ddMlJ/
"""""""""""""""""""""""""""""""""""""""""""""""""""""""" 243 a1
= &_@ _{0} :& or 24.3 22 or 243 | AL
2 5 10 10 oe
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, 3]
6
Question 76 Notes
3 5
(a) M1 Either3x — + Ax% or x2 — Tux?, A, u#0
13t Al At least one term correctly integrated. Can be simplified or un-simplified but power must be
simplified. Then isw.
nd Both terms correctly integrated. Can be un-simplified (as in the scheme) but the n+1 in each
2 Al denominator and power should be a single number. (e.g. 2 — not 1+1) Ignore subsequent work if
there are errors simplifying. Ignore the omission of “+ ¢”. Ignore integral signs in their answer.
(b) : NS
15t M1 Sets y =0, and reaches the correct x> =3 orx =9 (iswif x? =3 is followed by x = \/§)
1
Just seeing x = J/3 without the correct x2 =3 gains MO. May just see x = 9.
Use of trapezium rule to find area is MOAO as hence implies integration needed.
ddm1 This mark is dependent on the two previous method marks and needs both to have been awarded.
Sees the limit 9 substituted in an integrated function. (Do not follow through their value of x) Do
not need to see MINUS 0 but if another value is used as lower limit — this is MO.
This mark may be implied by 9 in the limit and a correct answer.
Al 243 or 24.3
3 1
Common | Common Error 0=3x—x? = x2 =350 x =+/3
Error | ryen uses limit <3 etc  gains M1 M0 A0 s0 1/3
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Question

Scheme Marks
Number
May mark (a) and (b) together
77.(a) | Expands to give 10x° —20x Bl
10 s —"20".7(?2 r| M1 Alft
Integrates to give —x 24+ — (+c¢)
2
. H 2 Alcao
Simplifies to 4x* —10x" (+¢) 4)
(b) Use limits 0 and 4 either way round on their integrated function (may only see 4 substituted) [ | M1
Use limits 4 and 9 either way round on their integrated function - Ml
Obtains either =32 or £ 194 needs at least one of the previous M marks for this to be awarded | Al
( h ddM1,Al
(Soarea= | [ yebx|+ [ ydx ) ie.32+194,=226 ®)
0 4
[9]

Notes
(a) B1: Expands the bracket correctly
M1: Correct integration process 0n at least one term after attempt at multiplication. (Follow correct expansion or

one slip resulting in 10x* —20x where k may be 1 or 3 or resulting in 10x* — Bx , where B may be 2 or 5)
So X' 5> or ¥ 5> or x' > andlor x —>—.
52 32 72 2
Al: Correct unsimplified follow through for both terms of their integration. Does not need (+ ¢)
Al: Must be simplified and correct— allow answer in scheme or 4x”* —10x° . Does not need (+c¢)

(b) M1: (does not depend on first method mark) Attempt to substitute 4 into their integral (however obtained but
must not be differentiated) or seeing their evaluated number (usually 32) is enough — do not need to see
minus zero.

dM1: (depends on first method mark in (a)) Attempt to subtract either way round using the limits 4 and 9

Ax9* — Bx9* with Ax4> — Bx4*is enough — or seeing 162 —( -32) {but not 162 —32 }
Al: At least one of the values ( 32 and 194) correct (needs just one of the two previous M marks in (b))
or may see 162 + 32 + 32 or 162 + 64 or may be implied by correct final answer if not evaluated until last line
of working
ddM1: Adds 32 and 194 (may see 162 + 32 + 32 or may be implied by correct final answer if not evaluated until
last line of working). This depends on everything being correct to this point.
Alcao: Final answer of 226 not ( - 226)

Common errors: 4x4° —10x4>+4x9> —10x9> — 4x4* —10x4> =+ 162 obtains M1 M1 A0 (neither 32 nor
194 seen and final answer incorrect) then MO A0 so 2/5
Uses correct limits to obtain -32 +162 +32 = +/-162 is M1 M1 Al (32 seen) MO A0 so 3/5

Special case: In part (b) Uses limits 9 and 0 =972 — 810 -0=162 M0 M1 A0 MOAO scores 1/5
This also applies if 4 never seen.
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Question Scheme Marks
Number
78. Ml xn _)anrl
. x* xt
Al: At least one of either or .
6(4)  (3)(-1)
x + 1 dx; = x* + X Al x—4 + X or equivalent M1A1A1
6 3 T 64 () C6(4)  (3)(-D) '
X4 x—l
e.g. % + il (they will lose the final mark
if they cannot deal with this correctly)
Note that some candidates may change the function prior to integrating e.g.
S|
J.x— + ?dx = | 3x° + 6dxin which case allow the M1 if x" — x"" for their changed
X
function and allow the M1 for limits if scored
4 -1
N 3 ()| (0 o
—+ 5 |dx = + - + dM1
, L6 3x 24 -1(3) 24 -1(3)
2" dM1: For using limits of J3and 1 onan integrated expression and subtracting the correct
way round. The 2" M1 is dependent on the 1* M1 being awarded.
2 1 NG 2 1
——=3ora=—andb=—-—.
39 “73 9
(9 1) (1 1y, 2 1\/5 Allow equivalent fractions for « and/or 4 and Al
“l24 33) \22 3) 3 9 0.6 recurring and/or 0.1 recurring but do not cso
allow 6-\3
9
This final mark is cao and cso — there must have been no previous errors
Total 5
Common Errors (Usually 3 out of 5)
3 3 4 -1
“[’“—+ L de} - J‘(x—Jr 3x2jdx - 3% M1A1A0
6 3x 6 6(4) (-1)
B 3) 3(v3) s -
{J‘ (£+ 12de} = {(\/—) + (\/—) J— [(1) + 30 1]dMl
. U6 3x 24 -1 24 -1
9 3 1 3 10
= - || =+ 2 |==-3A0
(24 ﬁj (24 ’ —1) 3 V3
3 3 B 4 3 -1
LA R | LN ar= 1+ ) ara
6 3x 6 6(4) (-1
s 3) (3v3) s .
{J. (x—'f’ 12 ]dx} = [(\/—) + ( \/—) J - [(l) + (3x1) ]dMl
, L6 3x 24 -1 24 -1
(o1 _(L_ij:z_ﬁ,w
24 3/3) \24 3) 3 9
Note this is the correct answer but follows incorrect work.
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Question

Scheme Marks
Number
M1: x" — x"** on either term
4 3 4 3
j(%str%xzj d = )36_2+7{+C} Al: §+7 Any correct M1AL
simplified or un-simplified
form. (+ ¢ not required)
2 (16 8) (256 (-64) )
—+—| =|=+= +-—=
32 4], 32 4 32 4
or dM1
4 370 4 372
S T D | sgedto £ 2] 2 [, @° ~(0)
32 4], 32 4 32 41, 32 4
Substitutes limits of 2 and —4 into an “integrated function” and subtracts either
way round. Or substitutes limits of 0 and —4 and 2 and 0 into an “integrated
function” and subtracts either way round and adds the two results.
21 21
= — — or 105
79. 2 2 Al
{Atx=-4,y=-8+12=4 oratx=2,y=1+3=4}
Area of Rectangle =6x 4 =24
or M1
Area of Rectangles =4x4=16 and 2x4=8
Evidence of (4—-2)x their y_, or (4--2)x their y,
or
Evidence of 4 x their y_, and 2 x their y,
dddM1: Area rectangle —
integrated answer. Dependent
21 97 on all previous method marks
So,area(R) =24 — —=— and requires: dddM1A1
2 2 Rectangle > integration > ()
Al: 2—27 or 135
[71
Total 7
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Alternative:

+ | "theird" — (lx?’ + Exzj dx
8 4

Line — curve. Condone missing
brackets and allow either way
round.

4" M1

M1: x" — x"*! on either curve
term

4 3
X X

:"———=—""Any correct
32 4

simplified or un-simplified form

of their curve terms, follow

through sign errors. (+ ¢ not

required)

1St Ml 1St
Alft

[ ]2 - (S_E_ﬁj_(_ls_@_@j
- 32 4 32 4

2"7 M1 Substitutes limits of 2
and —4into an “integrated

curve” and subtracts either way
round.

3" M1 for +("8"-"-16")
Substitutes limits into the ‘line
part’ and subtracts either way

round.

2" A1 for correct = (underlined
expression). Now needs to be
correct but allow + the correct
expression.

2" M1, 3™
M1
2" A1

2z
2

Al: 2—27 or 135

39 A1

If the final answer is -13.5 you can withhold the final A1
If -13.5 then “becomes” +13.5 allow the A1l

113

T | EXPERT
IC | TUITION




Question

N Scheme Marks
umber
80. (a) | Seeing —4 and 2. Bl
1)
(b) x(x +4)(x — 2) = x* + 2x* — 8x or x° —2x* + 4x® — 8x (without simplifying) | B1
4 3 2 4 3 3 2
I(x3+2x2—8x)dx=x—+2i—8i{+ c} Orx——2i+4i—8i{+c} M1ALft
4 3 2 4 3 3 2
4 3 270 4 3 272
X 2 8 = (0) - 64128 o) o X 2 8T 4+E—16—(O) dm1
4 3 2 |, 3 4 3 2 1, 3
One integral ==+ 42% (42.6 or awrt 42.7 ) or otherintegral = + 6% (6.6 or awrt 6.7) Al
" o 2II " o 2II " . 2lI " ) 2lI
Hence Area = thelr42§ + thezr6§ or Area = thezr42§ =" thezr6§ dmi
= 491 or 49.3 or 148 (NOT _148 ) Al
3 3 3
1 . : (7
(An answer of = 49§ may not get the final two marks — check solution carefully)
[8]
Notes for Question 80
(a) B1: Need both —4 and 2. May see (-4,0) and (2,0) (correct) but allow (0,-4) and (0, 2) or A =-4, B=2or
indeed any indication of -4 and 2 — check graph also
(b) B1: Multiplies out cubic correctly (terms may not be collected, but if they are, mark collected terms here)
M1: Tries to integrate their expansion with x" — x"** for at least one of the terms
Alft: completely correct integral following through from their CUBIC expansion (if only quadratic or
quartic this is A0)
dM1: (dependent on previous M) substituting EITHER -a and 0 and subtracting either way round OR
similarly for 0 and b. If their limits —a and b are used in ONE integral, apply the Special Case below.
Al: Obtain either J_r42§ (or 42.6 or awrt 42.7)from the integral from -4 to 0 or * 6% (6.6 or awrt 6.7)
from the integral from 0 to 2; NO follow through on their cubic (allow decimal or improper equivalents
% or 2—3? ) isw such as subtracting from rectangles. This will be penalized in the next two marks,
which will be MOAO.
dM1 (depends on first method mark) Correct method to obtain shaded area so adds two positive
numbers (areas) together or uses their positive value minus their negative value, obtained from two
separate definite integrals.
Al: Allow 49.3, 49.33, 49.333 etc. Must follow correct logical work with no errors seen.
For full marks on this question there must be two definite integrals, from -4 to 0 and from 0 to 2, though
the evaluations for 0 may not be seen.
(Trapezium rule gets no marks after first two B marks)
(b) Special Case: one integral only from —a to b: BIM1A1 available as before, then
4 3 272
R 2 8 = (4+§—16) — | 64— 128 64 |= —6§+42§=.... dM1 for correct use of their
4 3 2 ., 3 3 3
limits —a and b and subtracting either way round.
Al for 36: NO follow through. Final M and A marks not available. Max 5/7 for part (b)
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81.

y=27—2x—9\/§—@
X

M1: x" — x""on any term

Al: 27x—x*?

115

[ydv= 27x—x? - 6x% +16x7 (+¢) : M1A1A1AL
Al: —6x2
Al: +16x™
(27 (4) - (4)2 N 6(4)E + 16(4)_1) Attempt to subtract either way
, round using the limits 4 and 1. dM1
_(27 (1) _ (1)2 _ 6(1)5 +16 (1)1) Dependent on the previous M1
= (48 - 36)
12 Cao Al
()
[6]
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(s,

inus

Question Scheme Marks
number
Method 1 Puts10- x=10x—- x* — 8and Or putsy=10(10-y)- (10-y §- 8 | Ml
82 (a) rearranges to give three term quadratic | and rearranges to give three term quadratic
Solves their" x* —11x+18= 0" using | Solves their' y> -9y +8= 0" using M1
acceptable method as in general principle%cceptame method as in general principies
to give x= give y =
Obtans x=2, x=9 (may be on Obtainsy = 8,y = 1 (may be on diagram)| A1
diagram or in part (b) in limits)
Subdgitutes their Xnto a given equation Substitutes their into a given equation to M1
to give y= (may be on diagram) give x= (may be on diagram or in part (b))
y=8,y=1 X=2,x=9 Al (5)
(b) J
J(le—xZ—S)dx= 10x —X——8x{+ c} M1 Al
2 3 Al
¢ T dM1
- — =8| =(...)(.0)
2 3 )
4 2 266
=90-—- = 88ior
3
Area d trapezium=1 (8 1)(% 2F 31.5 B1
So are of Ris 882- 315=57% or &8 (I;/IaloAl
(1)
12
marks
Notes (a) | FirstM1: See scheme Secohtl: See notes relating to solving quadratics
Third M 1: This may be awarded if one substitution is made
Two carect Answers following tables of values, or from Graphical calculator are 5/5
Just one pair of correct coordinates — no working or from table is MOMOAOM1AOQO
(b) | M1: x™ = x"** for any one term.
1°' Al: atleast two out of three terms correct2™ Al: All three correct
dM1: Substitutes 9 and 2 (or limits from part(a)) into an “integrated function” and subtrac
either way round
(NB: If candidatechanges all signso getj(-loXH‘ coyk- —— L {scr Thisis M1 AL Al
2 3
Thenuses limits dM1 and trapezium is B1
Needsto change sign of value obtained from integration for final M1A1 s6-885— 315 is MOAO )
B1: Obtains 31.5 for area under line using any correct method (could be integration) or triangle m
triangle%XSX 8—% or rectangle plus triangle [may be implied by correct 57 1/6 ]
M1: Their Area under curve — Their Area under line (if integrate both need same limits)
Al: Accept 57.16recurring but not 57.16
___________ PTO for Alternative method_ _ _ _ _ _ _ __ _ _ __ _____ o ___________
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Method 2

for (b) Area; ofR
= j (10x-x* -8 — (10— x) ok 3 M1 (in (b) ): Uses difference
2 between two functions in integral.
9 . n n+1
J‘ 2 +11x - 18dx M: x" - x""* for any one term. M1
2 Al a least two out of these three Al
. X 11%2 _18 simplified terms
Y * Xi+c Correct integration. (Ignore &). Al
9
_X_3 + 11x° —18x| = (we) = (nn) Substitutes 9 and 2 (or limits from
, part(a)) into an “integrated function” dM1
and subtracts, either way round.
This mark is implied by final answer which rounds to 57.2 B1
See above working(allow bracketing errors) to decide to award 3 M1 M1
mark for (b) here:
40.5-(-162)=57% cao Al
(7)
Special o X 11x° M1A1Al
case of L x> —11x+ 18dx = 3 +18x{+ c}
above
method
3 2 ° DM1
XX 18| = () = ()
3 2 ,
This mark is implied by final answer which rounds to 57.2 (not -57.2) Bl
Diff erence of functions implied (see above expression) M1
40.5-(-16%)=57¢ cao Al
(7)
Special Integrates expressionyre.g. "y--9y+8=0": This can have first
Case 2
M1 in part (b) and no other marks. (It is not a method for finding this
area)
Notes Take away trapezium again having used Method 2 loses last two marks
Common Error:
Integrates— x* +9x—18is likely to be M1IA1A0dM1BOM1AOQ
Integrates2-11x - x* is likely to e M1IAOAOdM1BOM1AOQ
9
Writing J (10x-x* - § - (10-x) cx only earns final M mark
2
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Question Scheme Marks
number
83 (a)
X 1 1.5 2 25 3 35 4
y 16.5 | 7.361 4 2.31 1.278 0556 |0 Bl1,B1
)
(b) 1
%05, {(16.5+0)+2(7.361+4+2.31+1.278+0.556 | BL M1ALft
= 11.88 (or answers listed below in note) Al ()]
(c) 4 2 4
B = _16 X M1 AL AL
1 X 2 X 4 "
=[-4-4+4]-[-16-1+1] dm1
=114 or equivalent Al
(5)
11
Notes (a) B1 for 4 or any correct equivalent e.g. 4.000 B1 for 2.31 or 2.310
(b) B1: Need 0.25 or % 0f 0.5
M1: requires first bracket to contain first y value plus last y value (0 may be omitted
or be at end) and second bracket to include no additional y values from those in the
scheme. They may however omit one value as a slip.
N.B. Special Case - Bracketing mistake
%x 0.5(16.5+0) + 2(7.361+ 4+2.31+1.278+ 0.556) scores B1 M1 A0 A0 unless the
final answer implies that the calculation has been done correctly (then full marks )
ALft: This should be correct but ft their 4 and 2.31
Al: Accept 11.8775 or 11.878 or 11.88 only
(c) M1 Attempt to integrate ie power increased by 1 or 1 becomes x ,
A1 two correct terms, next A1 all three correct unsimplified (ignore +c)
(Allow —16x" —0.25x* +1x or equivalent)
dM1 (This cannot be earned if previous M mark has not been awarded) Uses limits 4 and 1
in their integrated expression and subtracts (either way round)
A1 11.25or 11 ¥ or 45/4 or equivalent (penalise negative final answer here)
Alternative | Separate trapezia may be used : B1 for 0.25, M1 for 1/(a + b) used 5 or 6 times (and
Method for
(b) Alft all correct for their “4” and “2.31” ) final Al for 11.88 etc. as before
In part (b) Need to use trapezium rule — answer only (with no working) is 0/4 -any
doubts send to review In part (c) need to see integration
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Question

Scheme Marks
Number
84. Curve: y=-x"+2x +24, Line: y=x+4
@ {Curve=Line}=> - x* +2x+24=x+4 Eliminating y correctly. | B1
2 _ _ _ _ Attempt to solve a resulting
W oo 20=00 = (-9 H{=0f= x = quadratic to give x = their values. M1
So, x=5,-4 Both x =5 and x=-4. | A1
So corresponding y-values are y =9 and y =0. See notes below. | B1ft  [4]
oo2x’ M1: x" — x"*! for any one term
—x2+2x+24dx}=—x—+—+24x + ¢ ' y '
(b) {j ( ) 3 2 { 1% Al at least two out of three terms. | M1IA1AL
2" A1 for correct answer.
¥ 2x° i Substitutes 5 and —4 (or their limits from
— =+ 24x| = ()= () i ) )
3 2 N part(a)) into an “integrated function” and | dM1
subtracts, either way round.
—%+25+120 - %+16—96 = 103l - —58E =162
3 3 3 3
Area of A=1(9)(9) =40.5 Uses correct method for finding area of triangle. | M1
. Area under curve — Area of triangle. | M1
area of R is 162 — 40.5 =121.
Soareaof Ris 162 - 405=121.5 1215 | Al oe cao
[7]
11
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Question

Scheme Marks
Number
84(a) 1 B1: For correctly eliminating either x or y. Candidates will usually write — x* + 2x + 24 = x + 4.
This mark can be implied by the resulting quadratic.
M1: For solving their quadratic (which must be different to — x* + 2x + 24)to give x =... See
introduction for Method mark for solving a 3TQ. It must result from some attempt to eliminate one of
the variables. Al: Forboth x=5 and x =-4.
2" B1ft: For correctly substituting their values of x in equation of line or parabola to give both correct ft
y-values. (You may have to get your calculators out if they substitute their x into y = — x> + 2x + 24).
Note: For x=5-4=y=9and y=0 = eg.(-4,9) and (5,0), award B1 isw.
If the candidate gives additional answers to (—4, 0) and (5, 9), then withhold the final B1 mark.
Special Case: Award SC: BOMOAOBL1 for {A} (-4, 0). You may see this point marked on the diagram.
Note: SC: BOMOAOBL for solving 0 = —x? + 2x + 24 to give {4}(—4, 0) and/or (6, 10).
Note: Do not give marks for working in part (b) which would be creditable in part (a).
84(b) | 1% M1 for an attempt to integrate meaning that x” — x"** for at least one of the terms.
Note that 24— 24x is sufficient for M1.
1% A1 at least two out of three terms correctly integrated.
2" A1 for correct integration only and no follow through. Ignore the use of a '+ ¢'.
2" M1: Note that this method mark is dependent upon the award of the first M1 mark in part (b).
Substitutes 5 and —4 (and not 4 if the candidate has stated x = —4 in part (a).) (or the limits the
candidate has found from part(a)) into an “integrated function” and subtracts, either way round. Allow
one slip!
3" M1: Area of triangle = %(their x, — their x,)(their y,) or Area of triangle = J.xzx+ 4 {dx}.
Where x, = their —4, x, = their 5 and y, = their y usually found in part (a).
4™ M1: Area under curve — Area under triangle, where both Area under curve >0
and Area under triangle > 0 and Area under curve > Area under triangle.
3 AL 12150r 22 oe cao.
120 T | EXPERT

IC | TUITION




Question Scheme Marks
Number
Curve: y=—x"+2x +24, Line: y=x+4
3™ M1: Uses integral of (x + 4) with
Aliter 5 g (r ). .
84.(b) | Areaof R = J' (—x% + 2x + 24) — (x + 4) dx . correct ft limits.
Wa -4 47 M1: Uses “curve” — “line”
y2 : . -
function with correct ft limits.
R M: x" — x"*! for any one term. | M1
=-3 + > +20x {+ ¢} Al at least two out of three terms | Alft
Correct answer (Ignore +c¢). | Al
LI 5 Substitutes 5 and —4 (or their limits from
— =+ 4+ 20x | = () = () part(a)) into an “integrated function” and | dM1
3 2 -
-4 subtracts, either way round.
—%+§+100 - %+8—80 = 70E - —50g
3 2 3 6 3
See above working to decide to award 3" M1 mark here: | M1
See above working to decide to award 4™ M1 mark here: | M1
Soareaof Ris =121.5 1215 | Al oe cao
[7]
11
84(b) | 1% M1 for an attempt to integrate meaning that x” — x"** for at least one of the terms.
Note that 20— 20x is sufficient for M1.
1% A1 at least two out of three terms correctly ft. Note this accuracy mark is ft in Way 2.
2" A1 for correct integration only and no follow through. Ignore the use of a '+ ¢'.
3 2 2 2 2
Allow 2" A1 also for — % + % + 24x — (% + 4xJ. Note that 2% - x? or 24x — 4xonly counts
as one integrated term for the 1 A1 mark. Do not allow any extra terms for the 2" A1 mark.
2" M1: Note that this method mark is dependent upon the award of the first M1 mark in part (b).
Substitutes 5 and —4 (and not 4 if the candidate has stated x = —4 in part (a).) (or the limits the
candidate has found from part(a)) into an “integrated function” and subtracts, either way round. Allow
one slip!
3" M1: Uses the integral of (x + 4) with correct ft limits of their x, and their x, (usually found in part
(@)) {where (x,, »,) = (-4, 0)and (x,, »,) =(5,9).} This mark is usually found in the first line of the
candidate’s working in part (b).
4™ M1: Uses “curve” — “line” function with correct ft (usually found in part (a)) limits. Subtraction must
be correct way round. This mark is usually found in the first line of the candidate’s working in part (b).
5
Allow J- (—x® + 2x + 24) — x + 4 {dx} for this method mark.
-4
39 Al 121.50e cao.
Note: SPECIAL CASE for this alternative method
5 3 2 5
Areaof R = j (x> —x—-20)dv =| = - X —20x =(12—5—§—100J—(—g—8+80]
i 3 2 » 3 2 3
The working so far would score SPEICAL CASE M1A1A1M1M1MOAOQ.
The candidate may then go on to state that = ( —70%) - (50 %j = - %
If the candidate then multiplies their answer by -1 then they would gain the 4™ M1 and 121.5 would gain
the final A1 mark.
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Question Scheme Marks
Number
Aliter | Curve: y=—x"+2x +24, Line: y=x+4
84. (a) {Curve=Line}= y = —(y—4)* + 2(y — 4) + 24 Eliminating x correctly. | B1
Way 2 Attempt to solve a resulting
¥ =9 {=0} = y(y -9 {=0}= y=... quadratic to give y = their | M1
values.
So, y=0,9 Both y=0and y=9. | Al
So corresponding y-values are x =—4 and x =5. See notes below. | Bift
[4]

2" B1ft: For correctly substituting their values of y in equation of line or parabola to give both correct ft
x-values.

84. (b)

Alternative Methods for obtaining the M1 mark for use of limits:
There are two alternative methods can candidates can apply for finding “162”.
Alternative 1:

0 5
j (=x* + 2x + 24)dx + I (=x® + 2x + 24)dx
_4 0
3 2 0 3 2 °
= —x—+zi+24x + —x—+zi+24x
3 2 4 3 2 0

= (0)—(6—;+16—96j +(—%+25+120j -(0)

=(1031J—( —58gj =162
3 3

Alternative 2:
6 6
I (—x* + 2x + 24)dx — j (=x* + 2x + 24)dx
—4 5

3 2 6 3 2
= —x—+2i+24x - —x—+2i+24x
3 2 . 3 2 s
= {[—2—?+36+144j—(6—;+16—96j} - {(—2—;6+36+144j—(—12?5+25+120j}

SECHRENE
{21

6

122

T | EXPERT
I | TUITION




Question
Number

Scheme Marks

85.
(@)

Seeing —1and 5. (See note below.) B1
1)

(b)

(x+D(x-5)=x"-4x-5 or x> -5x+x-5 Bl

M: x" — x"** for any one term.

_[(xz — 4x - 5)dx = % - 5w {+¢} 1%t A1 at least two out of three terms | M1ALft Al
correctly ft.
Substitutes 5 and —1 (or limits from

{x_s _A7 SXT = ()= () part(a)) into an “integrated | .\,
-1

function” and subtracts, either way
15 10 55) (-1 245
3 2 3

round.
:(_@J_( §j _ _36
3 3

Hence, Area = 36 Final answer must be 36, not —36 | Al
(6)
[7]

Notes

(@

B1: for —~1and 5. Note that (-1, 0) and (5, 0) are acceptable for B1. Also allow

(0, -1)and (0, 5) generously for B1. Note that if a candidate writes down that

A:(5,0), B:(-1,0),(ie 4 and B interchanged,) then BO. Also allow values inserted in the
correct position on the x-axis of the graph.

(b)

B1 for x* —4x -5 or x* —5x + x — 5. If you believe that the candidate is applying the Way 2
method then —x* + 4x +5 or —x* + 5x — x + 5 would then be fine for B1.

1% M1 for an attempt to integrate meaning that x” — x"** for at least one of the terms.

Note that -5 — 5x is sufficient for M1.

1% A1 at least two out of three terms correctly ft from their multiplied out brackets.
2" A1 for correct integration only and no follow through. Ignore the use of a “+¢".

3 2 2 2 2
Allow 2" A1 also for % - 5% + %— 5x. Note that — 5% + % only counts as one integrated
term for the 1% A1 mark. Do not allow any extra terms for the 2" A1 mark.
2" M1: Note that this method mark is dependent upon the award of the first M1 mark in part
(b). Substitutes 5 and -1 (and not 1 if the candidate has stated x = -1 in part (a).) (or the limits
the candidate has found from part(a)) into an “integrated function” and subtracts, either way
round.
3" Al: For a final answer of 36 , not —36.

Note: An alternative method exists where the candidate states from the outset that
5

Area (R) = —I (x* = 4x + 5 )dx is detailed in the Appendix.
-1

123

T | EXPERT
I | TUITION




Question

Number Scheme Marks
86.
@ x| 2 ] 225 | 25 | 2715 | 3
y| 05| 0.38 [0.298507... | 0.241691... | 0.2
At {x =25} y = 0.30 (only) At least one y-ordinate correct. | B1
At {x=2.75,} y =0.24 (only) Both y-ordinates correct. | B1
2
Outside brackets £x0.25 or & | B1 aef
For structure of {................ SRR
(b) lx0.25 ;x{ 0.5+ 0.2+2(0.38+ their 0.30 + their 0.24)} Correct expression
2 inside brackets which all must S
be multiplied by their “outside Al
constant”.
{= 1(2.54)} =awrt 0.32 awrt 0.32 | A1
(4)
(c) | Area of triangle = % x1x0.2 =0.1 Bl
Area(S)="0.3175"-0.1 M1
=0.2175 Al ft
(3)
[9]
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Question
Number

Scheme Marks

Notes

(b)

B1 for using £x0.25 or & or equivalent.
M1 requires the correct{......} bracket structure. This is for the first bracket to contain first y-

ordinate plus last y-ordinate and the second bracket to be the summation of the remaining y-
ordinates in the table.

No errors (eg. an omission of a y-ordinate or an extra y-ordinate or a repeated y-ordinate) are
allowed in the second bracket and the second bracket must be multiplied by 2. Only one copying
error is allowed here in the 2(0.38+ their 0.30+ their 0.24) bracket.

ALlft for the correct bracket {......} following through candidate’s y-ordinates found in part (a).

Al for answer of awrt 0.32.
Bracketing mistake: Unless the final answer implies that the calculation has been done
correctly

then award M1AOAO for either %x 0.25x0.5+2(0.38 + their 0.30 + their 0.24) + 0.2

(nb: yielding final answer of 2.1025) so that the 0.5 is only multiplied by %x0.25
or %x0.25 x (0.5 +0.2)+2(0.38 + their 0.30 + their 0.24)

(nb: yielding final answer of 1.9275) so that the (0.5 +0.2) is multiplied by %x 0.25.

Need to see trapezium rule — answer only (with no working) gains no marks.
Alternative: Separate trapezia may be used, and this can be marked equivalently. (See
appendix.)

(c)

B1 for the area of the triangle identified as either % x1x 0.2 or0.1. May be identified on the

diagram.

M1 for “part (b) answer” —“0.1 only” or “part (b) answer — their attempt at 0.1 only”. (Strict
attempt!)

Alft for correctly following through “part (b) answer” —0.1. This is also dependent on the
answer to (b) being greater than 0.1. Note: candidates may round answers here, so allow A1ft if
they round their answer correct to 2 dp.
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Question
Number

Scheme

Marks

87

(@) g_y =3x% - 20x+k (Differentiation is required)
X

Atx=2,3—y:0,3012—40+k:0 k=28 *)
X

N.B. The ‘= 0" must be seen at some stage to score the final mark.

Alternatively: (using £ = 28)

3—y=3x2 —20x+28 (M1 A1)
X

‘Assuming’ k£ = 28 only scores the final cso mark if there is justification

that j_y =0 at x = 2 represents the maximum turning point.
X

M1 Al

Al cso

3

4 3 2 2 2
(b) j (x® —10x2 + 28x) dx =~ 20¥" | 28 Allow 2~ gor 28
4 3 2 2 2
4 3 2
[x——lox +14x2} = (:4—@+56=@j
4 3 o 3 3
(With limits 0 to 2, substitute the limit 2 into a 'changed function’)

y-coordinate of P = 8 —40+56 = 24 Allow if seen in part (a)
(The B1 for 24 may be scored by implication from later working)
Area of rectangle = 2 x (their y - coordinate of P)

Area of R = (their 48)—[their%j :4—34 [14% or 14.6)

If the subtraction is the ‘wrong way round’, the final A mark is lost.

M1 Al

M1

Bl

M1 Al

(6)

(@) M: x" — cx"™ (c constant, ¢ = 0) for one term, seen in part ().

(b) 1% M: x" — ex™*™ (c constant, ¢ = 0) for one term.
Integrating the gradient function loses this M mark.

2ndM: Requires use of limits 0 and 2, with 2 substituted into a ‘changed
function’. (It may, for example, have been differentiated).

Final M: Subtract their values either way round. This mark is dependent
on the use of calculus and a correct method attempt for the
area of the rectangle.

Al: Must be exact, not 14.67 or similar, but isw after seeing, say, 4—;' :

Alternative: (effectively finding area of rectangle by integration)

4 3 2
j {24 - (x* ~10x? + 28x) dx = 24x—(%— 10; + 282" J etc.

This can be marked equivalently, with the 1% A being for integrating the
same 3 terms correctly. The 3rd M (for subtraction) will be scored at the
same stage as the 2" M. If the subtraction is the “wrong way round’, the
final A mark is lost.
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Question

Scheme Marks
Number
88  (2) | Putsy =0 and attempts to solve quadratic e.g.(x—4)(x-1)=0 Xlll ,
Points are (1,0) and (4, 0) 2)
(b) | x=5 givesy=25-25+4andso (5, 4) lies on the curve Blcso (1)
© | [(x*-5x+4)dr=1"-327 44 (+0) MIAL (2)
(d) | Area of triangle = £x4x4=8 or [(x—1)dr=4x*—x with limits 1 and 5 to give 8 | g1
5
Area under the curve = I 1x5%-5x5% +4x5 [:—q M1
7 6
1543 _5x4%+4x4 [=—§} M1
3 2 3
? 5 8 11
J' == =— or equivalent (allow 1.83 or 1.8 here) Al cao
4 6 3 6
Area of R = 8—1—61:6% or %7 or 6.16" (not 6.17) Al cao (5)
[10]
(@ | M1 for attempt to find L and M
Al Acceptx=1and x =4, then isw or accept L =(1,0), M = (4,0)
Do notaccept L=1, M =4nor (0, 1), (0, 4) (unless subsequent work)
Do not need to distinguish L and M. Answers imply M1A1.
(b) | See substitution, working should be shown, need conclusion which could be just y =4 or a
tick. Allow y =25 -25+4 =4 Butnot 25 - 25 + 4 = 4. (y =4 may appear at start)
Usually0 =0or4 =4is B0
(©) | M1 for attempt to integrate x* — kx®, x — kx? or 4 —> dx
Al for correct integration of all three terms (do not need constant) isw.
Mark correct work when seen. So e.g. %x3 —%xz +4xis Al then 2x® —15x2 + 24x would
be ignored as subsequent work.
(d) | B1 for this triangle only (not triangle LMN)
1°' M1 for substituting 5 into their changed function
2" M1 for substituting 4 into their changed function
5 4
(d) | Alternative method: L (x—1) - (x* =5x+4)dx+ L x® —5x+4dx can lead to correct answer
5
Constructs J'l (x—1)—(x*—5x+4)dx isB1
M1 for substituting 5 and 1 and subtracting in first integral
M1 for substituting 4 and 1 and subtracting in second integral
Al for answer to first integral i.e. 3 (allow 10.7) and Al for final answer as before..
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(d)

Another alternative

5
L (x—1)— (x? =5x + 4)dx + areaof triangle LMP

Constructs J'j (x-1)—(x*—5x+4)dx isB1

M1 for substituting 5 and 4 and subtracting in first integral
M1 for complete method to find area of triangle (4.5)
Al for answer to first integral i.e. 3 and Al for final answer as before.

(d)

Could also use
5 2 .
L (4x—-16) — (x“ —=5x +4)dx+ areaof triangle LMN

Similar scheme to previous one. Triangle has area 6
Al for finding Integral has value ¢ and A1l for final answer as before.
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Question
Number

Scheme Marks

89

1 2 a3
I(2x+3x2] dx:%+3% M1 A1A1
3

4 1 374
I[2x+3x2] dx:[xz—i-sz} :(16+2><8)—(1+2) M1
1 1

= 29 (29 + C scores AQ) Al (5)
[5]

1 3
1M1 for attempt to integrate x — kx? or x? — kx?.

2x°

1AL for

or a simplified version.

3
2" A1 for 3§C or %_)f or a simplified version.
3" &

Ignore + C, if seen, but two correct terms and an extra non-constant term scores M1A1AO.

2""M1 for correct use of correct limits (‘top’ — 'bottom’). Must be used in a ‘changed
function’, not just the original. (The changed function may have been found by
differentiation).

Ignore 'poor notation’ (e.g. missing integral signs) if the intention is clear.

No working:
The answer 29 with no working scores MOAOAOM1AO (1 mark).
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Question
Number

Scheme Marks

90

y=1+x)(4-x)=4+3x— x> M: Expand, giving 3 (or 4) terms | M1

2 3
j(4+3x—x2)dx:4x+3%—% M: Attempt to integrate M1 Al

Sy I ]fl:(16+24—%)—(—4+§+1]:% (zzoEJ
3 2.3/ 6 6 MLAL  (5)

[5]

Notes

M1 needs expansion, there may be a slip involving a sign or simple arithmetical error e.g.

1x4 =5, but there needs to be a ‘constant’ an ‘x term” and an “ x° term’. The x terms do
not need to be collected. (Need not be seen if next line correct)

Attempt to integrate means that x” — x"** for at least one of the terms, then M1 is
awarded ( even 4 becoming 4x is sufficient) — one correct power sufficient.

Al is for correct answer only, not follow through. But allow 2x* —4x2or any correct
equivalent. Allow + c, and even allow an evaluated extra constant term.

M1: Substitute limit 4 and limit -1 into a changed function (must be —1) and indicate
subtraction (either way round).

A1 must be exact, not 20.83 or similar. If recurring indicated can have the mark.
Negative area, even if subsequently positive loses the A mark.

Special
cases

(i) Uses calculator method: M1 for expansion (if seen) M1 for limits if answer correct, so
0, 1 or 2 marks out of 5 is possible (Most likely M0 M0 A0 M1 A0 )

(i) Uses trapezium rule : not exact, no calculus — 0/5 unless expansion mark M1 gained.
(iii) Using original method, but then change all signs after expansion is likely to lead to:
M1 M1 A0, M1 A0 i.e. 3/5

130

T | EXPERT
I | TUITION




Question
number

Scheme

Marks

91

Area of triangle = %x 2x22 (M: Correct method to find area of triangle)

(Area = 22 with no working is acceptable)
2 3 4

J10+8x+x2—x3dx:10x+8%+x——x— (M: x" — x"** for one of the terms)

3 4
Only one term correct: M1 AO0AOQ Integrating the gradient function
2 or 3 terms correct: M1 Al AO loses this M mark.

2 3 47?2
{mx + 8 + x—} = (Substitute limit 2 into a ‘changed function’)

(: 20+16+ % - 4) (This M can be awarded even if the other limit is wrong)

Area of R =34§— 22 = 3—: (: 12%) (Or 12.6)

M: Dependent on use of calculus in (b) and correct overall 'strategy":
subtract either way round.
A: Must be exact, not 12.67 or similar.
A negative area at the end, even if subsequently made positive, loses the A mark.

M1 Al

M1 A1 Al

M1

M1 Al

8

Alternative:
Eqgn. of line y = 11x. (Marks dependent on subsequent use in integration)
(M1: Correct method to find equation of line. Al: Simplified form y = 11x)

2 3 4
X X

J.10+kx+x2—x3dx:10x+kx7+?—7 (k perhaps —3)

2
2 3 4
{mx + ot + x—} = (Substitute limit 2 into a ‘changed function’)

2

2 3 4
Areaof R=|10x -5 % X | _p9_ g 8 4-38 (:12%
2 3 4 3 3 3

Final M1 for I(curve)—_[(line) or _[(Iine)—_[(curve).

M1 Al

M1 Al Al

M1

M1 Al

@
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92

(8) | Either solving 0= x(6- x) and showing x=6 (and x =0) B1
or showing (6,0) (and x = 0) satisfies y=6x—- x2 [allow for showing x = 6]
(b) Solving 2x=6x— X2 (x2=4x) tox=.. M1
x=4 (andx=0) Al
Conclusion: when x=4, y =8 and whenx=0, y=0, Al
(c) | (Area =) L(()‘;)(6x—x2) dx  Limits not required M1
3
Correct integration 3x? —% (+0) Al
Correct use of correct limits on their result above (see notes on limits) M1
3 3
[ 37— - [ 3=, with limits substituted [= 48 - 213 = 262 ]
3 3 3 3
Area of triangle =2 x 8 =16 (Can be awarded even if no M scored, i.e. B1) | Al
Shaded area = + (area under curve — area of triangle ) applied correctly M1
(= 26%—16) :102 (awrt 10.7) Al (6)[10]
Notes (b) In scheme first A1: need only give x =4
If verifying approach used:
Verifying (4,8) satisfies both the line and the curve M1(attempt at both),
Both shown successfully A1
For final A1, (0,0) needs to be mentioned ; accept “ clear from diagram”
(c) Alternative Using Area= + I( (:)){(Gx—xz); —2x}dx  approach
(i) If candidate integrates separately can be marked as main scheme
4
If combine to work with = + J'( (0))(4x —x%) dx, first M mark and third M mark
3
= (4) [2x2 —% (+c) 1 Al
Correct use of correct limits on their result second M1,
Totally correct, unsimplified £ expression (may be implied by correct ans.) Al
10% Al [Allow this if, having given - 10%, they correct it]
M1 for correct use of correct limits. Must substitute correct limits for their
strategy into a changed expression and subtract, either way round, e.g J_r{[ ]4 —[ ]0
If along method is used, e,g, finding three areas, this mark only gained for
correct strategy and all limits need to be correct for this strategy.
Use of trapezium rule: MOAOMAQO,possibleAlfor triangle
M1(if correct application of trap. rule from x =0to x =4) A0
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Question

Scheme Notes Marks
Number
93. (i 13 —4x _ 4 N B N C
- () Qx+12(x+3)  Qx+1) (2x+1)>  (x+3)
@ B=6.C=1 Atleastone of B=6 or C=1 | Bl
Both B=6 and C=1 | BI
13—4x=AQ2x+1)(x+3) + B(x+3) + C2x +1) . .
_ _ _ Writes down a correct identity
¥="3=25=25C=C=1 and attempts to find the value of | M1
xz_l —13--2 :éB —~15=25B = B=6 either one of 4 or B or C
2 2
Either x*:0=2A4+4C, constant:13=34+ 3B+ C,
x:=-4=7A+B+4C or x=0=13=34+3B+C Using a correct identity
leadingto 4=-2 tofind A=-2 | A1
[4]
13-4 -2 6 1
(b) S dx = * 7+
2x+1)"(x+3) 2x+1) (x+1)° (x+3)
B o See notes | M1
=D ey 82D e 3) () :
2 -2 At least two terms correctly integrated | Alft
o.e. Correct answer, o.e. Simplified or un-
{: CIn(2x+1) = 3Q2x+1)" + In(x+3) (+ c}} simplified. The correct answer must be Al
stated on one line
Ignore the absence of ‘+ ¢’
[31]
() | {e+D =fe™+3e™ +3e" +1 ¥ 436> +3¢" + 1, simplified or un-simplified | BI
At least 3 examples (see notes)
) . Ml
1 3 of correct ft integration
x 1 3 dx —— 3x = a2x 3 X
{J-(e +1) } 3,e +2e +3e" +x {+c} le3"+éez"+3ex+_'5ccl
o 32 Al
simplified or un-simplified with or without
3]
1 3
(iii) —dx, x>0; u'=x
4x+5x°
du dx du 1 -2
3u’—=1or —=3u’or —=—x 3
3 % =1 d du & 3 |BI
or 3u’du = dx o.e.
. +hu?
Expression of the form 3 {dbd}”f
1 24 3u q 4u” + Su
= 3udu § = u M1
I4u3+5u j4u2+5 _ , k20
Does not have to include integral sign or
Can be implied by later working
= §1H{4b”3 ++5§} _i+c§} dependent on the previous M mark IM1
8 +AIn(4u” +5); A is a constant; A # 0
Correct answer in x with or without+ ¢ | A1l
[4]
14
133 I" | EXPERT

I_ | TUITION




Question 93 Notes

93. (iii) | Alternative method 1 for part (iii)
Alt 1 Attempts to multiply numerator and Ml
denominator by X’
1 X
{j—l dx} = j ) dx Expression of the form dx, k#0
4x 4+ 5x° 4x* +5 4% +5 M1
Does not have to include integral sign or du
Can be implied by later working
2 + S 45 A - dM1
_ Eln 40 45|+ e} +AIn(4x +5),. Als .a consta.mt, A#0
Correct answer in x with or without+ ¢ | Al
[4]
93. (i) (a)) M1 | Writes down a correct identity (although this can be implied) and attempts to find the value of
at least one of either 4 or B or C. This can be achieved by either substituting values into their
identity or comparing coefficients.
Note | The correct partial fraction from no working scores BIBIM1A1
: 0 .
) At least 2 of either =+ —>+*DIn2x+1) or £ DIn(x+L) or £t—"—=>FF(2x+1
i) | mi ) (et (er2) or 2oy R
or
R .
+ — * FIn(x+3) for their constants P, Q, R.
(x+3)
Alft | Atleast two terms from any of + ——— or £ Lz or * correctly integrated.
(2x+1) (2x+1) (x+3)
Note | Can be un-simplified for the A1ft mark.
-2 6(2x+1)"'
Al Correct answer of ( 5 ) In(2x+1) + % + In(x+3) {+ c} simplified or un-simplified.
with or without ‘+ ¢’.
. x+3 3
Allow final A1 for equivalent answers, e.g. In — {+c} or
2x+1) 2x+1
Note Dt 6
In| 2X* (+c)
2x+1 2x +1
Note | Beware that dx = -1 dx = —In(x+3) {+ ¢} is correct integration
(2x+1) (x+3)
Note | E.g. Allow M1 Alft Al for a correct un-simplified In(x+3)—In(x+1)—2(x+1)™" {+ ¢}
Note | Condone 1** Alft for poor bracketing, but do not allow poor bracketing for the final A1l
E.g. Give final A0 for —In2x+1—3(2x+1)" + Inx+3 {+ ¢} unless recovered
(ii) Note | Give B1 for an un-simplified e* +2e™ +e>* +2e* +¢e* +1
. a
M1 | Atleast 3 of either ae™ — Ee“ or b’ — gez" or de* — de*or u— ux;a, B,0, u#0
Note | Give Al for an un-simplified %e” +e¥ + %ez" +2e" +¢" +x, with or without +c¢
L ¢
(iii) Note | 1®* M1 can be implied by J. ™ “ {du} k #0. Does not have to include integral sign or du
ux
Note | Condone 1 M1 for expressions of the form (— {du}, k=0
i’ +5u
Note | Give 2™ MO for Z—ln(4u2 +5) {+ ¢} (u’s not cancelled) unless recovered in later working
u
Not E.g. Give 2" MO for integration leading to %u In(4u> +5) as this is not in the form
ote
+A1In(4u” +5)
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Note

2

Condone 2™ M1 for poor bracketing, but do not allow poor bracketing for the final Al

E.g. Give final A0 for gln 4x3 +5 {+c}unless recovered

Question Scheme Notes Marks
Number
93. (ii) S du _ .
Alt 1 J.(e +1)'dx; u=e +1:>dx—e
u’ ) 1 1
= du = wtu+l+— |du w +u+1+——|{du} where u=e"+1 | Bl
(1) u-1 I
i ! At least 3 of either o’ — %Lﬁ or Pfu— %uz
=§u3 +Eu2+u+ln(u—1) {+c} p Ml
or 0 — ou or —1—>/11n(u—1); a, B,0,A#0
u_
=%(ex +1y° +%(e" +1)* +(e" +1)+In(e" +1-1) {+c}
1 X 3 1 x 2 x
E(e +1) +5(e +1)°+("+D)+x
1 X 3 1 X 2 X
or —(e"+1)y +=(e¢" +1)" +e" +x
ey Ly s e x el 3 2 Al
3 2 simplified or un-simplified with or without
+c
Note: In(e* +1—1) needs to
be simplified to x for this mark
3]
93. (ii) N v e du
Al 2 I(e +1)y’dx; u=e :>dx—e
1)’ 1
{:J‘mdu :}J‘(u2+3u+3+—jdu J-[u2+3u+3+lj {du} where u=¢e" 23
u u u
At least 3 of either au?® — <u* or PBu — Eu2
15 3, 3 2
=§u +5u +3u+Inu {+c} P Ml
or 6 >douor ——>Alnu;a, ,0,1#0
u
l63)‘-|-§<32”-1-3ex+x,
_1 3x 3 2x 3 X 2 Al
=3¢ +§e 3¢ +x {+c} simplified or un-simplified with or without + ¢
Note: In(e*) needs to be simplified to x for this mark
3]
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Question Scheme Notes Marks
Number
’ 1 1
94. d_yzy—z; ——<x<—;y=2 at x=—2
dx 3cos’2x 2 2 8
Separates variables as shown
iz dy = 12 dr Can be implied by | o,
y 3cos” 2x a correct attempt at integration
Ignore the integral signs
1 1
J‘—zdy = f—secz 2x dx
y 3
A B
t——>1t—; 4,B#0 | MI
1 1(tan2x Y Y
g L _Iftan2x) |
y 30 2
T .
1 1 Useof x=—— and y=2 inan
7 8
— —=—tan 2[——) +c . . L M1
2 6 ( 8 integrated equation containing a
constant of integration, e.g. ¢
1
——=——+c=>c=—=
2 3
1 1o 1 _ tan(2x) —2
b% 6
_ -1 of v 6 or v 6cot2x _l<x<l Al
’ Ttan2x—1 Y72 tanax Y T 2c0t2x 2 2 o-c
[6]
6
Question 94 Notes
94 Bl Separates variables as shown. dy and dx should be in the correct positions, though this mark
) can
be implied by later working. Ignore the integral signs. The number “3” may appear on either
side.
1 1, 3 1
Eg | 5dv=]zsec’2xdxor |—dy= -— dx are fine for Bl
y 3 b% cos” 2x
1 dy | 1 |
Note | Allowe.g. —2—dx = gsec 2x dx for B1 or condone — = Esec 2x for Bl
Y Y
Note | Bl can be implied by correct integration of both sides
M1 i%—)iﬁ; A, B#0
y y
M1 > or sec’2x — +Atan2x; A#0
cos” 2x
. . 6
Al _1 = l(tan 2xj with or without '+¢'. E.g. —— =tan2x
y 30 2 y
M1 | Evidence of using both x = —% and y =2 in an integrated or changed equation containing ¢
Note | This mark can be implied by the correct value of ¢
Note | You may need to use your calculator to check that they have satisfied the final M mark
Note | Condone using x = % instead of x = —%
Al y= — or y =————— or any equivalent correct answer in the form y={f(x)
ttan2x—§ 2 —tan2x
Note | You can ignore subsequent working, which follows from a correct answer
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Question 94 Notes Continued

2
.. 1 :
94, Note | Writing d_ y—2 = d_ ¥ sec’ 2x leading to e.g.
dx  3cos”2x de 3
1 1
o y= 5 y (5 tan 2xj gets 2" MO for +A4tan2x
1 du 2 1
e u=_y’,  =sec’2x= - vy, v=_tan2x gets 2" MO for +Atan2x
3 dx 3 2
because the variables have not been separated
137 I" | EXPERT

I_ | TUITION




Question
Number

Scheme

Notes

Marks

95. (a)

{Ixcos4xdx}

= lxsin4x —J.lsin4x {dx}
4 4

taxsindx* f J sin4x {dx}, with or without

dx; a, f#0

Ml

ixsin 4x — J‘% sin4x {dx}, with or without dx

Can be simplified or un-simplified

Al

= lxsin4x+icos4x {+c}
4 16

ixsin 4x + %cos 4x o.e. with or without +c¢

Can be simplified or un-simplified

Al

Note: You can ignore subsequent working following on from a correct solution

31

(b)
Way 1

FNIE

=) ;zJ:) (Varsin2x) {dv}

;zJ'(J} sin2x) {dr}

Ignore limits and dx. Can be implied

Bl

{ersin2 2xdx = }
J‘){l—c;s4xj e}

For writing down a correct equation linking
sin®2x and cos4x (e.g. cos4dx =1—2sin’2x)

and some attempt at applying this equation (or a manipulation
of this equation which can be incorrect) to their integral
Can be implied.

M1

Simplifies J xsin® 2x {dx} to J. x(%j {dx}

Al

(3 gl

47 24

1 —l(lxsin4x+%cos4x) {+c}

Integrates to give

+Ax* + Bxsindx+ Ccos4x; A, B, C #0
which can be simplified or un-simplified.
Note: Allow one transcription error

(on sin4x or cos4x) in the copying of

their answer from part (a) to part (b)

M1

ﬁ
4

s RS 1 1. 1
(\Esm2x) dx =| =x* —=xsin4x — —cos4x
0 4 8 32

0

al

2
z
3

Al o

dependent on the
previous M mark
see notes

dM1

2
T

64

1

)G
+t— |- |-=|="=—+
32 32 64

1

16

two term

2
So, V=nr ”—+i
64 16

1 5 1 (x> 1
or —7m° +—m or —| —+— | o.e.
64 16 2132 8

exact answer

Al o.e.

[6]

Question 95 Notes

SC

Special Case for the 2™ M and 3" M mark for those who use their answer from part (a)

You can apply the 2" M and 3™ M marks for integration of the form
+Ax” + (their answer to part (a))
where their answer to part (a) is in the form

e +Bxsinkx+Ccos px to give +4Ax” + Bxsinkx+ Ccos px

e  +Bxsinkx+Csin px to give +Ax” + Bxsinkx + Csin px

e  +Bxcoskx+Csin px to give +Ax” + Bxcoskx + Csin px

e  +Bxcoskx+Ccos pxto give +Ax” + Bxcoskx + Ccos px
k,p#0, k,pcanbe 1

138

T. | EXPERT
"I | TUITION




Question Scheme Notes Marks
Number
b 2
95. (b 4 2 7 | (Vxsin2x) {dx
Way(Z) V=) ﬁj (J;sinzx) {dx} J-( ) gy
0 Ignore limits and dx. Can be implied
For writing down a correct equation linking
- 2 19l
csin® 2xdy = sin” 2x and cos4x (e.g. .cos4)'c =1 2§1n 2x)
and some attempt at applying this equation (or a | g
1= cosdx manipulation of this equation which can be incorrect) to their
J‘x(TJ {dx} integral.
Can be implied
L . 1-cos4
Simplifies J xsin’ 2x {dx} to jx(%j {dx}
Note: This mark can be implied for stating | Al
u=x and d =ﬂ r uzlx and dv =1-cos4x
dx 2 2 dx
= x(lx—lsin4xJ - (lx—lsin4xj dx
2 8 2 8
Integrates to give
2 : . Ml
_ x(lx—lsin4xj - (lxz +icos4xj el £4x £ Besindx+ Ceosdx; 4,8, C#0 | MI
2 8 4 32 or an expression that can be simplified | epEN)
to this form
(\/;sin2x) dx = [lxz —lxsin4x—Lcos4x}4
Jo 4 8 32 0
2 dependent on the
1 1 . 1 1
= _(ZJ - _(zj s1n(4(£jj -— cos(4(£j)} - (O —0——cos 0] previous M mark | dM1
4\ 4 8\ 4 4 32 4 32 see notes
1 ( 1) 7 1
64 32 32) 64 16
So, V=rx ”—2+i 0r17r3+17z 0r£ﬂ—2+l 0.¢ Al
’ 64 16) 64 16 2032 "8) o0&
[6]
Question 95 Notes Continued
95. (a) SC | Give Special Case M1AOAO for writing down the correct “by parts” formula and using
u=x, % = cos4x, but making only one error in the application of the correct formula
. . ) 2 . 2 2 _ -2
(b) Note | You can imply B1 for seeing 72'J y“{dx}, followed by y —(x/; sin 2x) or y~ =xsin" 2x
Note If the form cos4x =cos” 2x —sin’ 2x or cos4x =2cos’2x—1 is used, the 1% M cannot be
gained
until cos’ 2x has been replaced by cos” 2x =1—sin” 2x and the result is applied to their integral
Note | Mixing x's and e.g. O's:
. . 1—cos4 . 1—cos4
Condone cos46 =1—2sin” 26, sin* 260 = %9 or Asin’26 = l(%e)
if recovered in their integration
F;Il f ! Complete method of applying limits of % and 0 to all terms of an expression of the form
+Ax* + Bxsin4x+ Ccos4x; A,B, C #0 and subtracting the correct way round.
Note | For the final M1 mark in Way 1, allow one transcription error (on sin4x or cos4x) in the
copying of their answer from part (a) to part (b)
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Question 95 Notes Continued

95.(b)

Note

Evidence of a proper consideration of the limit of 0 on cos4x where applicable is needed for
the
final M mark

E.g. Lo L inar—Lcosax | =
4 8 32
2
. - l(ﬁj _l[f)sm 4(fj ~ L cos 4(fj + L i final M1
4l4) 3sla 32 32
1(;:)2 1(7;) .
o —| = | —=| = |sin
4\4) 8l4
() =)
° — — — | —
4.4) 38\l4
2
° l(zj —l(zjsin 4
4l4) 3sla
i) -5(5)
° — — _— —
4\ 4) 38la

— 0 1s final MO

- (3%} is final M1 (condone)

4

] _1 is final MO (adding)
32 ¢

j —(0+0+0) is final MO

95. (b)

Note

u =sin*2x —=x ﬂ=sin4x
dx dx

d—u=25in4x v=——cosdx
dx 4

xsin® 2xdx

= %x2 sin® 2x — J‘%f (2sin4x)dx

= %xz sin® 2x — sz sin4xdx

=lx2sin22x— —lxzcos4x— 2x. —lcos4dex
2 4 4

=lxzsin22x— —l)czcos4x+l xcos4xdx
2 4 2
1, ., 1, 1

=—x"sin” 2x +—x"cosdx —— | xcosdxdx
2 4 2

=lx2sin22x+lx2cos4x—l lxsin4x+icos4x {+c}
2 4 2\ 4 16

= lx2 sin’ 2x +lx2 cos4x—%xsin4x—$cos4x {+¢}

ESR ]

64 16 64 16 2132 8

2 2 1 2 1
V=7Tj (x/;SiHZX) dx= 7{”—+—J or Lf +L7r or E(”—-F—] 0.€.
0
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Question

Number Scheme Marks
du 1
96 u=hx > —= ;
_ 2
Way 1 {I—Ix Inxdx}, oo, 1,
—=X yV=—X
dx 3
Either x2Inx > +1x*Inx - I,uxa (lj{dx}
¥ M1
_ —3|nx _J‘ x—g(i){dx} or i/lx3|nx—jyx2{dx} ,where 2,2>0
3 3 \x 3 1
2 S O N e :
x“Inx > 3 nx J. 3[xj{dx} Al
simplified or un-simplified
3 3 3 3
=X nx-X %In X - % simplified or un-simplified | Al
s 572 dependent on the previous
| R T 8 8 1 M mark. Applies limits of
Area (k) { 3 Inx 9 l } - (gln 2- 5) - [0 - 5) 2 and 1 and subtracts | 91
the correct way round
=82t Sna— T or 1(24In2—7) Al oe cso
3 9 3 9 9
[5]
u=x’ % = 2x
96 I= xz(xlnx—x)—JZx(xlnx—x)dx
Way 2 dv
—=Inx = v=xlnx-x
dx
So, 3I= x*(xInx — x) +I2x2{dx}
A full method of applying » = x?, v/ = Inx to give
1 1 +Ax° (xInx — x) iijz{dx} M1
and 1= =x*(xInx — x) + —J‘Zx2 {dx}
3 3 1, | 1 232 (4
gx (x nx—x)+§j X { x} Al
simplified or un-simplified
3 3
= %xz (xInx —x) + §x3 %In X — % simplified or un-simplified | Al
Then award dM1A1 in the same way as above | M1 Al
[5]
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96 Al | Exact answer needs to be a two term expression in the form alnb+c
. 8 7 1 4 7 1 7 7 8
Note | Give Aleg. —In2—-— or =(24In2-7) or —In4—-— or =In256—— or — —+—In2
3 9 9 3 9 3 9 9 3
8
or In23 _g or equivalent.
Note | Give final AO for a final answer of 8In2—-Inl 7 or 8In2 _ 1Inl— ! or 8in2 8 + 1
9 3 3 9 3 9 9
or 8 In2 — ! +c
3 9
x° x° ’
Note 3 Inx — ) followed by awrt 1.07 with no correct answer seen is dAM1A0
1
3 372
] X X 8 8] 1 ) .
Note | Give dMOAO for ?mx iy §In2 “9)7% (adding rather than subtracting)
1
3 372
Note | Allow dM1AO for | =Inx-=| — [8ln2 8) (0+ 1}
ote - - - - |- -
ow o3 9] "3 g 9
SC | A candidate who uses # =1Inx and ? = x?, 3—” = g, v :ﬂx3, writes down the correct “by parts”
X X X
formula but makes only one error when applying it can be awarded Special Case 1% M1.
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Question

Scheme Notes Marks
Number
97. g:——x, xeR, x>0
de
(@ 1 5 Separates variables as shown. dxand d¢ should not
Wav 1 I; drx = I—— dt be in the wrong positions, though this mark can be | B1
y implied by later working. Ignore the integral signs.
Integrates both sides to give either +% 5 +alnx M1
X
Inx = _g;+c or *k — +kt (withrespecttos); k,a =0
Inx = —gt +c, including "+¢" | A1
{t:o’ x:60:>} IN60=c Finds their ¢ and uses correct algebra
5
5 5, 60 to achieve x = 60e 2'0r x — 62
Inx=-=r+In60= x=60e ? or x=— _ e’
2 - e? with no incorrect working seen | Al cso
[4]
(@) dt J‘ 2 . dz 2 J' 2
—=—— ort=|-—d Either —=—-— or r=|-—d Bl
Way 2 dx 5x 5x * dx 5x 5x i
Integrates both sides to give ML
2 either /=.. or talnpx;a+#0, p>0
t= "5 Inx +c¢ >
t= —glnx +c, including "+¢" | AL
2 2 2 . .
{t -0, x=60 :>} c= §|n60 — = _gmx + g|neo Finds their cand uses correct algebra
5
5 to achieve x = 60e 2 or x — 22
5 _Et 60 ezt
=-=t=Inx-In60= x=60e * or x=— ith no i .
2 _— g? with no incorrect working seen | a1 g0
[4]
@ J‘x 1 J“ 5 _
—dx=| —=dz Ignore limits | B1
Way 3 60 X Y o 2 g
Integrates both sides to give either +% 5 talnx M1
. X
[Inx]x _ {_g} or +k — *kt (with respecttos); k,a =0
60 2 P
0 x S | . . -
[Inx], = {——t} including the correct limits | Al
2 1
5 = 60 .
Inx — In60 = _Et —x=60e?* or x=— Correct algebra leading to a correct result | Al cso
___ e
[4]
Substitutes x = 20 into an equation in the form
s, . — + JpfH 4+ — tuttaIndx
(b) 20 = 606 2 or IN20 = —2¢ +In60 of either ¥= 4™ £ forx=£7¢ M1
2 or +taIndx=+ut+B or t=+AInsx + f3;
a, A,u,8=0and B canbe0
Pl 2 In 20 dependent on the previous M mark
T 5 60 Uses correct algebra to achieve an equation of the form of
{= 0.4394449. . (days)} either ¢ = Aln(%) or Aln(%) or Aln3or Aln(%) o.e. or | M1
Note: t must be greater than 0 t = A(In20 - In60) or 4(In60 — In20) o.e.(4 €[] ,¢>0)
= ¢ = 632.8006... = 633(to the nearest minute) | awrt 633 or 10 hours and awrt 33 minutes | Al cso
Note: dM1 can be implied by ¢ =awrt 0.44 from no incorrect working.
7
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Question

Scheme Notes Marks
Number
97. %z—éx, xeR, x>0
dt 2
(@ 2 Separates variables as shown. dxand dz should not
Wav 4 5— dx = —| d¢ be in the wrong positions, though this mark can be | Bl
y i implied by later working. Ignore the integral signs.
Integrates both sides to give either +« In(px) M1
2 or *k — +kt (withrespecttos); k,a=0; p>0
gln(5x)= —t+c 5
g|n(5x) = —f+c, including "+¢" | Al
2
{t=0,x=60=} ZIn300=c
5 ; Finds their ¢ and uses correct algebra
_Z 5
§|n(5x) = —t+ %lnsoo — x=60e 2 or to achieve x — 60e 2'or x — 0
—_— e
60 with no incorrect working seen | Al cso
s
[4]
@ | fd__2 :J‘X—idx imi
Way 5 . = s Ignore limits | B1
Integrates both sides to give either +ik — + it
2 x (with respect to 7) or ig—>ialnx; k,a#0 M1
t= l:——ln x} X
60 2 x
t= [—gln x} including the correct limits | Al
60
t= —glnx + gIn60 = —§t =Inx —In60
5 5 2
-3 60 .
=x=60e 2 or x= — Correct algebra leading to a correct result | Al cso
- eZ
[4]
Question 97 Notes
1 1
97.(a) | B1 | For the correct separation of variables. E.g. J‘a dx = I_E dt
. Lo 5 2 . .
Note | B1 can be implied by seeing either Inx = —Et +c or t= —glnx + ¢ with or without +c¢
5 !
Note | B1 can also be implied by seeing [Inx] = {—Et}
0
Y 60 . : .
Note | Allow Al for x =60ve™ or x= F with no incorrect working seen
e
5 5
Note | Give final AOfor x—e 2 +60 — x=60e 2
5 5
Note | Give final A0 for writing x = e 2'""* as their final answer (without seeing x = 60e 2')
Note | Way 1 to Way 5 do not exhaust all the different methods that candidates can give.
5
Note | Give BOMOAOAO for writing down x = 60e 2 Or x = 6? with no evidence of working or integration
e
seen.
(b) Al | You can apply cso for the work only seen in part (b).
Note | Give dM1(Implied) Al for gt = In3 followed by # = awrt 633 from no incorrect working.
Note | Substitutes x =40 into their equation from part (a) is MOdMOAQ
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Question Scheme Notes Marks
Number
3y—4
. i >0, / d = 4sin’* @
98 (i) J-y(3y+ 2) y Y (i) I e x , x =4sin
(i) 3y-4 4 B See notes | M1
Wayl | 33y+2) v Gr+2) 3y —4=A@y+2)+ By At least one of their | |
y=0 = —4=24 = A=-2 A=-2 or their B=9
=_2 _f=_2 — Both their
y=-3 = -6=-38 = B=9 A=—2 and their B=9 | Al
Integrates to give at least one of either
A iy or St uln(By+2) | M1
3y -4 -2 9 y By +2)
y@y ) vy @y+2) At least one term correctly followed through A1 ft
from their 4 or from their B
= =2Iny+3Ey + 2 {+ ¢} | ain, 4 3@y + 2) or ~2Iny +3In(y + 2)
with correct bracketing, | A1 €0
simplified or un-simplified. Can apply isw.
[6]
W@ | (1~ 4sin’0 =1 & _gsingeoso or 2 = 4sin20 or dv = 8sinAcosado B1
Way 1 de de
)
1fA'Slin_tz.Ssiné’cosH {de} or JLM 4si n29{d9} M1
4—4sin“ @ 4—4sin*6
tand. 8sm0cos€{d9} tang. 4sm2«9{d0} [ al ] s+ Ktandor +K[Sm6j M1
== 4—x cosd =
= J-SSinZH do j85in29d9 including d@ | Al
Writes down a correct equation
3=4sin’g orE:sinzeor sin¢9:£:>¢9=z _ : . r
4 2 involving x = 3 leading to @ = 5 and | B1
{X =0->0= 0} no incorrect work seen regarding limits
[5]
. B 1-c0s26 B Appliescos20 =1-2sin’ @
(i) () | = {8}“.[ 2 ]d@ {_ J‘(4 4C0520)d6’} to their integral. (See notes) M1
. . For +a6 + Bsin20, a,f+=0 | M1
= =60 - =sin2 = 40 - 2sin2 . .
{8}(20 4Sln 9] { ¢ -esin 0} sin“0 — [le—lsmzej Al
2 4
: i ([ )
Sasint0do- g Lo Lainzo' |- gf| 7_ 1B 0+ o)
0 2 4 5 6 4\ 2
= %;z - \/5 “two term” exact answer of e.g. %7[ \/5 or (47[ 3\/—) Aloe.
[4]
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98. (i) 1stMm1 | Writing Sy-4 _A4 + B and a complete method for finding the value of at least one
y@y+2) y @By+2)
of their 4 or their B.
Note M1A1 can be implied for writing down either y-4 _ -2 + their 5
y@y+2) y (@Br+2)
or _Sy—4 _theird 9  \ithno working.
Y8y +2) y By +2)
Note Correct bracketing is not necessary for the penultimate A1ft, but is required for the final Al in (i)
Note | Give 2 Mo for —3Y =4  going directly to +aIn(3y* +2y)
y(3y +2)
Note ...but allow 2" M1 for either w — +alIn(3y?+2y) Or w — +alIn(3y*+2y)
3y +2y +2
i ¢ - = 4sin%@ - . de) i X
98. (||)(a) 1t M1 Substitutes x = 4SIN and their d.x [from their Correcﬂy rearranged @] into 2 dx
—X
Note dx = Ad@. For example dx = d@
Note Allow substituting dx = 4sin26 for the 1% M1 after a correct dd—); =4sin26 or dx =4sin260d6
. ) X . sind
2" M1 | Applying x=4sin"f to || ——| togive tKtanfor + K| —
4-x coséd
Note Integral sign is not needed for this mark.
1t A1 Simplifies to give Igsinzgdg including d@
2" B1 | Writes down a correct equation involving x = 3 leading to @ :% and no incorrect work seen
regarding limits
. T .
Note | Allow 2" B1for x = 4S|n2( 5] =3 and x=4sin’0=0
nd L ( x\ U
Note Allow 2" B1 for g =sin 1r ZJ followed by x=3, 6= E; x=0,60=0
(ii)(b) M1 Writes down a correct equation involving €0526 and sin? @
- . 1-cos26
E.g.: cos20=1-2sin’@ or sin’f = 1-cos26 or Ksin*@ = K(T]
and applies it to their integral. Note: Allow M1 for a correctly stated formula
(via an incorrect rearrangement) being applied to their integral.
M1 Integrates to give an expression of the form + @ + Bsin26 or k(+af + Bsin26),
a=+0, +0
(can be simplified or un-simplified).
1% A1 Integrating sin® @ to give 149 - Esin 20, un-simplified or simplified. Correct solution only.
2 4
Can be implied by %sin? @ giving ge— %sinw or %(26 - sin2¢9) un-simplified or simplified.
2" A1 | Acorrect solution in part (ii) leading to a “two term” exact answer of
4 8 4 243 1
e.0. —7—+3 or _;z_\/é or —ZT——— or —(47:—3\/5)
> 3 6 3" 2 3
Note A decimal answer of 2.456739397... (without a correct exact answer) is A0.
Note Candidates can work in terms of A (note that A is not given in (ii))
and gain the 1*' three marks (i.e. M1IM1A1) in part (b).
Note If they incorrectly obtain J‘ggsinz 0 de in part (i)(a) (or correctly guess that 1 =8)
Q
then the final Al is available for a correct solution in part (ii)(b).
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Scheme Notes Marks
98. (i) 3y—4 )= 6y+2 dy - 3y+6 dy
Way 2 y(3y +2) 3% +2y y(3y +2)
Syrb AL B 3y i6-4@y+2)+ By See notes | M1
y@y+2) vy Gr+2) At least one of
. . Al
th = th =-6
V20 = 6224 = A=3 eir 4 =3 or their B
Both their 4 =3 and their B=-6 | Al
y=—-% = 4=-%2B = B=-6
Integrates to give at least one of either
3y—-4 q %—)ialn(3yz+2y)
—_— +
W3y +2) p v M1
or — >+ 4lny or —>+uInBy + 2)
6142 3 5 y SR CIE)
+
3y +2y y 3y +2) At least one term correctly followed through | Al ft
In(3y° +2y) -3Iny + 2In(3y + 2)
= In(3y*+2y) -3Iny + 2In(3y + 2) | +
(3" +2y) y 3y ){ C} with correct bracketing, | A1 €20
simplified or un-simplified
[6]
98. (i) 3y—4 dy = 3y+1 dy 5 dy
Way 3 y@By +2) 3)y* + 2y @By +2)
%EiJr 332 = 5= A(3y+2)+ By See notes | M1
y@r+2) oy Br+2) At least one of their 4 = &
y=0 35:2A:>A:% or their p— —1 Al
y=-% = 5=-35 = B=--% Both their 4 = ¢ and their = -1 | A1
Integrates to give at least one of either
3y-4 w—)ialn@szrZy)
——dy 3y“+2y
y(3y +2) y M1
or —— +Jlny or —+uInBy + 2)
- 5 . y GNCIEr) g
_|_ 2 49
:J 2y dy—jidy+J 3 dy M#0,4#0,B=0
3y +2y y By +2) At least one term correctly followed through | Al ft
1 5 5
ZIn(3y* +2y) —=Iny + =In(8y + 2
=L@yt 12) -2y + 2@y +2) {4+ ) g M@+ 2y) =iy + oGy +2) AL cao
2 2 2 with correct bracketing,
simplified or un-simplified
[6]
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Scheme

Notes

. 3y -4 3 4
98. (i) Jy_dy :j_ydy_j_dy
Way 4 y(@3y+2) y(3y +2) y(@3y +2)
3 4
= J‘ dy - J— dy
By +2) y@y +2)
4 = 4 + _B = 4 =A4AQB3y+2)+ By See notes | M1
y@y+2) ¥y @By+2) At least one of AL
ir 4=2 i =-
V=0 = 4=24 = A=2 their or their B 6
Both their 4 =2 and their B=-6 | Al
y=—-% = 4=-2B = B=-6
Integrates to give at least one of either
I 3y-4 y 3C2 —>ia|n(3y+2)01‘£—>illny01’
y(3y+2) (3y+2) Y M1
B
— +uln(3y + 2),
3 9 6 By +2)
v Y (3y+2) At least one term correctly followed through | Al ft
In(3y+2)-2Iny+ 2In(3y + 2)
= I8y +2) -2Iny + 2In(3y + 2) {"’ C} with correct bracketing, | Al cao
simplified or un-simplified
[6]
Alternative methods for BIM1M1A1 in (ii)(a)
(D@ | [ _gsinzg ) I _ oo -
Way 2 {x =4sin?0 =} 1 = 8sin0cos0 AsinWay 1 | B1
H
‘/45'—n_€.83in0cose{d6} As before | M1
4—-14sin“ @
] - 2
= %.SCosesinH{dH}
J V(@-sin“6)
- |- s Ja=sin?)sino {do)
J J(1-sin?0)
[ . 0.8sino dH} Correct method leading to
= | sing.8sin
J { \(L-sin?@) being cancelled out M1
= | 8sin6 do ISSinZHdH including d@ | Al cso
V('V';ga):; {x=4sin*0 =} j—); = 4sin20 AsinWay 1 | Bl
x=4sin0=2-200820, 4-x = 2+2c0s20
1/wminza{da} M1
2+2c0s26
/2 - - 2—-2c0s26 .
_[+2 20052(9.x/2 2C05294sin29{d9}: 22200520 426 {do)
J V2+2c0520 V2-2c0s26 V4 —4c0s? 26
[2-2c0s20 |, . Correct method leading to
=|—- = | 2(2-2co0s26).1déd .
2sin26 45m2¢9{d0} j ( 2 { } sin26 being cancelled out M1
= | 8sin°0de ISsinzedH including d@ | Al cso
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Question Scheme Notes Marks
Number
3
99, y=Qx-D*, x >% passes though P(k, 8)
3 5 5
3 5 (2x +1)? > £ 2(2x £ 12 or Au? | \11
(a) {J(Zx—l)zdx}=%(2x—l)2 {-}-c} where u=2x+1:1%0
5
%(2;6 — 1)2 with or without + ¢.  Must be simplified. | Al
[2]
4 3 3
3 3 — 4 — 4
b ~ 3 83 +1 Sets 8 = (2k —1)* or 8 = (2x - 1)¢ and M1
®) Pk 8) =} 8=k -1 = k= rearranges to give k= (or x=) a numerical value.
So,k:E k(orx)—%orSS Al
[2]
( 3)? For ( 2 12\2 or 7 (2x—1)g
© ﬂh(zx—l)ZJ dx ”IL( x =17 B1
Ignore limits and dx. Can be implied.
w 572 (( ) ) Applies x-limits of “8.5” (their answer
J' y2dx M _|]16% _(0) _ 1024 to part (b)) and 0.5 to an expression of
! 5 5 5 5 M1
! the form +p(2x —1)2; g=0 and
Note: It is not necessary to write the "-(" subiracts the correct waly round.
2 -
{ch”nder }: 7r(8)2[%] (- saz] 7(8)’ their answer to part (b)) .
ch“nder = 5447 implies this mark
An exact correct answer in the form kz
1024~ 1696
{VOKS) =544r7 - }:> Vol(S) = Tﬂ' Eg. 16596 x 3392 or 33927 Al
[4]
o 2 2 1g
Alt. (¢) | Vol(s)= 7r(8)2(1j +x J \82 _(2x-1)? J For z] . (2x=1)% | gy
2 " Jos - .
Ignore limits and (.
1 1 5 8.5
2[— + 77| B4x — =(2x-1)2
2 ) o
1 5 [ 1 5)) as above | M1
8)°| = | +z| | 64("8.5") — =(2(8.5)-1)2 | — | 64(0.5) — =(2(0.5)-1)?
(Zﬂ()(())JL()S(())U B
=327 + n([544 - %] (32- o)\ = Vol(s) = 228 Al
L 5 ) -
[4]
8
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99. (b)

3

SC Allow Special Case SC M1 for a candidate who sets 8 = (2k — 1)2 Or 8 = (2x — 1)
rearranges to give k= (or x=) a numerical value.

3
2 and

99. (c)

M1 Can also be given for applying u-limits of “16” (2("part (»)") — 1) and 0 to an expression of the

5
form +pu2; p =0 and subtracts the correct way round.

17
2

5
(2x-1)? | 1024

Note You can give M1 for 5

17
2 5

5 3
Note Give MO for (2x-1)? = ugJ - (O)J
5

B1ft Correct expression for the volume of a cylinder with radius 8 and their (part (b)) hei

ght k.

Note If a candidate uses integration to find the volume of this cylinder they need to apply their limits

to give a correct expression for its volume.
85

85
So ﬂjo 8 dx = ﬂ[64xl} is not sufficient for B1 but 7(64(8.5) — 0) is sufficient for B1.

99.

MISREADING IN BOTH PARTS (B) AND (C)

3
Apply the misread rule (MR) for candidates who apply y = (2x — 1)2 to both parts (b) and (c)

(b)

2 3 3
8% 41 Sets 8 = (2k —1)2 O 8= (2x —1)2 and

2 rearranges to give k= (or x=) a numerical value.

{P(k,8)=} 8= (2k—1)g =k

M1

So,k:E k(orx)=§or2.5
2 2

Al

2]

(©)

N ( 2\2 _1)

Ignore limits and dx. Can be implied.

Bl

Applies x-limits of “2.5” (their answer to
part (b)) and 0.5 to an expression of the

Dol [ex -9 F (4 )
{.[1 7 dx}{ 8 l - uEJ_@U =32 form +8(2x - 1)*; f#0 and subtracts

the correct way round.

M1

2 .
Voinger = 7r(8)2[§] {= 1607} 7(8) (thelr answer to part (b))
2 Sight of 160 implies this mark

B1 ft

_ B _ An exact correct answer in the form &z
{Vol($) =1607 - 327 | = Vol(S) = 1287 o 128y

Al

[4]

Note | Mark parts (b) and (c) using the mark scheme above and then working forwards from part (b)

deduct two from any A or B marks gained.
E.g. (b) M1A1l (c) BIM1B1A1l would score (b) M1AO (c) BOM1B1A1l
E.g. (b) M1Al (c) BIM1BOAO would score (b) M1AO (c) BOM1BOAO

3 3
Note | If a candidate uses y = (2x —1)# in part (b) and then uses , = (2x — 1)z in part (c) do not apply a

misread in part (c).
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Question

Number Scheme Marks
100. y:4x—xe%x,X>0
(@ {y:o:>4x—xe%*=o:»x(4—e%’f)=o :»}
1 Attempts to solve e** = 4 giving x =... M1
e’ =4 = x, =4In2 in terms of £AInu where x>0
e 4In2 cao (Ignore x=0) | AL
_________________________________________________________________________________________________________________________ (2]
i 1
. . aer—ﬂJ'ez {d},@>0, >0 | M1
(b) {jxezxdx}z 2xe2x—j2e2x{dx} R e R
2xe? — .[Ze 2 {dx}, with or without dx Q}on PEN)
"""""""""""" 1oL e
= 2xe? —4e? {+ c} 2xe? —4e? o.e. with or without +¢ | Al
_________________________________________________________________________________________________________________________ [31.
_ 9.2 ) 4x?
(C) 4xdx ;= 2x 4dx —> 2x° or T oe. | Bl
""" 4|n2(114In20r|n160rthe|rllmlts
{J (4x — xe%x) dx } = |:2x2 - (erax - 4eZXJ}
0
0
S Yemy  Yamn) (. [ w
=| 241n 2)? — 2(4In2)e?™"™ 4+ 4e2"? J- LZ(O)Z —2(0)e2” + 4¢2” ] See notes | M1
=(32(In2)* - 32(In2) + 16) - (4)
=32(In2)* -32(In2) +12 32(In2)* — 32(In2) + 12, see notes | Al
3]
8
Question 100 Notes
100. (a)| M1 | Attempts to solve e = 4 giving x=... interms of +AInx where x>0
Al 4In2 cao stated in part (a) only (Ignore x=0)
(b) NET Part (b) appears as M1IM1A1 on ePEN, but is now marked as M1A1A1.
N 1
M1 | Integration by parts is applied in the form axe? — /5""e2 {dx} , Where >0, #>0.
(must be in this form) with or without dx
1 1
Al | 2xe? — jZe 2 {dx} or equivalent, with or without dx. Can be un-simplified.
1 1
Al 2xe? —4e? orequivalent with or without + ¢. Can be un-simplified.
1 1
Note | you can also allow 2e2 (x—2) or e? (2x—4) for the final Al
isw | You can ignore subsequent working following on from a correct solution.
1
SC | SPECIAL CASE: A candidate who uses u = x , ? =e? , writes down the correct “by parts”
X
formula, but makes only one error when applying it can be awarded Special Case M1.
(Applying their v counts for one consistent error.)
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2
100. (c)| B1 | 4x — 2x%or % oe

M1 | Complete method of applying limits of their x, and O to all terms of an expression of the form
N 1
+Ax? + Bxe? + Ce? (where 4#0, B#0 and C #0) and subtracting the correct way round.

Note | Evidence of a proper consideration of the limit of 0 is needed for M1.
So subtracting 0 is MO.

A1 | A correct three term exact quadratic expression in In2.
For example allow for Al

e 32(In2)* —32(In2)+12

e 8(2In2)*-8(4In2)+12

o 2(4In2)% -32(In2)+12
n2)

1
e 2(4In2) - 2(4In2)e?™" 112

Note . Lan2) Lo

Note that the constant term of 12 needs to be combined from 4e2 —4e? " o.e.
12

32In2

Note | Do not apply “ignore subsequent working” for incorrect simplification.

Eg: 32(In2)° -=32(In2)+12 — 64(In2) —32(In2)+12 or 32(In4)-32(In2)+12

Note | Bracketing error: 32In2? —32(In2)+ 12, unless recovered is final AO.

Note | Notation: Allow 32(In’2) — 32(In2) + 12 for the final Al.

Note | 5.19378... without seeing 32(In2)* — 32(In2) + 12 is AO0.

Note | Alsoallow 32In2(In2 -1)+12 or 32In2(|n2—1+ jforAl.

1 1

Note | 5.19378... following from a correct 2x? — {erzx - 4e2xJ is M1AO0.
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Question

Number Scheme Marks
3
101. (a) A:I (B—x)(x+1) dr , x=1+2sing
_________ O e
dx
% 20080 — =2c0s6 or 2cosd used correctly B1
_______________________________________________________________________ intheir working. Canbeimplied. |
{J' (3—x)(x+1) dx orJ.\/(3+2x x)dx}
”””””””””””””””””””””””””””””””””””””” Substitutes for both xand dx, |
3—(@+2sin0))((L+ 2sind) +1) 2cosH {de
J \/( ( 2 )+1) a0} where dx = Ad@. Ignoredd M1
= .\/(2—25in0)(2+25in0) 2c0s0 {d6)}
= (4 4sin? 0) 2cos€{d€}
- [(4 4(1-cos 9) 2c0s0 {d } I\Mcos Zcose{de} Appliescos’ 0 =1sin’ 0 M1
___Seenotes |
2 2
_ 4Icoszed9 k= 4) 4'[003 Hde or J.4cos ade AL
oo Note: d@ isrequired here. |
0=1+2sin@ or —1=2siné or sinez—% = 9:—%
See notes | B1
and 3=1+2sind or 2=2sind or sinf=1= Hzg
T ) 18D
) ~ 1+ c0s26 Applies cos20 = 2cos’ 61
(b) {kJ‘cos H{dg}} - {k}j[ 2 j{dg} to their integral M1
_ {k}[19+lsin26] Integrates to give +af + Bsin26, a;tO,_,B #0 | v
N2 A O K(3af % fsSin20) | (Al on cPEN)
{SO 4_[ cos?0d0 = [29+sin26}§_ﬂ}
(g w42l %)
2
:(7;)_ _1_£ :4_”+£ dr (33 or
3 2 3 2 3 2 Al
€ao Cso
%(87”3\/5)
N 3]
8
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Question 101 Notes
101. (a)| B1 3—2 =2cos@. Also allow dx =2cos@dd. This mark can be implied by later working.
Note | You can give B1 for 2cosé used correctly in their working.
M1 | Substitutes x =1+ 2siné and their dx (from theirrearranged%] into 4/(3—x)(x+1) dx.
Note | Condone bracketing errors here.
Note | dx = Ad6. For example dx = d6.
Note | Condone substituting dx = cos@ for the 1% M1 after a correct 3—2 =2cosé or dx=2cosfddd
- M1 | Applieseither
e 1-sin*f#=cos’H
e A-Asin*@ or A(1-sin*#) = Acos’ @
e 4-4sin*0 =4+2c0s20-2 = 2+2c0s26 = 4c0s* @
_________| totheir expression where 4 isanumericalvalve.
Al | Correctly proves that I (3—x)(x+1) dx isequal to 4Ic0526d6 or I4c0529d0
Note | All three previous marks must have been awarded before Al can be awarded.
Note | Their final answer must include d@.
_Note | Youcanignore limits for the final Almark.
Bl Evidence of a correct equation in sin@ or sin™ @ for both x-values leading to both @ values. Eg:
e 0=1+2sinf or —1=2sin@ or sinfd=- % which then leads to 6 = —%, and
e 3=1+2sin@ or 2=2sin@ or sind =1 which then leads to & = g
. T . T
Note | Allow Blfor x=1+ Zsm[—g] =0 and x=1+ 25m( EJ =3
Note | Allow B1 for sind= [XT_IJ or 9= sinl[xT_l] followed by x=0, 8= —%; x=3 6= g
(b) | NOTE | Part (b) appears as MIA1AL on ¢PEN, but is now marked as MIMIAL
M1 | Writes down a correct equation involving cos28 and cos® @
1 2
Eg: c0s26=2cos’6—1 or cos*f = 1+c0s20 or 1cos’0 = 2[%}
and applies it to their integral. Note: Allow M1 for a correctly stated formula (via an
_incorrect rearrangement) being applied to their integral.
M1 | Integrates to give an expression of the form +a6 + fsin26 or k(xaf + psin26), a #0, f#0
_(can be simplified or un-simplified).
Al A correct solution in part (b) leading to a “two term” exact answer.
4r 3 8r \/5 1
Eg: —+— —+ = —(8 +3 3)
T TR T i S
Note | 5.054815... from no working is MOMOAO.
Note | Candidates can work in terms of k (note that & is not given in (a)) for the M1M21 marks in part (b).
Note | If they incorrectly obtain 4I cos® 6d@ in part (a) (or guess k = 4) then the final Al is available
for a correct solution in part (b) only.
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Question Scheme Marks
Number
102 2 = ﬁ 5
@ P2~ P T Po2)
2 E A ) B e Can be implied. | M1
AL B ] Eitherone. | AL
giving L2 See not f|Al
P-2 P ee notes. cao, ae
3]
P 1
b — ==—P(P-2)cos2t
OF g gt
2 dP = |cos2s dt be implied by lat ki Bl
P(P-2) can be implied by later working oe
+AIn(P-2)+ ulnP,
( /1)7& Oﬂ #0 M1
IN(P—2)—INP=25sin2¢ (+¢) cooommmmmmmmmmememee oo S 1 Lokl ER
In(P-2)-InP==sin2r | Al
{t=0,P=3=} In1-In3=0+c¢ {:> c=-In3 or In(g)} See notes | M1
In(P-2)—Inp= %sinZt ~In3
In(g(P _ 2)j = Lina
S S S ] S
Starting from an equation of the form
+AIn(P- f) + ulnP =+ Ksindt + ¢,
3(P-2) _ phsinz: A, B, K, 8 # 0, applies a fully correct method to M1
P eliminate their logarithms.
Must have a constant of integration that need
_______________________________________________________________________________ not be evaluated (see note) |
3(P-2) = Pe*™ =3P-6 = pe*™” A complete method of rearranging to
Lo rina; make P the subject. | |\,
gives 3P — Pe? =6 = P(3-¢"")=6 Must have a constant of integration
p 6 . ] that need not be evaluated (see note) |
(3 - ef"?) Correct proof. | Al * cso
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, [7].
(c) {population = 4000 =} P =4 States P =4 or appliesP =4 | M1
”””””””””””””””””””””””””””””” Obtains +Asin2s =Inkor +Asinz =Ink, |
1. 3(4-2) 3 .
—sin2¢ =1n 4 =In > A#0, k>0where Aand k are numerical | M1
_____________________________________________________________________________________ valuesand 4 canbel |
¢ — 04728700467 .. anything that rounds 'Eo 0.473 Al
______________________________________________________________________________________ Do not apply isw here |
3]
13
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Question Scheme Marks
Number
Method2 forQ7()
102. (b) In(P—2)—InP==Zsin2t (+c) As before for... | BIM1A1
In[mj = 1sin2z +c
P 2
Starting from an equation of the form
+AIn(P- f) + ulnP =+ Ksindt + ¢,
(P-2) _ glsinzree (P-2) _ e A, B K, 0 # O : _applies a_ fully c_orrect 3rd M1
P P method to eliminate their logarithms.
Must have a constant of integration
.. that need not be evaluated (see note) |
P_92) = 4per™ — p_ 4pet"¥_ 9 A complete methqd of rearranging to
( ------- ) = Ape = P-dpe =2 make P the subject. Condone sign
1sin2e 2 slips or constant errors. Must have a | 4" dM1
= P(l-Ae")=2 = P= 1_ gern constant of integration that need
______(________?_____?_______________________nq_t_b_q_e_val}!a_tsd_(sggnq_t_e)__ ______________
2 See notes
{t=0,P=3=} 3= Ton20) (Allocate this mark as the | 2" M1
(- Ae ) 2 MlimarkonePEN). |
2 1
:> —_ —_—
1-4 3
= P = 72 P = 613in2[ * N
[1 1 e;smth (3-¢e777) Correct proof. | A1 * cso
3
Question 102 Notes
. . . 2 A B
102. Forming a correct identity. For example, 2= A(P-2) + BP from — = — +
(a) M1 9 y p (P-2) Pr2 P72
Note | A4 and B are not referred to in question.
Al Eitheroneof A=-1or B=1.
Al @ ! 2 — — orany equivalent form. This answer cannot be recovered from part (b).
R A B
Note | M1A1ALl can also be given for a candidate who finds both 4 =-1and B=1and — + 7-2)
is seen in their working.
Note | Candidates can use ‘cover-up’ rule to write down ) —% , SO as to gain all three marks.
Note | Equating coefficients from 2= A(P—-2)+ BP gives A+ B=2,-24=2= A=-1, B=1
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102. (b)

B1 Separates variables as shown on the Mark Scheme. dPand d¢ should be in the correct positions,
though this mark can be implied by later working. Ignore the integral signs.

2 1 1 .
Note | Eg: dP = | cos2tdt or | ————dP = = | cos2¢t d¢ o.e. are also fine for B1.
—2P P(P-2) 2

1M1 | £AIn(P-2)+ uIlnP, 2 #0, u#0. Alsoallow £ AIn(M(P-2)) + ulnNP; M,N can be 1.
Note | Condone 2In(P—2)+2InP or 2In(P(P-2)) or 2In(P>-2P) or In(P*-2P)

1"t A1 | Correct result of In(P-—2)-InP= %sin 2t or 2In(P-2)—-2InP=sin2¢

0.e. with or without +c¢

2" M1 | Some evidence of using both t=0 and P =3 in an integrated equation containing a constant of

integration. Eg: cord,etc.

3" M1 | Starting from an equation of the form +AIn(P- B) = uInP = £ Ksindt + ¢, A, 1, ,K,6 #0,

applies a fully correct method to eliminate their logarithms.

4™ M1 | dependent on the third method mark being awarded.

A complete method of rearranging to make P the subject. Condone sign slips or constant errors.

Note | For the 3" M1 and 4™ M1 marks, a candidate needs to have included a constant of integration,

intheir working. eg.c, 4, In4_or an evaluated constant of integration.
6

2md A1 | Correct proof of P = ———-o-.
(3- )

Note: This answer is given in the question.

— — lsin2s + ¢ — Lsinas —
In[LPZ)] = %Sin2t+c - % gaSnre u: ez 4 e is final MIMOAO

4'"™ M1 for making P the subject
Note there are three type of manipulations here which are considered acceptable for making
P the subject.

3(P_ 2) _ e%sinZt

(1) M1 for = 3(P— 2) _ Pe%sinZt —~3P_6 = Pe%sian — P(3— e%sinZt) -6
=P = Glsin2t
(3- ")
(2) M1 for 3(P—P_Z) _ e%sian - 3_% _ e%sian —~3_ e%sinZz _ E —~— P = 6

(3) M1 for {In(P— 2)+InP= %sinZt +In3 :>} P(P-2)= 3" = p? — 2p =3

= (P-1)° -1= 3" leadingto P=..

(© M1 | States P=4 orappliesP =4
M1 Obtains + Asin2¢ =Ink or £ Asint = Ink, where A and k are numerical values and Acanbe 1
Al anything that rounds to 0.473. (Do not apply isw here)
__Note | Do not apply ignore subsequent working for A1. (Eg: 0.473 followed by 473 yearsis A0.)
Note | Use of P=4000: Without the mention of P =4, %sin 2t=1n2.9985 or sin2¢=2In2.9985
c..jorsin2r=21912.. willusuallyimply MOMIAO
Note | Use of Degrees: ¢=awrt 27.1 will usually imply M1IM1AO0
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Question

Number Scheme Marks
103. (a) {y=3" :>} OI—y:S"‘In3 OI—y:3"ln3 or In3(e"”3) or yIn3 | B1
I - de
Either T: y —-9=3In3(x - 2)
5 5 See notes | M1
_____ or T: y=@In3x+9-18In3 where 9= In)(2)+c
{Cutsx-axis > y=0=}
Sets y =0 intheir tangent equation |
~9=9In3(x—2) or 0=(3In3)x+9-18In3, Y gent &g M1
______________________________________________________________________________________ and progressesto x=... |
So, x=2 - - gL o 231 e T ALeso
s W3 3
_____________________________________________________________________________________________________________________________ [4].
2 - -
(b) V= ﬂj(Bx)z{dx} or 7[J.32x{dx} or ﬁjgx{dx} V= ”I(3 ) with or withoutdx, Blo.e
. Whichcanbeimplied |
2x
Eg: either 3** — 3 or +a(In3)3*
+a(In3) "
BT A 05— or salno), e
5In3 Ino or _>J_ra(ln9) or £a(In9)9", a e
Y N
2,3 e Y o ez"'”:“—>—1 (ezx'”e’) Alo.e
____________________________________________________________ 2lng 9 23 T
, Dependent on the previous
o [Carde - 3 R 1) [ 40z method mark. Substitutes |
_”L x ={z} 2In3 ], ={7} 23 2m3) |7 3 x=2 and x =0 and subtracts
. thecorrectwayround. |
1, (1 277 _ 1 0V (2 thei
V. =Zx9) —| {= == Veone = = (9)* (2 —their (a)). See notes. | g1t
e 3 In3 In3 3
40r 2r 137 137 267 267 .
LA LT G or or etc., isw
{VOI(S) In3  In3 } In3 N3 In9 2In Al oe
{Eg: p=137, ¢ =1In3} [6]
10
(b) | Alternative Method 1: Use of a substitution |
2
V= ﬁ.[(3X) {dx} Blo.e
w=3 = =3 n3=uin3} v = () [ o) = f} [ L fou]
dx uln3 In3
2 uz
3 or +a(In3)u?, where u=3" | M1
() () ror(ng) O Tandu’, where u
o e (U
( ") ,Where u=3" | Al
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, 2(ng)
. ( \ Substitutes limits of 9 and
(e u? B 9° 1 _ 4oz linu (or2and0inx)
{V_ﬁ.[o (&) ax _{”}{Zml} _{”}LZInB " 2In3) {_ Ins} and subtracts the correct | ™%
_____________________________________________________________________________________________________ wayround. |
then apply the main scheme.
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Question 103 Notes

103.(a)| B1 g—y=3"ln3 or In3(ex'”3) or yIn3. Can be implied by later working.
X
M1 | Substitutes either x =2 or y =9 into their g_y which is a function of x or y to find m, and
X
o either applies y —9= (their mr)(x - 2), where m, is a numerical value.
e orapplies y= (their mT)x + their ¢, where m, is a numerical value and ¢ is found
by solving 9= (their mT)(Z) +c
|__Note_ | The first M1 mark can be implied from later working. ..
M1 Sets y =0 in their tangent equation, where m, is a numerical value, (seen or implied)
o ANAPIOGIESSES 0 X = . e
Al | Anexactvalue of 2 — or 2M3=1 o In9-1 by a correct solution only.
In3 In3 In3
Note | Allow Al for 2— —+ or 22IN3=1 -and-1) L where 1 is an integer,
Aln3 AIn3 Aln3 AlIn3
and ignore subsequent working.
Note | Using a changed gradient (i.e. applying — = or 1 =) is MO MO in part (a).
their their
Note | Candidates who invent a value for m, (which bears no resemblance to their gradient function)
cannot gain the 1 M1 and 2" M1 mark in part (a).
Note | A decimal answer of 1.089760773... (without a correct exact answer) is AO.
103. (b)| BI1 A correct expression for the volume with or without dx
2 ) n3 2
Note | Eg: Allow B1 for ﬁj(?)") {dx} or HISZX {dx} or 7Z'JA9)L {dx} or ﬁj(e‘* n ) {dx}
or ﬁj(ez"'”){dx} or ﬂjex'“g {dx} with or without dx
N NN o R o
M1 Either 3 > ——— or +a(In3)3** or 9" 5> ———— or +a(In9)9
+a(In3) +a(In9)
s, € or xa(In3)e*™ or ™ > e or a(In9)e™ etc where o €
+a(n3) ta(n9) ~ ’
2x+1 x+1
Not > 5> ——— or 9" > ——— areallowed for M1
ote +a(In3) +a(In3)
2x+1 x+1
Note | 3> > or 9" — are both M0
2x+1 x+1
2x
te | M1 can be given for 9> — or +a(In9)9*
Note g T o(In9) a(In9)
2X 2x X
Al | Correct integration of 3. Eg: 3% — or 3 e or ¥ —>—(e2"'”3)
____________________________________________________________ 2n3 In9 M9 2In3% 7
dM1 | dependent on the previous method mark being awarded.
Attempts to apply x =2 and x =0 to integrated expression and subtracts the correct way round.
Note | Evidence of a proper consideration of the limit of O is needed for M1. So subtracting 0 is MO.
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103. (b)

dM1 | dependent on the previous method mark being awarded.
Attempts to apply x =2 and x =0 to integrated expression and subtracts the correct way round.

Note | Evidence of a proper consideration of the limit of O is needed for M1. So subtracting 0 is MO.

cone

Bift | I =%7z(9)2(2—theiranswer to part (a)).

Sight of 2|7—73[ implies the B1 mark.
n

Note | Alternatively they can apply the volume formula to the line segment. They need to achieve the

Al 13z or 267 or 267 , etc. , where their answer is in the form P

In3 In9 2In3 q

Note | The 7 inthe volume formula is only needed for the 1 B1 mark and the final A1 mark.
Note | A decimal answer of 37.17481128... (without a correct exact answer) is AQ.

Note | A candidate who applies I3”dx will either get BO MO A0 MO B0 A0 or BO MO A0 M0 B1 A0

Note V4 I 3“ dx unless recovered is BO.

Note Be careful! A correct answer may follow from incorrect working

2 2
i] 3 ﬁ[ 3 } 277 3 T 277 B 137

2
V= 7ZJ. 3" dx —}ﬁ(9)2( = - _ -
0 3 In3 2In3 In3 2In3 2In3 In3 In3
would score BO M0 A0 dMO M1 AO.

0

2" B1ft mark for finding the Volume of a Cone
2
v o= ;zj (9xIn3-18In3+9) dx
37? Award B1ft here where their
(9xIn3-18In3+9) een 1
=7 271n3 1 lower limit is 2 — 3 or their
2—mor their part (a)answer part (a) answer.
3
1
9]2--———1In3-18In3+9
(18In3 -18In3 + 9’ ( ( In3j J
= 72' —_—
27In3 27In3

729 (18In3 -9-18In3 + 9)’
=T —_
27In3 27In3

_21n
In3
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103. (b)

2" B1ft mark for finding the Volume of a Cone

Alternative method 2:
2

Vo = ﬁj (9xIn3-18In3 + 9) d
2

cone
In3

2
7 I (81¢* (In3)° ~324x(In3)" + 162xIn3 ~3241n3 + 324(In3)” + 81 cx

2-
In3

= 2] 272% (In3)" ~162:% (In3)" + 81" In3 ~324xIn3 + 324x(In3)’ + 81x | Award B1ft here where
2-

1

n3 their lower limitis 2 — i
In3

Twdk or their part (a) answer.

(216(In3)° ~648(In3)" +324In3 - 648In3 + 648(In3)° + 162}

1

- ) 27(2—%)3(In3)2 —162(2—m)2(ln3)2+81(2—%)2In3

n n n

-324 2—i In3+ 324 2—i (In3)* +81 Z—LJ
3 In3 In3

In
12 6 1 2 4 1 2
27(8 3 —+ (In3)2 - (In3)3](ln3) —162(4—m+ (InS)ZJ(In3)

- 7| (216(In3)° - 324In3+ 162) - | +81 RS S Y 324(2——jln3
In3)* In3

In3 n
+324[2- 1 |n3)? 481/ 2- 1
In3 In3
216(In3)’ —324In3+162—% — 648(In3)” +648In3 - 162
n
= 7| (216(In3)° - 324In3+ 162) - | +324In3 - 324 +|8—13—648In3+324
n
81
+648(In3)° —324In3 + 162 - ——
In3
2 27
= 7| (216(In3)" ~ 324In3 + 162} - (216(In3) —324In3+162—ﬁjj
n
2T
In3
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Question Scheme Marks
Number
du 1 -2 dx
104 xS =Zx2or —=2 Bl
{u * } dx 2x du !
10 . thku +k
—  2ud Either I }— du! or {I }— du! | M1
qu2+5u o { auziﬂu{ | u(auziﬂu){ }
+AIn(2u +5) or £AIn| u +E , A#0
20 20 2 M1
= du ; = —In(2u +5) with no other terms.
2u+5 2
20 - an(Zu +5) or 10In u+E Al
u+5 2 2 €0
20 2 Substitutes limits of 2and 1 in u
{—In(Zu +5)} =10In(2(2) +5) —10In(2(1) + 5) (or 4 and 1 in x) and subtracts | M1
2 1 the correct way round.
10In9 -10In7 or 10In(%) or 20In3-10In7 Al oe cso
[6]
1
104 B1 Z_Z:%x 2 or du= 23; dr or 2Jxdu = dx or dx=2udu or j—i:Zu 0.e.
. _ - tku tk
Applying the substitution and achievin ——— {du} or —— {dut},
Mi PPIyINg g {J‘ }auziﬁu { } {_[ }u(auz iﬁu) { }
k,oa, p#0. Integral sign and du not required for this mark.
M1 | Cancelling « and integrates to achieve +AIn(2u +5) or iiln(u +gj A # 0 with no other terms.
20 .20 5 . o
Al | cso. Integrates : to give ?In(Zu +5) or 10In| u + > ) un-simplified or simplified.
Note | BE CAREFUL! Candidates must be integrating > E or equivalent.
u+
So J.Z 10 c du = 10In(2u +5) WOULD BE A0 and final AQ.
u+
M1 | Applies limits of 2 and 1 in « or 4 and 1 in x in their (i.e. any) changed function and subtracts the
correct way round.
10
A1l | Exact answers of either 10In9 —10In7 or 10In($} or 20In3-10In7 or 20In(%) or In[%}
or equivalent. Correct solution only.
Note | You can ignore subsequent working which follows from a correct answer.
Note | A decimal answer of 2.513144283... (without a correct exact answer) is AQ.
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Question

Number Scheme Marks
1 1 J_raxe“"—-[ﬁe“{dx}, a#0, >0 | M1
105. (i) J‘xe“ dx = —xe“—J‘ —e* {dx} 1 1
4 4 —xe“"—J. —e* {dx} Al
4 4
Sl Lo {+¢} e Lew | a1
4 4 16
[3]
5 +1(2x-1)7 | M1
.. 8 8(2x -1 ,
(i) (2x -1)° e = (2)(-2) bl 8@x-1)" or equivalent. | A1
(2)(-2)
{= -2(2x -1 {+ C}} {Ignore subsequent working}. [2]
(i) Y = e*cosec2y Ccosecy y:Z at x=0
dx 6
Main Scheme
I ! dy = Ie* dx or jsinZy sinydy = jex dx B1 oe
COSec 2y Cosec y
JZSinyCOSy sinydy = J.ex dx Applying or sin2y — 2sin ycosy | M1
cosec?
Integrates to give +usin®y | M1
%sin3y =e' {+c} 2sin® ycosy — %sinSy Al
e*—>e' | Bl
T
Esin3(£j:e(’+c or E(l ~l=c Useof y=-and x=0 |\
3 6 3.8 . . . -
in an integrated equation containing ¢
11 . 2 ., .11 2 ., 11
=>c=—-— iving —siny =e" — — —siny =e* —— | Al
{ 12} gving - sin-y 12 37 12
[7]
Alternative Method 1
J‘ ! dy = J.e“' dx or J.Sin2y sinydy = J.e" dx Bl oe
COSec 2y Cosec y
J. —%(0053)/ - cosy) dy = J.ex dx sin2ysiny — + A1cos3y + Acosy | M1
Integrates to give +asin3y + gsiny | M1
1(1 . . 1(1 . .
—=| =sin3y —siny | =e" { + ——| =sin3y —sin Al
2(3 y y] {+¢} 2(3 y yj
e* — e* as part of solving their DE. | B1
T .
B P 2 DR 0 1 S D R Useofyzgand x=0inan | .
2\3 6 6 2\3 2 . . -
integrated equation containing ¢
11 - 1. 1. 11 1. 1. 11
= c=—— iving —=sin3y + =siny =e¢* — — —=sin3y + =siny=e"—— | A1
{clz}gg6y2y 12 6 Y 12
[7]
12
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Question 105 Notes

Integration by parts is applied in the form +axe® — Jﬂe“ {dx} , where ¢ =0, £>0.

105. (i) M1
(must be in this form).
Al %xe“"—j %e“x {dx} or equivalent.
Al %xe“’“ — %e“ with/without + c. Can be un-simplified.
isw You can ignore subsequent working following on from a correct solution.
SC SPECIAL CASE: A candidate who uses u = x , ? =e*, writes down the correct “by parts”
X
formula,
but makes only one error when applying it can be awarded Special Case M1.
(i) M1 +1(2x —1)7, A #0. Notethat Acan be 1.
— _2 —
Al 8y -1~ or —2(2x—1)"? or —22 with/without + ¢. Can be un-simplified.
(2)(-2) (2x-1)
Note You can ignore subsequent working which follows from a correct answer.
(iii) B1 Separates variables as shown. dyand dx should be in the correct positions, though this mark can be
implied by later working. Ignore the integral signs.
Note Allow B1 for j ! = Iex or jsin 2ysiny = Iex
COSec 2y Cosec y
M1 — 2sinycosy or sin2y — 2sinycosy or sin2ysiny — +Acos3y £ 1cosy
cosec2y
seen anywhere in the candidate’s working to (iii).
M1 Integrates to give +usin®y, u#0 or +asin3y + fBsiny, a#0, =0
Al 2sin® ycosy — %sin3 v (with no extra terms) or integrates to give —E[%sin 3y —sin yj
B1 Evidence that e* has been integrated to give e* as part of solving their DE.
M1 Some evidence of using both y = %and x =0 in an integrated or changed equation containing c.
Note that is mark can be implied by the correct value of c.
2 ., .1 1. 1. o1 )
Al —sin"y =e* — T or ——sin3y +=siny=e" — T or any equivalent correct answer.
Note You can ignore subsequent working which follows from a correct answer.
Alternative Method 2 (Using integration by parts twice)
J.sin2y sinydy = J.ex dx Bl oe
Applies integration by parts twice M2
to give Facosysin2y + #sinycos2y
1cos sin2 2sin cos2y =e* {+c} lcos sin2 —gsin oS 2
goSysiNZy — 2sinycos2y =€ {+¢ gCosysinZy = 2SIy eos2y | Aq
(simplified or un-simplified)
e' — e" as part of solving their DE. | B1
as in the main scheme | M1
1 . 2 . 11 1. 1. 11
—cosysin2y ——=sinycos2y =e* —— —=sin3y + =siny=e" —— | Al
g rRey TRy 12 6 LY 12
[7]
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Question

Number Scheme Marks
106. x =3tané@ , y=4c0529 or y=2+2c0s26, 0<0<%.
(a) d—x=35e02¢9, d—y:—8cost9$in6? or d—y=—4sin249
do déo dé
ody o . dx
. their — divided by their — | M1
j_y:——Sgosazsél’nH {z —%cos%sin& = —gsin 26 cos? 0} do (:;9
~ Sec Correct =~ | Al oe
dx
z dy 3 . - 9 Some evidence of
T W 0 3 Fleinl E] I _<2
ALP(,2), 0= 4 dx ?,COS (4)8"{4) { 3} substituting @ =%into their d—y M1
X
So, m(N) = > applies m(N) = —— | w1
o miN) =5 m(T)
. "3"
Either N: y-2= > (x=3)
ng see notes | M1
or 2= — |+
e
3 . . 5 5 2
{AtQ, y=0, so, —2=E(x—3)} giving x:§ ng orlg orawrt 1.67 | Al cso
[6]
(b) {jyzdx =jy2§—2de } _ {J' }(4(:052 0)*3sec’0 {d0) sec notes | v <
So, ﬂjyzdx = 7rJ‘(4cos2 6)?3sec” 0 {d6} see notes | Al
J.yzdx =I48c0529d6 J.48c0529{d9} Al
={48}J’(%Jd6 {: j(24+ 24c0529)d¢9} Applies cos20 = 2cos’ 0 -1 | M1
Dependent on the first method <
1 1 mark. For +af + fBsin26 | dM1
={48} (—8 + =sin 29] {= 240 +12sin26} L L
2 4 cos? 6 — (—9+—sin29] Al
2 4
z 1 1 " 1 Dependent on
[[yiae - 48[—0+—sin29} _ (48} [_+_j—(0+o) {=67+12]  the third method | dM1 -
0 2 4 0 8 4 mark.
{So v = ﬂjjyzdx =6r°+127 }
0
1 5 167 1 ) .
Ve ==m(2)°|3-= | 4= — Voo = =m(2)% (3—their (a)) | M1
e =377 (3-2) - 22| S5 )
92
{VOI(S) =67 +127 - mTﬂ }:> Vol(S) = 99—27r + 677 ?77 +67° | Al
92 [9]
=—, = 6
{p CR }
15
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Question 106 Notes

. ody L . dx .o dy . . do
106. (a)| 1M1 | Applies their — divided by their — or applies — multiplied by their —
(@) pp 10 y 40 pplies plied by .
SC Award Special Case 1** M1 if both 3—2 and j—g are both correct.
1" Al Correct Y i.e. _SLW r —§cos3 @sin@ or —isin 20cos® @ or any equivalent form.
dx 3sec” 4 3 3
2" M1 | Some evidence of substituting 6 = % or @ = 45" into their j—y
X
Note | For 3 M1 and 4" M1, m(T) must be found by using (;_y
X
3"9M1 | applies m(N) = ;—]%) Numerical value for m(N) is required here.
m
4™ M1 e Applies y — 2 = (their m, )(x — 3), where m(N) is a numerical value,
e or finds c by solving 2 = (their m,)3 + ¢, where m(N) is a numerical value,
and my, =—— or =——0r = —their m(T).
Y theirm(m) Y theirm(m) Y M
Note This mark can be implied by subsequent working.
2" Al X = > orl 2 or awrt 1.67 from a correct solution only.
3 3
o . 2 ,dx . dx 1 S
(b) 1M1 | Applying Jy dx as y a0 with their 9" Ignore 7z or E” outside integral.
Note You can ignore the omission of an integral sign and/or d@ for the 1% M1.
Note | Allow 1% M1 for I(cosz ) x "their 3sec’* 6" dé@ or J‘4(cos2 0)* x "their 3sec’ 4" d@
1" A1 | Correct expression {ﬁJ.yzdx }z 7zJ-(4cosze)233ec2¢9 {d6} (Allow the omission of d6)
Note IMPORTANT: The 7 can be recovered later, but as a correct statement only.
2" A1 {J.yzdx } = j48c0320{d9} . (Ignore d@). Note: 48 can be written as 24(2) for example.
2" M1 | Applies cos26 = 2cos* @ —1 to their integral. (Seen or implied.)
3"*dM1* | which is dependent on the 1* M1 mark.
Integrating cos” @ to give +af + fsin20, a # 0, f # 0, un-simplified or simplified.
3'"A1 | which is dependent on the 3" M1 mark and the 1°*M1 mark.
Integrating cos” @ to give %0 + %sin 260, un-simplified or simplified.
This can be implied by kcos®@ giving %9 + %sin 20, un-simplified or simplified.
4™ dM1 | which is dependent on the 3" M1 mark and the 1* M1 mark.
Some evidence of applying limits of % and 0 (0 can be implied) to an integrated function in &
5" M1 | Applies V. = %;r(Z)2 (3—their part(a) answer).
s (3 5Y
Note Also allow the 5" M1 for ¥V, = ﬂj 5(§x — Ej {dx} , which includes the correct limits.
their =
3
4™ A1 %ﬂ' + 677 or 10%7[ +67°
Note A decimal answer of 91.33168464... (without a correct exact answer) is A0.
Note The 7 in the volume formula is only needed for the 1* A1 mark and the final accuracy mark.
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106. Working with a Cartesian Equation
A cartesian equation for Cis y = 236
x°+9
dy ) -2 dy +Ax
st —=tAx(tax"t f) or —=——7"—
(a) 1" M1 dx ( ) dx (iaxz + ﬂ)z
1 Al Y__ 36(x°+9)?(2x) or _ ;;sz un-simplified or simplified.
dx dc (x°+9)
2" dM1 | Dependent on the 1* M1 mark if a candidate uses this method
For substituting x = 3 into their ;Jl_y
X
ie.at PG3,2), ¥ =‘2L(3)2{=—5}
dx (3" +9) 3
From this point onwards the original scheme can be applied.
2
+
(b) 1"*M1 | For % {dx} (7 not required for this mark)
Tax"z f
36 )
Al For z || — {dx} (7 required for this mark)
x°+9
To integrate, a substitution of x = 3tané is required which will lead to I48c0520d9 and so
from this point onwards the original scheme can be applied.
. . ., 36
Another cartesian equation for Cis x* =— -9
Yy
(a) 1" M1 J_rax=+£2d—y or tax—= J_rﬁ2
y© dx y
1 Al 2x=—3—§d—y or 2xd—x=—§
y° dx dy y
2" dM1 | Dependent on the 1° M1 mark if a candidate uses this method
For substituting x = 3to findg—y
X
ie.at P3,2), 2(3)=- 6 dy = Y =..
4 dx dx
From this point onwards the original scheme can be applied.
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Question

Number Scheme Marks
u=2-x = 3—” =-1
107 ”(2 — x)e* dx } , X
dV 2x 1 2x
—=e = v==e
dx 2
Either (2 — x)e®* —» +A(2—x)e™ + J',uezx {dx}
M1
2x 2x 2x
_ %(Z_X)ezx _J‘ _%ezx{dx} or +xe* — +Axe ijye {dx}
(2 - x)e” - %(2—x)e“ _ I —%e“ () | AL
= l(Z—x)ez“‘ ES 1(2 —x)e* + 1ol ma oe
2 4 2 4
2
Area = [E(Z—x)e” + lez"}
2 4 o
1 1 1 Applies limits of 2 and 0 to all terms dM1
= (0 + Ze“) - (E(Z)eo + Ze"] and subtracts the correct way round.
4
P Lo 23 or £25 cao| Al oe
4 4 4 4 4
[5]
Question 107 Notes
107 M1 | Either (2 — x)e** - £1(2-x)e* + jye“ {dx} or +xe™ —+ixe™ £ jyezx {dx}
Al | 2-x)e" > %(Z—x)ezx —J. —%ezx {dx} either un-simplified or simplified.
H H 1 2x 1 2x 5 2x 2x H
A1 | Correct expression, i.e. E(2 —x)e” + Ze or Ze — xe” (or equivalent)
dM1 | which is dependent on the 1* M1 mark being awarded.
Complete method of applying limits of 2 and 0 to all terms and subtracting the correct way round.
Note | Evidence of a proper consideration of the limit of O is needed for M1. So, just subtracting zero is MO.
4 _
Al 1e4 > or & > . Do not allow 1e4 —Ee0 unless simplified to give 1e4 _>
4 4 4 4 4 4
Note | 12.39953751... without seeing %e“ —% is AO.
Note | 12.39953751... from NO working is MOAOAOMOAO.
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Question

Number Scheme Marks
- (@) *(2x+1) x  x*  (2x+1)
At least one of “B” or “C” correct. | B1
B _ Breaks up their partial fraction correctly into
B=25 €=100 three terms and both"B" =25 and "C" =100. | B1 cso
See notes.
25 = Ax(2x + 1) + B(2x + 1) + Cx*
x=0, 25 =8B
et e 1o o100 Writes down a correct identity and attempts to
2’ 4 find the value of either one of “4”, “B” or “C”. | M1
x’terms: 0=24+C
0=24+100 => A4=-50
x*:0=24+C, x:0=4+2B,
constant: 25 =R
Correct value for “4” which is found using a
leadingto 4 = -50 correct identity and follows from their partial | Al
fraction decomposition.
25 50 25 100 [4]
——= -+ —+
x*(2x+1) x x> (2x+1)
2
‘ 5 i For = _ 5
(b) V= nf — | dx Bl
RN - BN
Ignore limits and dx. Can be implied.
For their partial fraction
J.dezj.—@+§+ﬂdx Eitheriéaialnx or talnkx or
x*(2x +1) x x> (2x+1) X
1 B ; M
- LB
 _50Inx + 25x . %In(Zx i) (e TR —>xbx " or 21D — fcIn(2x +1)
At least two terms correctly integrated | Alft
All three terms correctly integrated. | Alft
4 4
J' B - [—SOlnx _ 25 50in(2x +1)}
1 x°(2x+1) X L
o5 Applies limits of 4 and 1
= (—SOIn 4 - == +50In 9) —(0-25+50In3) and subtracts the correct | dM1 —
4 way round.
25
=50In9 -50In4 - 50In3 vy + 25
= 50In[§j + ]
4 4
So, V' = E;r + 50ﬂln(§j or allow 7 I + 50In(§) Al oe
4 4 4 4
[6]
10
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Question 108 Notes

108. (3)

(b)

BE CAREFUL! Candidates will assign their own “4, B and C” for this question.

B1
B1
Note

M1

Al

Note

Note
Note

Note

B1

Note

At least one of “B” or “C” are correct.
Breaks up their partial fraction correctly into three terms and both "B" = 25 and "C" =100.

If a candidate does not give partial fraction decomposition then:

e the 2" B1 mark can follow from a correct identity.
Writes down a correct identity (although this can be implied) and attempts to find the value of either
oneof “4”or“B” or“C".
This can be achieved by either substituting values into their identity or
comparing coefficients and solving the resulting equations simultaneously.
Correct value for “4” which is found using a correct identity and follows from their partial fraction
decomposition.
If a candidate does not give partial fraction decomposition then the final A1 mark can be awarded for
a correct “4” if a candidate writes out their partial fractions at the end.

The correct partial fraction from no working scores BIBIM1A1.
A number of candidates will start this problem by writing out the correct identity and then attempt to
find “4” or *“ B” or “C”. Therefore the B1 marks can be awarded from this method.

Award SC BIBOMOAO for _» _B + _c leading to "B" =25 or "C" =100

X(2x+1)  x* (2x+1)

5 25 . .
For a correct statementof 7| | ———| or xz | —————. Ignore limits and dx. Can be implied.
I(x,/(2x+1)j fx2(2x+l) g P

The mcan only be recovered later from a correct expression.

M1

Note

Alft

Alft

Note

For their partial fraction, (not \/their partial fraction ) , where 4, B ,C are “their” part (a) constants

. A B -
Either + — — +alnx or £+ — — +bx™" or

— *tcIn(2x +1).
X (2x +1

X
/Ez —>ﬁ which integrates to +/B Inx is not worthy of M.
X X

A B
At least two terms from any of + — or + —- or

> correctly integrated. Can be un-simplified.
by X 2x +1)

All 3 terms from =+ é , + ﬁz and
X X 2x +1)

The 1 Al and 2" A1 marks in part (b) are both follow through accuracy marks.

correctly integrated. Can be un-simplified.

dM1

Al

Note

Note

Dependent on the previous M mark.
Applies limits of 4 and 1 and subtracts the correct way round.

Final correct exact answer in the form «a + blnc. i.e. either ?ﬂ' + SOﬂIn(gj or 507rln(%j + ?ﬂ

or 50xz1In i +E7r or E7[—507r|n i or E7r+257r|r1 g etc.
12 4 4 3 4 16

Also allow 7 [77?+ SOln(%D or equivalent.

A candidate who achieves full marks in (a), but then mixes up the correct constants when writing
their partial fraction can only achieve a maximum of BIM1A1AOMZ1AQO in part (b).
The 7z in the volume formula is only required for the B1 mark and the final A1 mark.
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108. (b)

Alternative method of integration

V—ﬂJA4 L 2dx
S R ENETN)

5 2
Bl For ﬂJ‘Lx\/(ZJH-l)}

Ignore limits and dx. Can be implied.

J‘ 25 1 du 1
z—dx yu=— = —=——2
x“(2x+1) X dx X
:J.__25du - I_—ZSdu _ [y, o s [2ru=2,
(2+1) (%) (2 + u) (2 + u)
Achieves + o + p and integrates to give
M1 (k +u)
:_25'[1_ 2 du = —25 (u — 2In(2+ 1) either £ au or + gIn(k +u)
(2+u) Al | Dependent on the M mark.
Either —25u or 50In(2+u)
Al | =25 (u - 2In(2+uw))
4 1
j B e = [~ 25u + 502+ u)]}
1 x°(2x+1) !
Applies limitsof £ and 1inu or4and 1linx
25 9 ] - 4 )
=777 50In 2" (-25+50In3) dM1 | in their integrated function and subtracts the correct
way round.
= SOIn(gj —50In3—§+ 25
4 4
= 50In(§j + s
4 4
So, V' = E7r+507rln 3 Al Eﬂ'+50ﬂ'|n(§ or allow = E+50In 3
4 4 4 4 4 4
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Question

Scheme Marks
Number
kt —1)(5000 — N
100, | AV _ (k=) ) 150, 0<N <5000
de t
(a) _ L oav o [E Dy oo (k —ljdt See notes | B1
5000 - N t t
—In(5000 - N) =kt — Int; +¢ See notes | M1 A1; Al
then eg either... or... or...
—kt + ¢ =In(5000 — N)—Int | kt+ ¢ =Inz—In(5000 — N) | In(5000 - N) =kt +Int +c
5000 - N t :
—kt =In] —/—— kt+c =In| —— _ _ ak+Int +c
e ( : j c [SOOO_N] 5000 - N = e
—“kt+e _ SOOO_N kt +c — ! _ _ —kt +c
e = = 00— 5000 - N =re
leadingto N =5000 — Are™™ with no incorrect working/statements. See notes Al* cso
[S]
—k
(b) {f =1, N =1200 = } 1200 = 5000 — 4e At least one correct statement written B1
{z =2, N =1800 :>} 1800 = 5000 — 2 4e % down using the boundary conditions
So Ae™* =3800
and 24e7* =3200 or Ae?* =1600
E e’ 3800 ; 2e7?" 3200 An attempt to eliminate 4 | .,
g 2672k 3200 ° et 3800 by producing an equation in only .
So le" _ 3800 « _ 3200
2 3200 3800
600 9 At least one of 4 =9025 cao
k=1In 7600 or equivalent <eg k =1In 19 7600 . Al
3200 8 or k = In| ——| or exact equivalent
3200
19 Both 4 =9025 cao
A=3800(e")=3800| — | =  4=9025 7600 . Al
8 or k = In| ——| or exact equivalent
3200
[4]
Alternative Method for the M1 mark in (b)
ok 3800
A
3800\’ An attempt to eliminate &
2‘4[ A ) = 3200 by producing an equation in only 4 M1
—5In(gJ
(c) t=5, N =5000-9025(5)e °®
N = 4402.828401... = 4400 (fish) (nearest 100) anything that rounds to 4400 | B1
1]
10
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Question 109 Notes

109. (a
@ B1 Separates variables as shown. d~ and d¢ should be in the correct positions, though this mark can be
implied by later working. Ignore the integral signs.
M1 | Either +1In(5000—-N)or +1In(N —5000) or & —Ins where 2+0 is a constant.
Al | For —In(5000 - N) =kt —In¢t or In(5000 — N) =—kt +Int or —%In(SOOO - N) =t —%Int oe
Al which is dependent on the 1* M1 mark being awarded.
For applying a constant of integration, eg. + ¢ or + Ine“ or +Inc or A to their integrated equation
Note | +c can be on either side of their equation for the 2" A1 mark.
Al Uses a constant of integration eg. “c” or “ Ine“ ” "Inc¢" or and applies a fully correct method to
prove the result N = 5000 — Aze™* with no incorrect working seen. (Correct solution only.)
NOTE | IMPORTANT
There needs to be an intermediate stage of justifying the 4 and thee™ in Are™ by for example
o either 5000 - N =" "*¢
e or 5000 - N =te ¥*¢
e or 5000 — N =te “e°
or equivalent needs to be stated before achieving N = 5000 — Are™
(b) B1 | At least one of either 1200 = 5000 — 4e~* (or equivalent) or 1800 = 5000 — 24e~%* (or equivalent)
M1 ¢ Either an attempt to eliminate 4 by producing an equation in only .
e or an attempt to eliminate £ by producing an equation in only 4
Al | Atleast one of 4 =9025cao0 or k = In(%} or equivalent
Al Both 4 =9025 cao or £ = In(@j or equivalent
3200
. 19 8
Note | Alternative correct values for kare k = In(gj or k=- In(ﬁj or k=1In7600 — In3200
or k=- In(@j or equivalent.
9025
Note | £ =0.8649... without a correct exact equivalent is AQ.
(©) B1 anything that rounds to 4400
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Question

Number Scheme Marks
u=x* = g—u:2x u=x = j—uzl
110. (a) szex dx, 1% Application: . u , 2" Application: X
_V:e'* y=e" —vzex = vyv=e"
dx dx
x’e" — I/lxe"{dx}, A>0 | M1
= x%" — Ierxdx
x’e" — J. 2xe* {dx} | Aloe
Either +Ax’e* + Bxe*+ CJ e’ {dx}
= x%e" — Z(xe" —Ie"dx) M1
or for inxex {dx} —> J_rK(xex —Jex{dx})
+ Ax%" + Bxe'+ Cet | M1
= x%e" — 2(xe* —e") {+ c} ~ ~
Correct answer, with/without + ¢ | A1
[5]
{[xzex — 2(xe” _eX)]l } Applies limits of 1 and 0 to an expression of the
(b) 0 form +Ax%e* £+ Bxe*+ Ce*, A#0,B =0 and | M1
= (1%¢" - 2(1e" —¢")) - (0%’ - 2(0e° —¢°)) C # 0 and subtracts the correct way round.
—e—2 e—2 cso | Al oe
2]
7
Notes for Question 110
(2)
M1: Integration by parts is applied in the form x’e* — J.lxe’“ {dx} , where 4 >0. (must be in this form).
Al:  x%" —Jer"{dx} or equivalent.
M1: Either achieving a result in the form +A4x’e* + Bxe* + CIe" {dx} (can be implied)
(where 4#0,B =0 and C = 0)or for J_rKjxex {dx} — J_rK(xex —Jex {dx})
M1: +Ax’e" +Bxe"+ Ce* (where 4#0,B=0and C #0)
Al: x%e" —2(xe* —e") or x’e" —2xe* +2e* or (x* — 2x + 2)e* or equivalent with/without + c.
(b) M1: Complete method of applying limits of 1 and O to their part (a) answer in the form +4x’* + Bxe* + Ce",
(where 4#0,B=0and C=0) and subtracting the correct way round.
Evidence of a proper consideration of the limit of O (as detailed above) is needed for M1.
So, just subtracting zero is MO.
Al: e—-2ore —2or —2+e. Donotallow e — 2e° unless simplified to give e — 2.
Note: that 0.718... without seeing e — 2 or equivalent is AQ.
WARNING: Please note that this A1 mark is for correct solution only.
So incorrect |....... ]: leading to e — 2 is AO.
Note: If their part (a) is correct candidates can get M1ALl in part (b) for e — 2 from no working.
Note: 0.718... from no working is MOAQ
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Question
Number

Scheme Marks

111

2
z 2 For ﬁj(sec(gn 1 g1
V:nj [sec(fn dx
2 Ignore limits and dx.
Can be implied.

= +Atan (fj M1
={x}| 2tan (Ej
0 2tan (%) or equivalent Al

=2 27 | Al cao cso

[4]

0

Notes for Question 111

2
B1: For a correct statement of EJ‘(SEC(ijj or z j sec’ (5) or ﬂj‘;z {dx} .
2 2 (cos(3))

111
Ignore limits and dx. Can be implied.
2
Note: Unless a correct expression stated = j sec[%} would be BO.
M1: +Atan (%j from any working.
Al: 2tan (f) or itan (fj from any working.
2) () \2
Al: 2z from a correct solution only.
Note: The 7z in the volume formula is only required for the B1 mark and the final A1 mark.
Note: Decimal answer of 6.283... without correct exact answer is AQ.
Note: The B1 mark can be implied by later working — as long as it is clear that the candidate has applied ﬂjyz
in their working.
Note: Writing the correct formula of V' = ﬁj'yz {dx} , but incorrectly applying it is BO.
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Question
Number

Scheme Marks

112. (a)

(b)

:>}d—x=2u or M _1.% du_ B1
du dx 2 de  24/x

1 1
{J—x(ZI - dx} = I—uz(Zu - 2udu M1

= J-#du Al *
~ Ju@u-y €80
[3]

{xzu

2 _4, B
uPu-1) u (2u-1)
u=0 = 2=-4 = A=-2

u=+ => 2=1iB = B=4

2 ) 4 IntegratesM+L,M¢0,N¢Oto
- du = —+ du u (2M—1) M1
u(2u —1) u

(2u -1) obtain any one of *AInu or +xIn(2u — 1)
At least one term correctly followed through | Al ft
=2Inu + 2In(2Qu —1). | A1l cao

= 2=A4(2u-1) + Bu
See notes | M1 Al

= =2Inu + 2In(2u - 1)

So, [~2Inu + 2In(2u ~1)];
Applies limitsof 3and Linu or 9
= (-2In3+ 2In(2(3) - 1)) — (-2In1+ 2In(2(1) —1))  and 1 inx in their integrated function | M1
and subtracts the correct way round.
= —-2In3+ 2In5-(0)

5
2In (Ej Al cso cao

[7]
10

= 2In(§j
3
Notes for Question 112

(@

(b)

1
B1: d—x=2u or dx=2udu or d—uzlx 2 or d—u:L or du=i
du x 2 dr  2/x 2Jx
M1: A full substitution producing an integral in « only (including the du ) (Integral sign not necessary).
The candidate needs to deal with the “x”, the “ (Zf —1) " and the “dx” and converts from an

integral term in x to an integral in u. (Remember the integral sign is not necessary for M1).
Al1*: leading to the result printed on the question paper (including the du ). (Integral sign is needed).

iy P 0

_ orwriting ——— = — +

u(2u -1) (2u -1) uPu-1) u  (2u-1)
finding the value of at least one of their 4 or their B (or their P or their Q).

Al: Boththeir 4 =-2 and their B =4. (Ortheir P = -1 and their Q = 2 with the multiplying factor of

2 in front of the integral sign).

M1: Integrates M, N
u  (2u-1)

+AInu or £ pIn(2u —or +uln(u 1)
Alft: At least one term correctly followed through from their 4 or from their B (or their P and their Q).

and a complete method for

+

M1: Writing 4
u

, M =0, N =0 (i.e. a two term partial fraction) to obtain any one of

Al: -2Inu + 2In(2u - 1)

Notes for Question 112 Continued

112. (b)
ctd
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correct way round.
Note: If a candidate just writes (-2In3+ 2In(2(3) —1)) oe, this is ok for M1.

Al: 2In[gj correct answer only. (Note: a=5,b=3).

Important note: Award MOAOM1A1A0 for a candidate who writes

#duz E+ 2 du = 2Inu + In(2u - 1)
u(2u —1) u (2u-1)

AS EVIDENCE OF WRITING _2 AS PARTIAL FRACTIONS IS GIVEN.

u(2u —
Important note: Award MOAOMOAOAO for a candidate who writes down either
2

#du =2Inu+2In(2u -1) or | ——— du =2Inu + In(2u - 1)
u(2u -1) u(2u -1)

WITHOUT ANY EVIDENCE OF WRITING ﬁ as partial fractions.
u\cu —

Important note: Award M1A1M1A1A1 for a candidate who writes down
2 du=—2Inu+2In(2u - 1)
u(2u —1)

WITHOUT ANY EVIDENCE OF WRITING as partial fractions.

u(2u —1)

Note: In part (b) if they lose the “2” and find I du we can allow a maximum of

Lt
u(Pu -1)
M1A0 M1A1ftAO0 M1AO.
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Question

Number Scheme Marks
113. %—f = 2(120-0), 6<100
;de = | Ads or ;de = | dr B1
(@) 1206 1(120-6)
_ 1 . M1 AL;
-In(120-6);= At + ¢ or —zln(lzo—e),—t+c See notes | \+7 '}
{t=0,60=20 =} -In(120 - 20) = A(0) + ¢ See notes | M1
—In100 = —1In(120 - &) = A¢ — In100
then either... or...
—At =1In(120 - ) - In100 At =In100-In(120 - 6)
_at = (12929 t =n[ 200
100 120 -6
o 120-0 o — 100
e = 100 120 — 9 dddM1
) (120-0 )e*’ =100
100e™ =120-6 Y
= 120- 6 =100e AL *
leadingto & =120 —100e*
[8]
(b) {#=0.01,0=100=} 100=120 - 100e M1
s 1006°% —120 100 = —0.0L = In 120 - 100 Usgs correct order of operatloniso(k))l%/
100 moving from 100 =120 —100e™
. 1 In 120—100 togiver=... and t = 4In B, dM1
-0.01 where B >0
{t =——1In ( j 100In5}
-0.01
t =160.94379... = 161 (s) (nearest second) awrt 161 | Al
[3]
11
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Notes for Question 113

(a) B1: Separates variables as shown. d@and d¢ should be in the correct positions, though this mark can be
implied by later working. Ignore the integral signs.
Either or
M1: L 40 > + AIn(120 - 0) S SY RN +4In(120 — 0), A isa constant.
120-6 A(120-0)
1 1 1 1
Al: dé — —In(120 - 0) ————df# —» —=In(120-0) or — =In(1201-46),
120-6 A(120-6) A A

Mi1: J'/ldt — At Ildt —>t
Al: j'/i dt > At+c ‘ or jl dt — t+c The + ¢ can appear on either side of the equation.

IMPORTANT: + ¢ can be on either side of their equation for the 2" A1 mark.
M1: Substitutes t =0 AND & = 20 in an integrated or changed equation containing ¢ (or A or In 4).

Note that this mark can be implied by the correct value of c. { Note that —In100 = —4.60517... }.
dddM1: Uses their value of ¢ which must be a In term, and uses fully correct method to eliminate their
logarithms. Note: This mark is dependent on all three previous method marks being awarded.
Al1*: This is a given answer. All previous marks must have been scored and there must not be any errors in
the candidate’s working. Do not accept huge leaps in working at the end. So a minimum of either:

1): e* = 120-96 = 100e™™ =120-60 = =120 -100e™*
100
or (2): e = 121000 i (120- 6)e* =100 = 120- ¢ =100e ™™ = 6 =120 —100e *
is required for Al.
Note: 1 dé —» - lIn(120/1 —26) is ok for the first M1AL in part (a).
(1204 -140) A
(b) M1: Substitutes 4 =0.01and @ =100 into the printed equation or one of their earlier equations connecting

¢ and ¢.  This mark can be implied by subsequent working.
dM1: Candidate uses correct order of operations by moving from 100 =120 —100e *® to ¢ =...

Note: that the 2" Method mark is dependent on the 1% Method mark being awarded in part (b).
Al: awrt 161 or “awrt” 2 minutes 41 seconds. (Ignore incorrect units).

Aliter 1
113. (a) J dée = jﬂdt B1
_ M1 AL,
-In(120-6) = At + ¢ See notes | \ 10 A}
-In(120-6) = At + ¢
In(120-0) = - At + ¢
120 - 0 = Ae™*
0 =120 — Ae™*
{t=0,0=20 =} 20 =120 — 4¢° M1
A=120-20=100
So, & =120 —100e " dddM1 A1 *
[8]
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Notes for Question 113 Continued

(a) B1IM1A1M1A1: Mark as in the original scheme.
M1: Substitutes 1 =0 AND @ = 20 in an integrated equation containing their constant of integration which
could be c or 4. Note that this mark can be implied by the correct value of ¢ or 4.
dddM1: Uses a fully correct method to eliminate their logarithms and writes down an equation containing
their evaluated constant of integration.
Note: This mark is dependent on all three previous method marks being awarded.
Note: In(120—0) =—Ar+ ¢ leadingto 120 - f=e* +e° or120 -0 =e * + 4, would be dddMO.
Al*: Same as the original scheme.
Note: The jump from In(120 - §) =—Ar+ ¢ to 120 -6 = Ae™™ with no incorrect working is condoned
in part (a).
Aliter 1 -1
113. J de = J‘}tdt :I do = Jldt B1
(a) 120-6 6 —120
Way 3 _ Modulus required | M1 Al
Injo-120] = A1+ ¢ for I 1. | M1 AL
_ _ _ Modulus
{t=0,0=20 :>}—In|20—120| =10) + ¢ . M1
not required here!
= ¢=-1In100 = -In|¢ — 120 = As —In100
then either... or...
—At = In|¢9—120|— In100 At = InlOO—In|9—120|
_at = |2 =120 at = In|—%
100 6 —120
As 6 <100
120-46 100
—At = In( 100 j At =In 120 — QJ Understanding of
modulus is required | dddM1
ot = 120-0 e = 100 here!
100 120 -6
) (120- 6)e* =100
100e™ =120-46
= 120- 6 =100e™* Al *
leadingto & =120 —100e™*
[8]
B1: Mark as in the original scheme.
M1: Mark as in the original scheme ignoring the modulus.
Al: Iﬁ d¢ — —In|@ —120|. (The modulus is required here).
M1A1: Mark as in the original scheme.
M1: Substitutes =0 AND & = 20 in an integrated equation containing their constant of integration which
could be ¢ or A. Mark as in the original scheme ignoring the modulus.
dddM1: Mark as in the original scheme AND the candidate must demonstrate that they have converted
In|9 - 120| to In(120 - 0) in their working. Note: This mark is dependent on all three previous method
marks being awarded.
Al: Mark as in the original scheme.
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Notes for Question 113 Continued

All;t;r Use of an integrating factor
@ | do dg
waya | g = A120-0) = (e a0 <1202
IF =e* -
i(eﬂze) — 1201eﬂ.l , MlAl
dr
&0 = 1207e" + k MIAL
6 =120 + Ke ™™ M1
{t=0,0=20=}-100=K
0 =120 — 1009—}4 M1A1
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Question Scheme Marks
Number
4
1
114. ———dx, u=2+J(2x+1
,[0 2+(2x+1) ( )
1
) Either % -1 k@2r+1) 2 or ¥ _ -2 | M
du -3 dx dx du
d—=(2x+1)2 or d—=u—2 d 1 d
X “ Either &4 = (2x+1) 2 or - -2) |Al
dx du
1 del = 1 ( 2) d Correct substitution | A1
dr ey | Ju o™ (Ignore integral sign and du).
2 .
= J‘(l -— Jdu An attempt to divide each term by u. | dM1
u
+Au + Blnu ddM1
= u-—2lnu
u—2Ilnu AL Tt
; Applies limits of 5and 3 in u
{So [ - 2Inu], } =(5-2In5)—(3-2In3) or 4 and 0 in x in their integrated function | M1
and subtracts the correct way round.
- 2+2In(§j 2+2In(§J Al
5 5 €ao cso
[8]
8
Notes for Question 114
M1 Alsoallow du =+ 1 ! 570 Of (u—2)du = & Ad
u f—
Note: The expressions must contain du and dx. They can be simplified or un-simplified.
Al: Also allow du = ( 1 2) dx or (u—2)du =+ Adx
" —
Note: The expressions must contain du and dx. They can be simplified or un-simplified.
Al: Il (u — 2) du . (Ignore integral sign and du).
u
dM1: An attempt to divide each term by u.
Note that this mark is dependent on the previous M1 mark being awarded.
Note that this mark can be implied by later working.
ddM1: +A4u + Blnu, A#0,B=0
Note that this mark is dependent on the two previous M1 marks being awarded.
Alft: u —2Inu or £A4u + Blnu being correctly followed through, 40, B =0
M1: Applies limits of 5and 3 inu or 4 and O in x in their integrated function and subtracts the correct
way round.
Al: csoandcao. 2+ ZIH(EJ or 2+2In(0.6), (: A+2InB,so A=2,B = gj
3) .
Note: 2 —2In (gj is AO.
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Notes for Question 114 Continued

114. ctd 1 . s ond rd rd
Note: | = (v —2)du= u— 2Inu with no working is 2™ M1, 3" M1, 3" Al.
u
but Note: I 1 (u—-2)du= (u—-2)Inu with noworking is 2™ M0, 3 M0, 3 AO.
u
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Question Scheme Marks
Number
115. (a) | 6.248046798... = 6.248 (3dp) 6.248 or awrt 6.248 | B1
1]
(b) Area z%x 2 ;x[3+ 2(7.107 + 7.218 + their 6.248)+5.223] B1, M1
=49.369 =49.37(2 dp) 49.37 or awrt 49.37 | Al
131
1 1 1 *%f *%f
( {J(4te3+3)dt}= —12te3—j—1263{dt} + Ate iBJ.e {dr}, 4#0, B0 | M1
° See notes. | Al
+3 353 |B1
1 L L Y
= —12re ¥ —36e ° {+ 31} ~12te ¥ —36e 3 | Al
1, L, ’
{—Hte 3 —36e? +3I} =
0
Substitutes limits of 8 and
0 into an integrated
function of the form of
[ 126 — 380 ™ 4 38 120)e = — 366 = + 3(0 S
=|-12(8)e * -36e* +3(8) |- | -12(0)e * —36e* +3(0) | gjther 270 ¥ + e * or | gMm1
1, 1,
+Ate ® +ue ® + Bt and
subtracts the correct way
round.
_8 _8
=[—96e 8 —36e ® +24j—(0—36+0)
_8 _8
= 60 — 132¢ 3 60— 132¢ ¢ | Al
[6]
8
(d) Difference = ‘60 — 132 3 - 49.37‘ =1.458184439... =1.46 (2 dp) 1.46 or awrt 1.46 | B1
1]
11
Notes for Question 115
(a) B1: 6.248 or awrt 6.248. Look for this on the table or in the candidate’s working.
(b) B1: Outside brackets %xZ orl
M1: For structure of trapezium rule[ ............. ] . Allow one miscopy of their values.
Al: 49.37 or anything that rounds to 49.37
Note: It can be possible to award : (a) BO (b) BIM1A1 (awrt 49.37)
Note: Working must be seen to demonstrate the use of the trapezium rule. Note: actual area is 50.828...
Bracketing mistake: Unless the final answer implies that the calculation has been done correctly,
Award BIMOAO forl + 3+ 2(7.107 + 7.218 + their 6.248)+ 5.223 (nb: answer of 50.369).
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Notes for Question 115 Continued

115. (b) ctd

(©)

(@)

Alternative method for part (b): Adding individual trapezia
[3+7.107 N 7.107+7.218 N 7.218+6.248 N 6.248+5.223
2 2
B1: 2 and a divisor of 2 on all terms inside brackets.
M1: First and last ordinates once and two of the middle ordinates twice inside brackets ignoring the 2.
Al: anything that rounds to 49.37

1 1

1
M1: For 4re 3 — + Are 3[iBJ.e 3t{dt}, A#0,B#0

Area ~ 2x }: 49.369

1

1, Y -4
Al: For te 3 — (—3te s — I—Se 8 j (some candidates lose the 4 and this is fine for the first A1 mark).

1, 1 1, 1 1 1 1,
or 4te 3 —>4(—3te 8 —I—Se 3} or —-12te ® —|-12e 3 or 12{—te 3 —J.—e 3}

These results can be implied. They can be simplified or un-simplified.
B1: 3 — 3tor3— 3x (bod) .

Note: Award BO for 3 integrating to 12¢ (implied), which is a common error when taking out a factor of 4.
Be careful some candidates will factorise out 4 and have 4(+%] - 4(....+%tj

which would then be fine for B1.
Note: Allow B1 for I;3dt —24

1 1 1 1 1
Al: For correct integration of 4te 3 to give —12¢e ¥ _36e % or 4(—3te ¥ _9e 3tJ or equivalent.

This can be simplified or un-simplified.

1 1
dM1: Substitutes limits of 8 and 0 into an integrated function of the form of either tAze S ue ¥ or

1 1
tite & ue 3+ Br and subtracts the correct way round.

Note: Evidence of a proper consideration of the limit of O (as detailed in the scheme) is needed for dML1.

So, just subtracting zero is MO.
8

Al: An exact answer of 60 — 132e 3. A decimal answer of 50.82818444... without a correct answer is AQ.

Note: A decimal answer of 50.82818444... without a correct exact answer is AQ.
Note: If a candidate gains M1A1B1ALl and then writes down 50.8 or awrt 50.8 with no method for
substituting limits of 8 and 0, then award the final M1AO.
IMPORTANT: that is fine for candidates to work in terms of x rather than ¢ in part (c).
Note: The "3¢" is needed for B1 and the final A1 mark.
B1: 1.46 or awrt 1.46 or -1.46 or awrt -1.46.
Candidates may give correct decimal answers of 1.458184439... or 1.459184439...

Note: You can award this mark whether or not the candidate has answered part (c) correctly.
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Question

Number Scheme Marks
116. x=27sec’t, y=3tant, nggg
de dy
q q At least one of , ord— correct. | B1
(a) d_x = 8lsec’ rsecttant, d_y = 3sec’ ¢ d ! g !
! ! Both — and — are correct. | B1
dt dt
2 2
dy__8sec’r [ 1 cost _ cos’t | apgiies their & divided by their &5 | M1:
dx 8lsec’stans | 27secrtans 27tant 27sint ds dt
2(n
Attzz, d_y: 3sec (6) :i{:i:i} i Al cao cso
6 dx 8lsec’(£)tan(z) 72| 54 18 72
[4]
2 2 2
3
(b) {L+tan’r=sec’t} =1+ 2o 2| =2 M1
3 27 27
23 1
:>1+%=?: 9+y2=x§:>y=(x5—9)2* Al* cso
a=27and b=216 or 27<x<216 a=27 and b=216 | B1
3]
2 1 2
125 , 1 s 2 o\ z
(©) V= IZ'J. (( x3 - 9)2] dx or 7Z'J. (x§ — 9)dx For ”I((x 9) J or ﬂj(x 9) Bl
i i Ignore limits and dx. Can be implied.
5 5
g s 125 Either +Ax®+ Bx or §x3 oe | M1
={r} {Eﬁ - Qx} 5
2z §x3 —9x oe | Al
3 5 3 5 Substitutes limits of 125 and 27 into an
={r} 5(125)3 —-9(125) | - 5(27)3 -9(27) integrated function and subtracts the | dM1
correct way round.
={7}((1875 - 1125) — (145.8 — 243))
_A207 o 84724 42307 o 4727 | AL
(5]
12
Notes for Question 116
(a) B1: At least one of % or(;—); correct. Note: that this mark can be implied from their working.
B1: Both dx and Y are correct. Note: that this mark can be implied from their working.
de dt
M1: Applies their %divided by their % , Where both d—i and % are trigonometric functions of ¢.
Al: % or any equivalent correct rational answer not involving surds.
Allow 0.0é with the recurring symbol.
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Notes for Question 116 Continued

Note: Please check that their 3—x is differentiated correctly.
t

Eg. Note that x = 27sec’r = 27(cost) * = % = —81(cost) * (~sin7) is correct.

(b) M1: Either:
e Applying a correct trigonometric identity (usually 1 + tan®¢ = sec’¢ ) to give a Cartesian equation in
x and y only.
e Starting from the RHS and goes on to achieve ~/9tan®¢ by using a correct trigonometric identity.
e Starts from the LHS and goes on to achieve v9sec?#—9 by using a correct trigonometric identity.
Al1*: For a correct proof of y = (x% - 9)E :
Note this result is printed on the Question Paper, so no incorrect working is allowed.
B1: Both a =27 and b = 216. Note that 27 < x < 216 is also fine for B1.
(c)
1 2
B1: For a correct statement of ﬁj(( Xt - 9)2j or ﬂj(xg - 9). Ignore limits and dx. Can be implied.
5 2 3 8
M1: Either integrates to give + Ax®+ Bx, A=0, B= 0 or integrates x® correctly to give gx3 oe
5 5
> 3
Al: §x3 ~9x or. — —9x oe.
© )
3
dM1: Substitutes limits of 125 and 27 into an integrated function and subtracts the correct way round.
Note: that this mark is dependent upon the previous method mark being awarded.
Al: A correct exact answer of 42367 or 847.2r.
Note: The 7z in the volume formula is only required for the B1 mark and the final A1 mark.
Note: A decimal answer of 2661.557... without a correct exact answer is AQ.
Note: If a candidate gains the first BIM1A1 and then writes down 2661 or awrt 2662 with no method for
substituting limits of 125 and 27, then award the final M1AO0.
(a) Alternative response using the Cartesian eqguation in part (a)
1, .
. N d—sz_er3(x§—9)2 M1
= 2 d 1( 2 2(2 -3 dx
— 3 34 — 3 3
Way2 y—(x ‘9J = d__E(x ‘9J [gx ] & 1 t(p
X 2 s -
2 _(xs _9) 2[ 275 | ge| AL
de 2 3
T T
At r ==, x=27sec®| = | = 244/3 ) )
6 ¥ (6} V3 Uses ¢ = 2 to find x and substitutes
o 6 dM1
- d_y= 1 (24\/§)§ _9 ? 3(24@)‘; their x into an expression for d—y
dx 2 3 dx
do 1( 1 1 1 1
SO, = —= | =||—&|=— — | Al cao cso
dx 2(&}(3@] 18 ‘ 18
Note: Way 2 is marked as M1 Al dM1 Al
Note: For way 2 the second M1 mark is dependent on the first M1 being gained.
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Notes for Question 116 Continued

116. (b)| Alternative responses for M1Al in part (b): STARTING FROM THE RHS
Wav 2 , 1 oy N N For applying 1+ tan®¢ = sec®t oe M1
ay RHS =! (x* —9)* =,/(27sec®t)’ —9 = /9sec’r—9 = +/9tan*¢ .
{ | (x ) ( ) to achieve v/9tan’¢
1
=3tant = y {= LHS} cso Correct proof from (x% - 9)2 toy. | Al*
M1: Starts from the RHS and goes on to achieve +/9tan®¢ by using a correct trigonometric identity.
116. Alternative responses for M1A1 in part (b): STARTING FROM THE LHS
(b) For applying 1+ tan®¢ = sec®t oe
Way 3 LHS =! y = 3tant = /(9tan®*¢) = +/9sec*t -9 M1
Y { } ( ) to achieve +/9sec?s—9
X % x% 2 1
=9l =] -9 = |9 = |-9 =(xF —9) i _g)2. | AL*
(27) { 9 J (x ) cso Correct proof from y to ( 9) :
M1: Starts from the LHS and goes on to achieve +/9sec’#—9 by using a correct trigonometric identity.
116. Alternative response for part (c) using parametric integration
(c) 2
Way 2 V:7zJ.9tan2z(81sec2tsecttant) dr | 3tans(8Lsec” rsecrtant) ds B1
Ignore limits and dx. Can be implied.
= {r} | 729sec’ ttan® rsecttans dr
= {r} | 729sec® ¢(sec’ t - 1)secrtans dt
= {r} | 729(sec’ ¢ — sec’ t)secrtans d
= {r} | 729(sec’ ¢ — sec’ t)secrtant dt
- . . +Asec’t + Bsec’t | M1
= {x} 729(—SeCSt - —secstﬂ 1 1,
i 5 3 729[—se05t — =sec tj Al
5 3
[ 1/5Y° 1/5) 1 1 Substitutes sect :§ and sect =1 into an
V= {x}| 729 —(—j ——(—J - 729(—15 ——13J _ 3 dM1
5{3 3.3 5 3 integrated function and subtracts the correct
B way round.
= 7207([ 20 [~ 2
243 15
_A207 o garon 42387 o 84727 | AL
[5]
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Question

Number Scheme Marks
7. | & k(M —x),  where Mis aconstant
dt
(@ g—: is the rate of increase of the mass of waste products. Any one correct explanation. | B1
M is the total mass of unburned fuel and waste fuel Both explanations are correct. | B1
(or the initial mass of unburned fuel)
2]
b ! dx = | kdt or ;dx = | dt Bl
(b) M—x KM —x)
1
—-In(M —x) =kt {+c} or —Eln(M —-x) =t {+¢} See notes | M1 Al
{t=0,x=0=} -In(M -0) =k(0) + ¢ See notes | M1
c=-InM = -In(M —x) =kt —InM
then either... or...
—kt =In(M — x)—InM kt =InM —In(M — x)
—kt = In(M_xj kt =In[ M j
M M —x
—kt M - X ekt — M
e = v M —x ddM1
B (M —x)e" =M
Me™ =M —x »
M —x = Me Al* cso
leadingto x=M —Me™ or x=M@1-e") oe
[6]
(c) x=%M,t=|n4:>} %M:M(l—e""”“) M1
Sloq e o e L nas Jin2
2 2
So k = 1 Al
2
—Elng
x=M|l-e? dMm1
2
x=—M x:§M Al cso
[4]
12
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Notes for Question 117 Continued

117. (a)

(b)

(©)

B1: At least one explanation correct.
B1: Both explanations are correct.

dx . .
d_x is the rate of increase of the mass of waste products.

or the rate of change of the mass of waste products.

M is the total mass of unburned fuel and waste fuel
or the initial mass of unburned fuel
or the total mass of rocket fuel and waste fuel
or the initial mass of rocket fuel
or the initial mass of fuel
or the total mass of waste and unburned products.

B1: Separates variables as shown. dxand d¢ should be in the correct positions, though this mark can be
implied by later working. Ignore the integral signs.
M1: Both +AIn(M —x)or +AIn(x—M) and + xr where A and x are any constants.

Al: For -In(M —x) =kt or —In(x—M) =kt or —%In(M—x) =t or —%In(x—M) =t

or —%In(kM—kx) =t or —%In(kx—kM) =t

Note: +c is not needed for this mark.
IMPORTANT: +c can be on either side of their equation for the 1 A1 mark.
M1: Substitutes =0 AND x =0 in an integrated or changed equation containing ¢ (or 4 or In 4, etc.)
Note that this mark can be implied by the correct value of c.

ddM1: Uses their value of ¢ which must be a In term, and uses fully correct method to eliminate their
logarithms. Note: This mark is dependent on both previous method marks being awarded.

M(e" 1)
kt

Al: x=M-Me™ or x=M@A-e") or x= or equivalent where x is the subject.

Note: Please check their working as incorrect working can lead to a correct answer.
Note: {((jj—xzk(M—x)jd—x: 1
t

dt kM — kx :} x= ‘%'”(kM — kx) {+ ¢} is B1(Implied) M1AL.

. 1 . . . . .
M1: Substitutes x = —M and ¢ = In4 into one of their earlier equations connecting x and ¢.

Al: k= % which can be an un-simplified equivalent numerical value. i.e. k£ = :n_j is fine for Al.
n

dM1: Substitutes ¢ = In4 and their evaluated k& (which must be a numerical value) into one of their earlier

equations connecting x and .
Note: that the 2" Method mark is dependent on the 1% Method mark being awarded in part (c).

Al: x= %M cSO0.

Note: Please check their working as incorrect working can lead to a correct answer.
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Notes for Question 117 Continued

Aliter 1
117. (b) J dx = '[kdt B1
M —x

Way 2
-In(M —x) =kt {+c} See notes | M1 Al
In(M —x) =—kt+c
M —x = Ae™"
{t=0,x=0=} M -0 =4e*® M1
=>M=4
M —x = Me™ ddM1
So, x=M —Me™" Al

[6]
(b) B1M1A1: Mark as in the original scheme.
M1: Substitutes t =0 AND x =0 in an integrated equation containing their constant of integration which
could be c or A. Note that this mark can be implied by the correct value of ¢ or A.
ddM1: Uses a fully correct method to eliminate their logarithms and writes down an equation containing
their evaluated constant of integration.

Note: This mark is dependent on both previous method marks being awarded.
Note: In(M —x) =—kt +c leadingto In(M —x) =e™ +e or In(M —x) =e™ + 4 would be dddMO.
Al: Same as the original scheme.

Aliter ] t

117. (b) J dx=J k dt B1

Way3 | JoM—x 0

[-In(M - x)]. =[kt], M1 A1l
—In(M - x)—(=InM) = kt Applies limits of | M1
—In(M - x)+InM =kt
and then follows the original scheme.
(a) B1M1A1: Mark as in the original scheme (ignoring the limits).
ddM1: Applies limits 0 and x on their integrated LHS and limits of O and ¢ .
M1A1: Same as the original scheme.
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Notes for Question 117 Continued

Aliter 1 -1
117. J' dx = jkdt {:J. dx = jkdt} B1
M —x x—-M
(b)
Way 4 _ Modulus not required
Injx - M| =kt +c for 1941, | MLAL
_ _ _ B _ Modulus
{[ =0,x=0 :} In|0 M| k(O0) + e not required here! M1
= c=-InM = -Injx - M| =kt —InM
then either... or...
—kt =In|x - M|-InM kt =InM —In|x - M|
kit == k= In|—2
M x—-M
As x <M
M —x M
—kt =In v j kt =1In M — x} Understanding of
modulus is required | ddM1
et = M= x e¥ = M here!
M M —x
k (M - x)e" =M
Me™ =M —x »
M —x = Me Al * cso
leadingto x=M —Me™™ or x=M(@1-e*) oe
[6]
B1: Mark as in the original scheme.
M1A1M1: Mark as in the original scheme ignoring the modulus.
ddM1: Mark as in the original scheme AND the candidate must demonstrate that they have converted
In|x — M| to In(M - x) in their working.
Note: This mark is dependent on both the previous method marks being awarded.
Al: Mark as in the original scheme.
Allit,;r Use of an integrating factor (I.F.)
(b) dx dx
ILF.=¢" Bl
i(ektx) — kMekl,
dr
efx = Me" + ¢ M1A1
x =M+ ce™
{t=0,x=0=}0=M+ce*® M1
=>c=-M
x=M-Me™" ddM1A1
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Question

Number Scheme Marks
1 u=x du =1
. — dx
118(i) J.xe 2 dx = .
dv i
—= = v=-2e?
dx
Use of “integration by
oy = 2 o ) 2x d parts’ formula in the | M1*
.[xe ¥ s oexe _,[_ ¢ W correct direction.
Correct expression. | Al aef
1 1
1 1 +tAxe 2 + ,uei? (+ c) M1
= -2xe? —4e? +c Correct answer | ,,
with/without + ¢
4 1 _i, . !
(i) J.xez dx = {—erz —4e2}
0
0
O 1 1 1) Substitutes limits of 4 and
= [—2(4)e 27 —4e ? J—[—Z(O)e 2 —4e? ] 0 and subtracts the correct | dM1*
way round.
= (-8e?-4e?)-(0-4)
= 4-12¢7" a=4,b=-12 or 4-12¢7% | Al
[6]
Notes on Question 118
118(ii) | dM1: Complete method of applying limits of 4 and 0 and subtracting the correct way round.
Evidence of a proper consideration of the limit of 0 is needed for M1. So, just subtracting
zero is MO.
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Question

Number Scheme Marks
119, (i Tx ! N B
0@ Tra@mon (13 @-D
7x = A2x-1) + B(x+3) Forms the correct identity. | B1
When x=-3, 4=3. Substitutes either x=-3 or x =1
When =L B-1 into their identity and correctly finds | M1
2’ ' one of either 4 or B.
Hence ’x __3 + 1 C t partial fracti Al
R Iz 13 @D orrect partial fraction.
3]
(b) S SN PSRN N
(x+3)(2x-1) (x+3) (2x-12)
. Either zaln(x +3) or +hIn(2x-1) | M1
=3In(x +3) + EIn(2x -D+c At least one In term correct | Al ft
Correct integration with + ¢ | Al
3]
. 1 3
i —dx, wuw=x
(i1 .[x + x3
d _2
iy | 32d—”=10r d—x=320rd—”—1 s | Bloe
dx du dx
Attempt to substitute »* = x and
1 du du 1 -2
_ 2 u’—=1or—==x ® togivean
_J.u3+u 3u” du e e 3 9 M1
expression to be integrated which is in
terms of u only.
3u 3u
= d d
Ju2+1u ju2+lu Al
:gln(u2+l)+c J_r/iln(u2+1) M1
3. (2 Correct answer in x with or
_EIan +1]+c without+ c. | AL
[5]
11
Notes on Question 119
(i) Note: 1% M1 can be implied by j 31 .3u? if the du is missing.
u +u
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Question

Scheme Marks
Number
120. (a) x=tand, y=1+2cos20, , 0<O<%
attempt at v =gjy_2dx M1
V:EJ.(1+ 2c0s20)°.sec’ 6 {d6} o
—_— Correct expression ignoring limits and B1
T.
- ; ; _ 2
v =) [ @+ 2(2c05 9-1)) sec? 0 {0} Usm_g either cos20 = 2cos® 6 _1 or M1
J c0s20 =1— 2sin*@ or cos26 = cos’ f —sin®
V =(r) .(4c052 6 —1)"sec’ @ {d6}
V=(r) ‘(160054 6 —8cos’ §+1)sec’ 6 {d6}

_ 2 2 Manipulates to give the final answer .
V-;r'[(lﬁcos 6 —8+sec’9){do} where & = » | Al
change limits: when x=1= 1=tan = 6=%

and when Evidence of changing both limits. | B1
x=v3 = 3=tand = 0=%
[S]
1 29 Using the identity
(b) (ﬂ)JlG(%j —8+sec’ 0 do c0s260 = 2c0s” 0 - 1 to substitute | M1
for cos’ 6.
- (ﬁ)js+ 8C0520 — 8-+sec? 0 O
= (ﬁ)'[8c0329 +sec’6 do
. Either +4sin20 ortand | M1
=(7T)(83m29 +tan<9j 8sin20
2 +tand | Al
o7 _ =
So, ¥ =(x)| (8cos26 +sec’0)dd =(x) [Ssm 29 tan 9}3
Jr "
(443 itutes limits of Zand Z
_(x) ( \Zf . \@J (as 1):l Substitutes limits of —and - and | 00
L subtracts the correct way round.
= (33 -5)x (33-5)7 | AL
[S]
10
Notes on Question 120
@ Note: The use of jy;j—);{de} (i.e. an expression for area and not volume) is the 1% M0, 1% BO.
Note: For the 1% B1, the correct expression of I(l +2c0s20)*.sec* @ must be stated on one line.
Note: Award 2™ MO for applying cos? 6 = 1+cos20 to give an expression in terms of cos26.
Note: The r in the volume formula is only required for the 1 M1 mark and the A1 mark.
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Question

Number Scheme Marks
121. (a) ij—’t/ Ve
V =7(40)*h {=16007h} Vv =r(40)’h | B1
Y _ 16007 97 _ 16007 | B1ft
dh da
dv_ dh v
de dv = de
dh 1 dh . dr
— = —-327\h — = (£3272~h) + | their —
Tl (=32mh) ( dr j M1
So, % = -0.02vh Correct proof. | Al * cso
[4]
(b) LU Attempt to separate variables. B1
Jh Integral signs not necessary.
= Jh% dh =j—0.02dt
Separates variables and integrates M1
- hlz 002 (+c) .to give .J_r ahf. == ,.Bt (+¢)
(%) Correct integration with/without + Al
C
Uses boundary conditions for ¢
t=0,h=100 = 2v100 = -0.02(0) + ¢ = ¢ =20 and / to find c. Then uses & with | .,
h =50 = 250 = —0.02 + 20 found ¢ to form an equation in
order to find ¢.
So, 0.02¢ =20 — 2/50
= +=1000 — 500,/2 = 292.8932188..
= =293 (minutes) (nearest minute) awrt 293 | Al cso
[5]
9
Notes on Question 121
(@) | Note: Use of ¥ =zr%h is 1% BO until » = 40 is substituted.
(b) Note: Award final AO for dividing by 60 after achieving ¢ = 292.8932188...
Note: The final A1 mark is for correct solution only. If the candidate makes a sign error then award
final AQ.
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Notes on Question 121 continued

@) Alternative Method for part (a)
a (740°h)=—327zh BIB1: & (740°h)=—3272h
dt dt
an _ ﬂ M1: Simplifies to give an expression for d—h.
dt 740° dt
d
So, d_};: ~002+h * Al: Correct proof.
(b) Alternative Method for part (b)
“dn (7 B1: Attempt to separate variables.
— =1 -0.02d¢ I'si limi
wNh S Integral signs and limits not necessary.
50 T
= j h* dh =j ~0.02 dt
100 0
7P Mi1: iah%:iﬂt(+c)
= { hl } =[-0.021]]
(3) Jioo Al: Correct integration with/without limits
24/50 — 24/100 = —0.02T M1: Attempts to use limits in order to find T.
So, 0.02T =20 — 2/50
= T =1000 - 500ﬁ =292.8932188...
Al: A correct solution (with a correct application of
= T =293 (minutes) (nearest minute) limits)
leading to awrt 293.
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Question
Number Scheme
du 1
L u=Inx = —=-
122.(a) | |=Inxdx, o
X dv X -1
_— V=—m = ——
dx -2 2
+
In the form 4 Inx iJ‘,u iz L M1
X X X
= _—12 Inx — —12 1 dx _—12 Inx simplified or un-simplified. | A1
2x 2x° x X o
-1 1 . . e
— | = .= simplified or un-simplified. | A1
2x° x =
R ANEY [
2x 2) x
11 5
t — .= t .
__Flnx-i-%[ 2_12j {+c} jﬂxz . - +px dm1
* o Correct answer, with/without + ¢ | A1
(5]
, Applies limits of 2 and
(b) —ilnx—i (o1 N2 — 1) (__1 Inl— 1 1 to their part (a) M1
2x° 4x* |, 2(2)? 4(2)? 2(1)? 4(1)° answer and subtracts
the correct way round.
3 1 3 5 1 :
=—-=In2 or —-In2® or —(3-2In2), etc, or awrt 0.1 or equivalent. | Al
16 8 16 16
2]
7
. . L +1 11 .
(a) M1: Integration by parts is applied in the form —-Inx = | x — .= or equivalent.
X X X
Al: 2_—12Inx simplified or un-simplified.
X
Al: - | — .= orequivalent. You can ignore the dx.
= 2x° x
. 11 P
dM1: Depends onthe previous M1. +| u— .= — +p6x".
X X
1 1 1 1 1 x? x?
Al: —Inx+=|— | {+clor =——Inx——{+c¢} or —Inx—- — {+¢
o3 ote e o = —ohma- L o Tome 55 g
-1-2Inx .
or iz {+ ¢} or equivalent.
You can ignore subsequent working after a correct stated answer.
(b) M1: Some evidence of applying limits of 2 and 1 to their part (a) answer and subtracts the correct way round.
1 In()+3
Al: Two term exact answer of either — — ~In2 or — —In2® or i(3—2In 2) or In(3) 3
16 8 16 16
or 0.1875 - 0.125In2. Also allow awrt 0.1. Also note the fraction terms must be combined.
Note: Award the final AO in part (b) for a candidate who achieves awrt 0.1 in part (b), when their answer to
part (a) is incorrect.
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Note: Decimal answer is 0.100856... in part (b).

122. (b)
ctd
Alternative Solution
o u=x> = 3—u=—3x4
—Inxdx, o
X dv
¢ —=Inx = v=xlnx—x
x
%Inx dx =x—13(x|nx—x) —j(xlnx—x);—fdx
1 1 [ 1
kj;lnx dx =F(x|nx—x) + | —dx M1
where k=1
-2 iInd—i(ln—)— id 1 " 3
o sy e X Pk Anyone of —(xInx—x) or — | =dx | Al
x Jx
1 3
F(xlnx—x) - J.?dx and k=-2 | Al
1 1 3 1
_2J‘me dx =F(x|nx—x) + 77 {+ ¢} iJ‘,uF — £ Bx7. | dM1
1 1 3 —i(xlnx—x) _ 3 or equivalent
J.—3Inx dx =——@xIhx-x) - — {+¢} 2x° 4x° a Al
x 2x 4% with/without + c.
1 1
=——Inx——{+¢
2x° g 4x2{ }
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Question

Scheme Marks
Number
123. (a) | 1.0981 Bl cao
(1]
(b) Area z%xl ;x[0.5+ 2(0.8284 + their 1.0981)+1.3333] B1;, M1
= %x 5.6863 = 2.84315 =2.843 (3 dp) 2.843 orawrt 2.843 | Al
[3]
du 1 -2 dx
c =1+ = —==x?% of —=2u-1 Bl
@ | fu=14xf = =2x o= 2-1) B1
—1)?
1 2 J.(u u ) ...... Ml
“1 x[dxz} =" -1) du "
X ! Iu.Z(u—l) Al
B (u-1)>° B (u® —3u® +3u-1) Expands to give a “four term” cubic in u.
‘2_[ —— du =12} » du Eg: +Au’+ B+ Cu+ D | M
= {2} | u®—3u+ 3_1 du An attempt to divide at least three terms in M1
u their cubic by u. See notes.
3 2 )3 3 2
- (2 [“ -2 s 3u-inu e
3 2 u 3 2
2u® ’
Area(R) = [T —3u® + 6u—2In u}
2
2(3)° 2(2)? Applies limits of 3and 2 in
= [% —-3(3)% + 6(3)—2In3j - (% —-3(2)° + 6(2)—2In Zj uordandlinxand | M1
subtracts either way round.
= E +2In2-2In3 or E + 2In E or E —1In 9 , etc Correct exact_answer Al
3 3 3 3 4 or equivalent.
(8]
12
@ B1: 1.0981 correct answer only. Look for this on the table or in the candidate’s working.
(b) B1: Outside brackets %xl or %
MI1: For structure of trapezium rule| ............. ]
Al: anything that rounds to 2.843
Note: Working must be seen to demonstrate the use of the trapezium rule. Note: actual area is 2.85573645...
Note: Award B1IM1 Al for %(0.5 +1.3333) + (0.8284 + their 1.0981) = 2.84315
Bracketing mistake: Unless the final answer implies that the calculation has been done correctly
Award B1MOAO for %xl +0.5+2(0.8284 + their 1.0981)+1.3333 (nb: answer of 6.1863).
Award B1MOAO for %xl (0.5+1.3333) + 2(0.8284 + their 1.0981) (nb: answer of 4.76965).
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123. (b)
ctd

(©

Alternative method for part (b): Adding individual trapezia
0.5+0.8284 0.8284+1.0981 1.0981+1.3333
Area ~ 1x > + > + 5

B1: 1 and a divisor of 2 on all terms inside brackets.
M1: First and last ordinates once and two of the middle ordinates twice inside brackets ignoring the 2.
Al: anything that rounds to 2.843

} = 2.84315

1
B1: d—u—lx2 or du=

1

dx 2 2Jx

(u-1)°
u

dr or 2/xdu = dx or dv=2(u-1)du or g—x=2(u—1) oe.
u

1% M1:

becoming

(Ignore integral sign).

X
1+\/;

1" A1 (B1 on epen):

-1)° -1)° 2
+\/, dx becoming (= - ) . 2(u—1){du} or (u - ) ¥ _1)71{du} .

You can ignore the integral sign and the du.
2" M1: Expands to give a “four term” cubic inu, +Au®+ Bu®+Cu+ D

where 4#0, B#0,C=0and D=0  The cubic does not need to be simplified for this mark.
3" M1: An attempt to divide at least three terms in their cubic by u.
(u® - 3u® + 3u-1) 1

—>u" -3u+3-=
u u

TS 3
2" Al: J‘Mdu - [u?’ —3%+3u Inuj

u

le.

4™ M1: Some evidence of limits of 3 and 2 in « and subtracting either way round.

3" A1: Exact answer of —1+2In2 2In3 or E+2In(2j or E—In(gjor 2(E+In2 InSJ
3 3 3 3 4 6

or % + 2In(§} etc. Note: that fractions must be combined to give either 1—31 or 22 or 3E

3

Alternative method for 2" M1 and 3" M1 mark
An attempt to expand (z —1)*, then

divide the result by « and then go on to | 2" M1
= {2} (u -2+ j (-1 du = {Z}J.(uz _) du multiply by (u-1).
u

] to give three out of four of
du

rd
iAuz,iBu,iCoriB 37 Ml
u

u

= {2} [z42—2u+1—u+2—l

= {2} .(u2—3u+3—1j du

u
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123. (c) Final two marks in part (¢): u =1+ \/;
ctd 3 4
2(1+ Vx )

Area(R) = % - 3(1+ \/;) + 6(1+ \/;)—Zln(l-i- \/;)

1
3
21+ \/Z 2
= % - 3(1+ x/Z) + 6(1+ \/Z)—Zln(l-f- \/Z)
M1: Applies limits of 4 and 1 in x
and subtracts either way round.
2(1+ \/i)3 \/7 ; \/7 f u | way rou
- T_B(H 1) +6(1+ v1)-2In(1+ V1)
16
= (18- 27+18-2In3)- ?—12+12 2In2
11 11 11 9 .
=3 +2In2-2In3 or 3 + 2In(3) or 3 In(4j etc A1: Correct exact answer or equivalent.
Alternative method for the final 5 marks in part (b)
T -1 d"u" -2
3 u=u = =—u
J'(u -1 q dx
" (u - 1)*
u u f—
=(u-1 = =
=(u-1)° v 2

Gyt 1) J‘(u D* 4,

_ (u 1) N u' — 4’ +6u’ — 4u +1du M1: Applies integration by parts and
4y 4 u? expands to give a five term quartic.
-n* 1 4 1 -

Gt + = |u?—du+6-——+—du M1: Dividing at least 4 terms.
du 4 u u

(u 1) 1 .
= —2u® +6u —4lnu — - Al: Correct Integration.
3( -0, [ 1) ? .3 1
'[ U7 gy = |2 L —”— + 2 -
, U 2 2 u )
( I 2_.n3_i)_[1 N
12 2 2 12 8 12 2 2 8
= (7-1In3) - (— —In 2}
11 2
== 4+ |In=
3
3¢, _1)3
Area(R) = 2 _[ W=D, 2(11 +n 3) Al
2 U 6 3
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Question Scheme Marks
Number
124. | Working parametrically:
le—%t, y=2'—-1or y=e" -1
(a) {x=0=}0= 1—%z =1t=2 Applies x = 0 to obtain a value for z. | M1
Whent=2, y=2"-1=3 Correct value for y. | Al
[2]
. Applies y =0 to obtain a value for ¢.
b =0=!0=2"-1=¢=0 . M1
(b) {y } (Must be seen in part (b)).
When ¢ =0, x:l—%(O):l x=1]A1
[2]
(c) &1 andeither =22 or Y oeoin B1
dt 2 de
dy  2'In2
& 1 Attempts their Y divided by their d—x M1
- dt dt
2
. -1
Atd, t ="2", so m(T) =-8In2 = m(N) 1 Applies £ ="2" and m(N) =—— | M1
8In2 m(T)
1 1 . M1 Al oe
-3= -0) or y=3+ or equivalent. See notes.
Y3 g 0 or y=3t g ored cs0
[5]
(e 1 Complete substitution
@ | Area(®) _J'(z —1).[— E)dt for both » anddr | M1
x=-1—>t=4 and x=1—->1¢=0 B1
Either 2' —> 2
In2
1 2! or (2’—1)—)L—t M1*
_ {_ _}(_ _ tj o (In2)
2)In2
or (20 -1)>+a(n2)(2) -1
(2 -1)- N N
In2
1T 2 0 1 1 16 Depends on the previous method mark.
-3 [ﬁ - z} = — E((ﬁj_ (ﬁ - 4)) Substitutes their changed limits in zand | dM1*
n 4 n n subtracts either way round.
_ 15 15 2 or equivalent. | Al
2In2 2In2
[6]
15
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124. (a) | M1: Applies x = 0 and obtains a value of .

Al: For y=2>-1=30r y=4-1=3
Alternative Solution 1:
M1: For substituting ¢ = 2 into either x or y.
Al: le—%(Z) =0 and y=2>-1=3
Alternative Solution 2:
M1: Applies y =3 and obtains a value of ¢.
Al: For x=1- %(2) =0orx=1-1=0.
Alternative Solution 3:
M1: Applies y =3 or x =0 and obtains a value of 7.
Al: Showsthat t =2 for both y=3 and x=0.

(b) M1: Applies y =0 and obtains a value of . Working must be seen in part (b).
Al: For finding x =1.
Note: Award M1A1 for x =1.

(© B1: Both (;—); and (;—); correct.  This mark can be implied by later working.

dy . . Ox . dy 1 . dy .
M1: Their — divided by their — or their —x—————. Note: their — must be a function of .
dt dz dt : (dxj dt
their| —
dr
M1: Uses their value of ¢ found in part (a) and applies m(N) = _(—;)
m
M1: y — 3 =(their normal gradient) x or y = (their normal gradient) x + 3 or equivalent.
Al: y-3=—1 (x-0) or y=3+ x or —3—L(x—0) or (8In2)y —24In2=1x
C T Bin2 Y 8n2 Y 256 4
or 2= 3 = L You can apply isw here.
(x—0) 8In2

Working in decimals is ok for the three method marks. B1, Al require exact values.

(d) M1: Complete substitution for both y anddx. So candidate should write down I(Z’ — 1).(their %}
B1: Changes limitsfrom x -t x=-1—>¢t=4 and x=1—> t=0. Note r =4and ¢ =0 seenis B1.
M1*: Integrates 2' correctly to give |22

n
. or integrates (2’ —1) to give either @) —t or za(In2)(2')-zt.
+ta(In2)
Al: Correct integration of (2' —1) with respect to ¢ to give Ir21_2 —t.
dM1*: Depends upon the previous method mark.
Substitutes their limits in z and subtracts either way round.
Al: Exact answer of o 2 or 1 2 or 15—4In2 or 7S 2 or EIog2 e — 2 or equivalent.
2In2 In4 2In2 In2 2
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Questio

n Scheme Marks
Number
124. | Alternative: Converting to a Cartesian eguation:
t=2-2x => y=2">-1
Applies x = 0in their Cartesian
@ |{x=0=}y=2"-1 PPIES x . M1
equation...
y=3 ... to arrive at a correct answer of 3. | Al
[2]
Applies y =0 to obtain a value for
(b) |{y=0=)0=2""-1=0=2-2x=>x=.. x. | M1
(Must be seen in part (b)).
x=1 x=1|Al
[2]
2-2x
& e +A2°7%, A#1 | M1
©) dx 2(2%)In2 ~2(2°*")In2 or equivalent | A1
AtA, x=0, SO m(T) =-8In2 = m(N) 1 Applies x =0 and m(N) _ 1 M1
8In2 m(T)
-3= L (x=0) or y=3+ ! x or
72 8In2 T2 BIn As in the original scheme. | M1 Al oe
equivalent.
[5]
(d) Area(R) = J‘ (22-2x _1) duc Form the integral of their C;artesian M1
equation of C.
. For 2" —1 with limits of x =-1 and
=| (2** -1)d 1 Bl
L( Jax x=1. le. j (227 -1)
-1
22*2){
Either 2" —
-2In2
2-2x Ml*
2-2x or (22_2x - 1) - - X
- ( _ x] +a(In2)
~2In2 or (22 1) > £a(In2)(2* ) - x
- 2-2x
27 —1 -
( )= e | AL
92-2x ! 1 16 Depends on the previous method
{—2In2_ } - ((—ZInZ_ —2In2+1jj R mark. |\ 11
-1 Substitutes limits of -1 and their x,
and subtracts either way round.
B A5 2 or equivalent. | Al
2In2 2In2 '
[6]
15
(d) Alternative method: In Cartesian and applying u =2 — 2X
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Area(R) = .[(2 ~1){dx} ,where v =2-2x  M0: Unless a candidate writes j(z“* —1){dx}
o . Then apply the “working parametrically” mark scheme.
= [ -9t o o g
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Questio

n Scheme Marks
Number
124. (d)| Alternative method: For substitution u = 2"
. 1 Complete substitution
Area(R) = I(Z —1)-[— Ede for both y anddx M1
where u =2" = d—”:2’|n2 = d—u:uInZ
dt dt
x=-1->t=4->u=16 and x=1 > (=0 > u=1 Both correct limits in £or | 5
both correct limits in w.
1 (u-1 If not awarded above, you can
So R)=-= d )
area() 2 juan u award M1 for this integral
R O S
2)In2 wuln2
Either 2' —» L
In2
or (2 1) > I
_{_1}[L_|n_uj +a(ln2) In2
1 2JUn2 2
ne or (2 —1)—>ia(|n2)(u)—|n—u
In2
. u Inu
(2-1)» —-— | AL
In2 In2
{ 1{ u Inu}l } B 1(( 1 ] (16 IanD Depends on the previous
“ 202 mn2l, [ 2(lin2) Uin2 In2 . _ method mark. *
* Substitutes their changed limits in M1
u and subtracts either way round.
~ 15 In16 15, 15 In16 15
2In2  2In2 2In2 2In2  2In2 2In2 Al
or equivalent.
[6]
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Questio

n Scheme Marks
Number
125. (a)| {y=0=} 1-2cosx =0 1-2cosx =0, seen or implied. | M1
7 57 At least one correct value of x. (See notes). | Al
Y 303 Both Z and 2% | Al eso
3 3
[3]
oz 2
(b) - ﬂj‘”a (1 2cosx)? dx For ﬂJ-(l—ZCOSx) ‘181
3 Ignore limits and dx
{J.(l — 2cosx)? dx } = I(l — 4cosx + 4cos® x)dx
— 2.
_ J‘1_4COSX+4(1+c052xJ dr cos2x = 2cos’x — 1 M1
2 See notes.
= I(S — 4cosx + 2€0s2x) dx
Attempts [y’ to give any two of
. +A4 — + Ax, £Bcosx — £ Bsinx or | M1
. 2sin2x .
= 3x —4sinx + +AC0S2x — * usin2x.
Correct integration. | Al
e 2sin(1%) g oy, 2sin(%) Applying limits
V={x}||3(%) - 4sin(%F) + — == |- | 3(5) - 4sin(§) + . the correct way
2 2 ddm1
round. Ignore
T.
=7r((57r +23 - %J—(ﬂ— 243 + %B
= 7((18.3060...) - (0.5435...)) =17.76257 = 55.80
= 7z(47r +343) or 47” + 3743 Two term exact answer. | Al
[6]
9
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125. (a)

(b)

M1: 1-2cosx=0.
This can be implied by either cos x =% or any one of the correct values for x in radians or in

degrees.
1" Al: Any one of either% or 5?” or 60 or 300 or awrt 1.05 or 5.23 or awrt 5.24 .

2" A1: Both Z and 2.
3 3

B1: (M1 on epen) For ﬂj(l—ZCOSx)z. Ignore limits and dx.

1°* M1: Any correct form of cos2x = 2cos? x —1 used or written down in the same variable.

This can be implied by cos® x = % or 4cos’x — 2+ 2c0s2x OF cos24=2cos’ 4—1.

2" M1: Attempts [y? to give any two of £4 — + Ax, £Bcosx — + Bsinx OF +1c0s2x —> + usin 2x.
Do not worry about the signs when integrating cosx or cos2x for this mark.

Note: J.(l —2c0sx)’ = J.l + 4cos® x is ok for an attempt at [*

2sin2x 2sin2x

1" A1: Correct integration. Eg. 3x — 4sinx + or x-—4sinx + +2x Oe.

3" ddM1: Depends on both of the two previous method marks. (Ignore z).
Some evidence of substituting their x = 5?” and their x =% and subtracting the correct

way round.
You will need to use your calculator to check for correct substitution of their limits into their integrand
if a candidate does not explicitly give some evidence.

Note: For correct integral and limits decimals gives: ((18.3060...) - (0.5435...)) =17.76257 = 55.80

2" A1: Two term exact answer of either z(47 +3+/3) or 4z° +37+/3 or equivalent.

Note: The r in the volume formula is only required for the B1 mark and the final A1 mark.
Note: Decimal answer of 58.802... without correct exact answer is AO.

Note: Applying j(l — 2cosx) dx will usually be given no marks in this part.
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Question

Number Scheme Marks
do (3-0) 1 1 125
, = = |—do=|—d or [==do-=
126. () {dt 125 } 3-6 125 j I Bl
~In(0-3) =—1 {+ ¢} or -In(3-9) = 125 t {+ ¢} See notes. | M1 Al
In(6 - 3) :—it +c
125
P o1, Correct completion
-3 = g 125 or e 15g° to @ = 4e %™ 4+ 3,
0: Ae—0.008r+3 * Al
[4]
(b) {l‘ =0,60=16 :>} 16 = Ae %8O 4 3, > A4=13 See notes. Ml, Al
Substitutes € =10 into an equation
10 =13 %% 1+ 3 of the form 6= 4e°" +3, | M1
or equivalent. See notes.
7 Correct algebra to —0.008 = Ink
e =— = -0.008 = IH(E) where £ is a positive value. See | M1
notes.
7
In(lg)
=——<_ +=77.3799... = 77 (nearest minute
(C0.008) ( ) awrt 77 | Al
[5]
9
126. (a)
B1: (M1 on epen) Separates variables as shown. d@and ds should be in the correct positions,
though this mark can be implied by later working. Ignore the integral signs.
M1: Both +1In(3—-6)or +1In(6-3) and + 4 where 1 and x are constants.
Al: For —In(6 -3) Lo -In(3-9) - Lo —125In(0-3) =¢ or —125In(3-0) =
125 125
Note: +c is not needed for this mark.
Al: Correct completionto 8 = 4e*®* + 3. Note: +c is needed for this mark.
1, - .
Note: In(60-3) =— %t +c¢ leadingto 6 -3=e ® +e° Or 0-3=¢ ® + 4, would be final
AOQ.
Note: From —In(6 - 3) =iz +c, then In(6-3) = —it +c
125 125
—it +c ,L, - H
=0-3=e or -3 =¢Be = 0=A4e"" +3 isrequired for Al.
Note: From -In(3-0) -1, ic then In(3-0) - L
125 125
—it +c —il H H
=3-60=eB  or 3-0=¢ e = =4 +3 is sufficient for Al.
1
Note: The jump from 3—6 = de 5 t0 9 = 4e ™ + 3 is fine.
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= . . .
Note: In(60-3) =- ét +c¢ = 6-3=4e ™ ,where candidate writes 4=e° is also

acceptable.
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126. (b)

212

M1: (B1 on epen) Substitutes & =16, ¢ = 0, into either their equation containing an unknown
constant or the printed
equation. Note: You can imply this method mark.
Al: (M1onepen) 4=13. Note: @ =13e*" + 3 without any working implies the first two marks,
M1A1.
M1: Substitutes # =10 into an equation of the form @ = 4e*® + 3, or equivalent.
where A is a positive or negative numerical value and 4 can be equal to 1 or -1.
M1: Uses correct algebra to rearrange their equation into the form —0.008¢ = Ink ,
where £ is a positive numerical value.
Al: awrt 77 or awrt 1 hour 17 minutes.
Alternative Method 1 for part (b)
1

Lo | ta > —In(9—3)=it +c
3-6 125 125

M1: Substitutes ¢ = 0,0 =16,

“In(16 - 3) =%(O) re

. 1
t=0,0=16 - -3)=—
{ =} into—In(6 - 3) el e

=-1In13
e Al: ¢=-In13
—In(6 -3) -1 ns or In(6-3) = ~ L s
125 125
M1: Substitutes & =10 into an equation of the
1 1
—In(10-3) =—+¢ -In13 form +AIn(6-3) =+—1¢ *
(10-3) = 325 (0=3) =55t £u

where A, u are numerical values.
M1: Uses correct algebra to rearrange their

In13-In7 = it equation into the form +0.008t =InC — InD,
125 " .
where C, D are positive numerical values.
t = 77.3799... = 77 (nearest minute) Al: awrt 77.

Alternative Method 2 for part (b)

1y [La  mpoo|- Lt
3-6 125 125

M1: Substitutes ¢ = 0,0 =16,

1
~In[3-16) =—(0) + _
{t=0,0=16=} [3-18 12500 *¢ into-In(3 - 9) S P
= c=-1In13 125
Al: ¢=-1In13
1 1
-Inj3-6] =—¢ -In13 or In38-6| = - —¢ +In13
125 125
M1: Substitutes & =10 into an equation of the
1 1
~In(3-10) =— -In13 form £AIn(3-0) =+—¢ +
(3-10) == (3-0) =25t *4

where A, u are numerical values.

M1: Uses correct algebra to rearrange their

1
In13-In7 = 125 equation into the form +0.008¢ =InC —InD,
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t = 77.3799... = 77 (nearest minute)

where C, D are positive numerical values.
Al: awrt 77.

126. (b)| Alternative Method 3 for part (b)
10 t
1 4o - I I
6 3-0 , 125
“[-mB-o]° =| 2
1125 |,
M1A1l: In13
M1: Substitutes limit of & =10 correctly.
1 M1: Uses correct algebra to rearrange their
—-In7 —-In13 = —¢ Jo.
125 own equation into the form
+0.008t =InC -InD,
where C, D are positive numerical values.
t = 77.3799... = 77 (nearest minute) Al: awrt 77.
Alternative Method 4 for part (b)
M1*: Writes down a pair of equations in 4 and ¢
(0=16=) 16= e +3 , for .9 =16 ar)q 6=10 With either 4 unknown or
A being a positive or negative value.
— _ —0.008¢
10=10=} 10=de 3 A1l: Two equations with an unknown 4.
M1: Uses correct algebra to solve both of
0,008 = In 13 of —0.008 In 7 their equations Ieadlng_ to answers of the f_orm
A A —0.0087 = Ink , where k is a positive numerical
value.
13 7
In " In o
ty = and 7, =——=
@ _0.008 @ _0.008
13 7 . . .
In (Aj "1(14) M1: Finds difference between the two times.
t=ty —ty = — i
® "' = 0008 —0.008 (either way round).
7
In(lBj
= Co00g) |~ 77.3799... = 77 (nearest minute) ~ A1: awrt 77. Correct solution only.
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Question

Number Scheme Marks
127. | (@ 1= A(3x-1)" +Bx(3x—1)+Cx B1
x—0 (1= 4) M1
xX—>3 1=3C = C=3 any two constants correct | Al
Coefficients of x?
0=94+3B = B=-3 all three constants correct | Al “
(b)(i) 1. 3, 3 > |dx
x 3x-1 (3x—1)
=|nx—§|n(3x—l)+i(3x—l)_l (+C) — M1 Alft Alft
3 (-1)3
=Inx-In(3x-1)- +C
[~inx-m@-- 1 (o))
2 1 2
i f(x)dx=|Inx-In(3x-1)-
@ [ f(de= (@) -
1 1
=/In2-In5-=|-|In1-In2-= —
( H ;) “
_In2X2 L M1
S)
_i+|n(ﬂj Al 6
10 5 ©)
[10]
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?\llijerrslggp Scheme Marks
3 L . .
128. Iydy:J 5 dx Can be implied. Ignore integral signs | B1
Cos‘ x
:I3seczxdx
1,
>V =3tanx (+C) — M1 Al
T
=2, = —
y=2x=7
Lo ganZic L M1
2 4
Leading to
C=-1
%y2=3tanx—l or equivalent | Al 5)
[S]
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?\ltersggp Scheme Marks
120, (a) J‘x5|n2xdx:§x§|n2x—j§x3x%dx M1 Al
:Exganx—ng%dx
3 3
2 3 4 3
:§x2|n2x—§x2 (+C) M1A1l 4)
4
(b) {zngHZx—ixg} :(Eﬁlns—fﬁj—(glnz—fj M1
3 9" |, 3 9 3 9 [
=(16In2- ..)- ... Using or implying In2" =nIn2 M1
_30php 28 Al 3)
3 9
[7]
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ﬁﬂﬁ]s;z rr‘ Scheme Marks
130 stin3x & = —lxcos&—‘[ 1 cosg{ M1 Al
@ ; L
= —:—))xcos3<+§sin3x{+ c} Al
3]
(b) J.xzcosik & = %xzsins’x—J.%xsinfS({ o} M1 Al
- Lesinax -2 -2xcosx + -+ sing {+c} Al isw
3 3l 3 9
1, . 2 2 .
=3 S|n3x+5xcosa<—?7 sin® {+c} I gnore subsequent working (3]
6

(a) M1: Use of ‘integration by parts’ formulav — jvu (Whether stated or not stated) in toer ect direction,

whereu=x - u'=1andVv'= sin¥ - v=Kk cosg(seen or implied), wheteis a positive or negative
constant. (Allowk = }.

This means that the candidate must achieflecos X) —J. (k ©sX), wherek is a consistent constant.

If x*appears after the integral, this would imply that the candidate is applying integration by parts in the|wr
direction, so MO.

Al: —%xcos&—j —% ©sX{ d&}. Can be un-simplified. Ignore tHelx]}.

Al: —%xcosé}( + %sin:%x with/without +c. Can be un-simplified.

(b) M1: Use of ‘integration by parts’ formulav — '[vu (Whether stated or not stated) in thoer ect direction,

whereu=x*> ~ U’ =2xorx andvV= cos8 - v=A sing(seen or implied), wherg is a pitive or
negative constant. (AlloW = )1

This means that the candidate must achigi(l sin3x)—J. 2X (A sinX ) whereu' = X

or x2(/13in3x)—J. X sin& ), whereu' =x.

If x*appears after the integral, this would imply that the candidate is applying integration by parts in the|wr
direction, so MO.

Al: %xzsinSX—J.%x $n3x{dx}. Can be un-simplified. Ignore tHelx].
o1, 2( 1 1 . . , o
Al: §X 3|n3x—?3 ——3x COSX + 9 sin® | with/without + ¢ can be un-simplified.

You can ignore subsequent working here.
Special Case: If the candidate scores the first two marks of M1Al in part (b), then you can award the final

/

as a follow through for%xzsin&—g(theirfollow through part(a) answgr .
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Queston

Number Scheme Marks

2

2 2
131. | Volume= 7 [ ( 2x JJ dx Use ofV=7T_[y2 dx. [ B1
.O

X+ 4

" ) +kiIn(3%* +4) | M1
= (n) 5In(3x2 + 4)] 1 ,
0 3 In(3x + 4) Al

BENTE! (1 Substitites limits of 2 and
= (7) h(3|n16J (3 In 4)] and subtracts the correct way rou 18.M1

So Voume = %nln4 %nln4 or %ﬂInZ Al oe isw

[5]
5

NOTE: rris required for the B1 mark and the final A1 mark. It is not required for the 3 intermediate marks.
B1l: For applying nj y*. Ignore limits and ® . This can be implied by later working,

but the pi and“‘%1r mustappear on one line somewhere in the candidate’s working.
X° +

2
B1 can also be implied by a correct final answalote: ﬂ(jy) would be BO.

Working in x

M1: For+ kln(3x2 + 4) or ikln(x2 + g)wherek is a constant ankican be 1.

Note: MO for + kxln(3x2 + 4).

Note: M1 can also be given fot kln( p(3x2 + 4)) wherek andp are constants aridcan be 1.

Al: For% In(3x2 + 4) or %In(%(:%xz + 4)) or%ln(x2 +g) oréln(p (3¢ + 4)).

X X
dM1: Substitutes limits of 2 and 0 and subtracts the correct way round. Working in decimals is fine for dM

You may allow M1 Al for( X In(3x* + 4) or 12 In(3x* + 4)
3 3l 6

1

1
1 2 6

Al: For ether l7TIn4, lln4”, g77In2, min 43, 7TIn23,E7TIn E , 2mIn & , etc.
3 3 3 3 4 45

Note: %n(lnlﬁ— In4) wouldbe AO.

Working in u: whereu =3x* + 4,
M1: For + kiInu wherek is a constant ankican be 1.

Note: M1 can also be given fat kin( pu), wherek andp are constants aridcan be 1.
Al: For 1Inu or EIn3u or—lln pu.
3 3 3

dM1: Substitutes limits of 16 and 4 in u or limits of 2 and & end subtracts the correct way round.
Al: Asabove!
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Queston Scheme Marks
Number
132. (a) | 0.73508 Bl cao
(1]
(b) Arear—%x’—; [ 0+2(their 0.73508 1.1715¢ 1.022B0 |0 B1 M1
:%x 5.8589.. = 1.150392325.= 1.1504 dp) awrt 1.1504| Al [3]
du .
(c) {u=1+ cox} = d—:—smx Bl
oax
_2sin2x_ dx = 2(Zsmﬂ)dx sin2x = 2sinx cox | B1
(1+ cosx) (1+ cosx)
- J—4(u_1).(—1)du {: 4J—(1_”) ou} M1
u u
1
=4J.(——1)d1=4(lnu—u)+c dMm1
u
= 4In(1+ cemx) - 41+ cox)+c = 4In(1+ cox) — 4cox + k AG | Al cso [5]
s s Applying limits x =~ and
(d) = [4In(1+ ccs—)— 4cos—] —[ 41 & cosp- 4cod0 bplying 5 M1
2 2 x = Oeither way round
= [4In1- 0] -[4n2- 4]
+4(1- In2)or
= 4-4In2{= 1227411278}. +(4-4In2)orawrt+1.2,| Al
however found.
Error = |(4-4In2) — 1.1504.}.
I ) | awrt i0.0077 AL cso [3]
=0.0770112776..= 0.077 (2sf) or awrt+6.3(%)
12
(a) B1: 0.73508 correct answer only. Look for this on the table or in the candidate’s working.
(b) B1: Outside brackets%xg or 1£ or awt 0.196
M1: For structure of trapezium ruﬂe ............ ] ; (0 can be implied).
Al: anything that rounds to 1.1504
Brackding mistake Unlessthefinal answer impliesthat the calculation has been done correctly
Award B1IMOAO for%xz—; + 2(their0.73508+ 1.1715% 1.0228@nb: answer of 6.0552).
Award BIMOAO for%x]—g (0+ 0)+ 2( heir 0.73508 1.1715¢ 1.0228@nb: answer of 5.8589).
Alternative method for part (b): Adding individual trapezia
mm | 0+0.73H8 0.73508 1.17157 1.17157 1.02280 1.02280( O
Area= —x + + + = 1.15032325...
8 2 2 2 2
B1: g and adivisor of 2 on all terms inside brackets.
M1: One of first and last ordinates, two of the middle ordinates inside brackets ignoring the 2.
Al: anything that rounds to 1.1504
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132. (c)

(d)

B1: %z—sinx or du=-sinx & or%: 1
d du -sinx

B1l: For seeing, applying or implying sikz  2sin ®oS .

oe.

M1: After applying substitution candidate achievesk J.(ulzl) (du) or £k J'(l;u) (du).

Allow M1 for “invisible” brackets here, eg:+ J‘M(du) or + J‘w (du) , where Ais a
u u
positive constant.
dM1: An attempt to divide through each termibgnd + k J-(l - 1) du - xk(Inu - u)with/without
u

+ c. Note that this mark is dependent on the previous M1 mark being awarded.

Alternative method: Cardidate can also gain this mark for applying integration by parts followed by a
correct method for integrating Un (See below).

Al: Correctly combines theircand "~ 4 "together to give4In(1+ cosx) — 4cox + k

As a minimum candidate must write eithdin(1+ cosx) - 4 1+ cox)+c —» 4l + cog - 4cas-k

or 4In(1+cosx)— 4 1+ cox)+k - 4l0 + cog- 4cask
Note: that this mark is also for a correct solution only.
Note: those candidates who attempt to find the valuewaflkusually achieve AO.

M1: Substitutes limits ofx =g and x= 0 into {4In(1+ COSX) — 4cos<} or their answer from part (c) and

subtracts the either way round. Nthat: [4In(1+ cos%t)— 4cosg] -[ Dis MO.

Al 4(1- In2) or 4- 4In2o0r awrt 1.2, however found.

This mark can be implied by the final answer of either &@c077 or awrtt 6.3
Al: For either awrtt 0.077 or awrtt 6.3 (for percentage error). Note this mark is foom ect solution
only. Therefore if there if a candidate substitutes limits the incorrect way round and final achieves (u
fudges) the final correct answer then this mark can be withheld. Note that awrt 6.7 (for percentage
AO.
Alter native method for dM1 in part (c)

J'_(l;u) du =((1—u)|nu—J-—Inudqu((l—u)lnu +ulnu —J-E OUJZ ((@~u)lnu+u lnu - u)

or J(ugl_) du =((u—1)|nu—Jlnudj}:((u—l)lnu —(u Inu —JE dJD= (G- Dlnu-ulu+u)

So dM1 is for J.M du going to ((1-u)lnu+ulnu—-u) or ((u-1)Inu-ulnu+u) oe.
u

Alternative method for part (d)

M1A1 for {4_[1(%—1)011 = } 4flnu—ul, = 4[(In1-1) - (In2- ]= 4 &= In2

2

Alternative method for part (d): Using an extra constant i fromtheir integration.
[4In(l+ cos%[)— 4cosg+ )\] —[ 4l + co90- 4cosOh]

A isusually — 4, but can be a value &fthat the candidate has found in part (d).
Note: The extra constand shoud cancel out and so the candidate can gain all three marks using this

suall
error

method, even the final Al cso.
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Quesion Scheme Marks
Number
133.(a)| 1=A(5-P)+BP Can be implied] M1
=E, B=—1 Either one.| Al
5 5
ving & 4+
iving = +
giving P G-P) See notes.,| Alcao, aef
[3]
® J PG-P) ¢ J 15 o
M1*
—InP——In(5 P)—l—5 (+¢) Alft
{t=0,P=1=} glnl—gln(4)=0+c {:> c=—%ln4} dm1*
Using any of the
eg: LnlPo) 2L ——In4 subtraction (or addition) ./«
5 [5-P 15 laws for logarithms
CORRECTLY
n[ 22— ] =Lt
5-P 3
eg —— =& or eg > -g¥ Eliminate In’ tly| dm1*
S 5p TS iminate In’s correctly
gives 4P = 56' - Pé' = P f+e')= 56
5e' ar
P = i ¢ i ) MakeP the subject{ dM1*
4+e) |Ee)
= % or P= i_lt etc Al
@+ 4e®) (5+20e*)
[8]
(© 1+4e*>1 = P<5 So population cannot exceed 5000. Bl
[1]
12
(@) M1: Forming a correct identity. For examples A —(P + BP. Note A andB not referred to in question.
Al: Either one of A= 1 or B= —1.
5 5
1 i 1 ,
Al = + or any equivalent form, eg— + , etc. Ignore subsequent working.
P (B-P) 5p 25-9
This answer must be stated in part (a) only.
Al can also be given for a candidate who finds béth% andB :—; and §+ 5_BP is seen in their
working.
1 1
Canddate can use ‘cover-up’ rule to write dO\Algn + G 2 Py’ as so gain all three marks.
Canddate cannot gain the marks for part (a) in part (b).
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133. (b)

B1l: Separates variables as showrR add d should be in the correct positions, though this mark can b
implied by later working. Ignore the integral signs.
M1*: Both £AInP and+ i In¢t 5+ P ), whereA and i areconstants.

Or +AInmP and+ i Inf & 5+ P)), whereA, 4, mard n are constants.

A1ft: Correct follow through integration of both sides from th}% + (SNP) dP = J‘K ct

with or without+c
dM1*: Use oft = Gand P = lin an integrated equation containiag
dM1*: Using ANY of the subtraction (or addition) laws for logarithms CORRECTLY.
dM1*: Apply logarithms (or take exponentials) to eliminate In's CORRECTLY from their equation.
dM1*: A full ACCEPTABLE method of rearranging to maRehe subject.(See below for examples!)
Al P = %{Whereaz 5b=1c= 4.
1+ 4e®)
25
(5+ 206*)
Note: If thefirst method mark (M 1*) is not awarded then the candidate cannot gain any of the six
remaining marksfor thispart of the question.

1 1
Note |—= dP= |15 = [2+—>_dP= [15¢ = IP- In(5>-P)= 15 is BOM1ALft
P(5- P) P (5-P)

Also allow any “integer” multiples of this expression. For exampbe=

dM1* for making P the subject
Notethere arethreetype of manipulations here which are consider ed acceptable to make P the subject.

(1) Mifor —F— =" = p=5é' -pd = Pa+é') 5é‘:,P=L_lt
5S-P 1+e?)

(2) M1 for L Tl St L T R
5-P P P

5
1+e)

- é+1=> P=

Tolo

25

(3) ML for P(5- P) = 46" = P2 - = 48 =[P-2| - 2= —4¢" leading toP = ..
2 4

D

Note: The incorrect manipulation o:fslp =% -1 or equivalent is awarded this dMO*.

1
Note: (P)-(5-P)= e = 2P-5= %t leading toP = ..or equivalent is awarded this dMO*

(c) Bl 1+46*>1 and P<5 and a conclusion relating population (or eM@nor meerkats to 5000.
For P = i_lt B1 can be awarded f&+ 20€* >5 and P<5 and a conclusion relating
5+ 20e*)

population (or eve®) or meerkats to 5000.

B1 can only be obtained if candidates have correct valuesaofdb in their P = L_;t-

(b+ce*)
Award BOfor: Ast - w,e® - 0. SoP - 0 =5, so population cannot exceed 5000,
+
unless the candidate also proves tHat= L_lt oe. is an increasing function.
@+ 4e?)
If unsure here, then send to review!
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133. | Alternative method for part (b)
BIM1*AL: as before for ~InP - }In(5— P)= 1 (+¢)
5 5 15
Award 39 M1for In P_- 1t +c
5-P 3
Award 4" M1 for P _ Aet
5-P
Award 2" M1 for t=0,P=1= Silee" {:, A=
P 1 1t
— = ¢
5-P 4
then award the final M1A1 in the same way.
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Question Scheme Marks
Number
(@) 0.0333, 1.3596 awrt 0.0333,
K7 B BIBL (2)
1 V2
bh) A R)==x—| ...
(b) rea()2x4[] B1
~ ... [0+2(0.0333+0.3240+1.3596) + 3.9210] M1
~1.30 Accept
13 Al 3)
) du
(c) u=x"+2 > —=2x B1
dx
Area(R)=jV2x3In(x2+2)dx B1
0
Ix3|n(x2+2)dxzjx2|n(x2+2)xdx:j(u—2)(|nu)%du M1
1 4
Hence Area(R):Ej2 (u—2)Inudu % Al @)
S0
u® [ u® 1
(d) J(u—Z)Inudu: ?—ZM Inu—d (?—ZLt];du +M1A1l
MZ ( u
= ——-2u [Inu—- [—— jdu
2 J\2
u2 2
= ?—21/! Inu—(——Zuj (+C) -M1 Al
2 2 4
Area(R)=1{[u——2ujlnu—(u——2uﬂ
2|\ 2 4 i
=1[(8-8)In4-4+8—((2-4)In2-1+4)] M1
=%(2In2+1) In2+% | A1 6)
[15]
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Question

Number Scheme Marks
. V3
135. | (a) tand=+3 0rS|n0:7 M1
T
9:5 awrt 1.05 | Al 2)
(b) d—x:seczﬁ, d—y:cose
do d
dy cosé 3
—= =C0S" 4
dx sec’d ( ) MLAL
() 1 ..
At P, m = COS (§j=§ Can be implied | A1
Using mm' =-1, m =-8 [ M1
For normal y—$V3=-8(x-v3) M1
AtQ, y=0 ~1y3=-8(x—3)
leading to x=143 (k=%) 1.0625 | Al (6)
dx .
c 2dx= | y*—d@ = |sin* @sec® HdO
() [ dx Jy 590=] M1 Al
=J.tan26?d6? Al
:'[(sec2 0-1)do M1
=tand-6 (+C) Al
v=r[ yidv=[tano-0]] =z[(3-%)-(0-0)] L M1
=37 -1r? (p=1g=-%) Al (7)
[15]
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Question

Number Scheme Marks
(8 [(4y+3) de—(4y+3)% (+C) M1AL  (2)
136 O
(=%(4y+3)2+C)
1 1
b dy=|—=d
®) J\/(4y+3) d sz g Bl
I(4y+3) 2d)}zj)c 2 dx
Zay+3)=-1 (+0) M1
Using (-2,1.5) —(4x1.5+3)§=——;+c M1
leading to Cc=1 Al
1 1
Z(4y+3) =—=+1
(4y+3) =-—+
(4y+3)%=2—£ M1
X
2
y—l[ —Ej 3 or equivalent Al (6)
4 X 4
[8]
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Question

Number Scheme Marks
137. jxsin 2xdx:—xcoszx+IC022x dx M1 AL Al
N sin2x M1
4
M1 Al
[6]
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Question

Number Scheme Marks
138.
5 _4 B
@ G TD)(3r+2) 21 3x12
5:A(3x+2)+B(x—1)
x—1 5=54 = 4=1 M1 Al
x—)—g 5:—§B:B:—3 Al (3)
5 1 3
b ———dx= )| — - d
®) _[(x—l)(3x+2) ) J-(x—l 3x+2] ¥
=In(x-1)-In(3x+2) (+C) ft constants | M1 Alft Alft
3)
5 1
——dx=||=1|d M1
© [ J @ ’
In(x-1)-In(3x+2)=Iny (+C) M1 Al
y:M depends on first two Ms in (c) | M1 dep
3x+2
Using (2,8) 8=§ depends on first two Ms in (c) | M1 dep
_64(x-1) AL ©
3x+2
[12]
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Question

Number Scheme Marks
139.
dx 1 dy
—==, —=2
@ dr ¢ dr
d
S M1 Al
dx
Using mm'=-1,at t=3
m'=—i M1 Al
18
y—7=—i(x—|n3) MLAL  (6)
(b) | x=Int = t=¢" B1
y=e"-2 M1 Al (3)
(c) V=7rJ‘(e2“‘—2)2 dx M1
J(ezx—Z)z dx:j(e4x—4e2x+ 4)dx M1
4x 2x
. LR M1 Al
4 2
e4x 4e2x In4
72[ R +4x} =7[(64-32+4In4)—(4-8+4In2)] M1
In2
=7(36+4In2) Al
(6)
______________________________________________________________________________________________________________________________ [15]
Alternative to (C) using parameters
2 dx
V=7ZJ. t?—2) —dt M1
J.((tz —Z)le)dt =J‘(t3—4t+ﬂjdz M1
t t
A
=Z—21 +4Int M1 Al
The limitsare t=2 and r =4
4 4
ﬂ{%—2t2+4lnt} :n[(64—32+4ln4)—(4—8+4ln2)] M1
2
=7(36+4In2) Al
(6)
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Question

Number Scheme Marks
140.
(@) x=3 = y=0.1847 awrt | B1
x=5 = y=0.1667 awrtor ¢ | Bl
)
(b) Iz%[0.2+0.1667+2(0.1847+O.1745)] B1 M1 A1ft
B ~0.543 0.542 or 0.543 | Al (4)
dx
—=2(u-4
(©) | o, =2(u=4) B1
1 1
———dx=|—x2(u—-4)d
j4+v(x_1) g qu (1=4)d W
:I(Z—gjdu Al
u
=2u-8Inu M1 Al
x=2 =>u=5, x=5 = u=6 B1
[2u-8Inu]; =(12-8In6)—(10-8In5) M1
:2+8In(§j Al
6
(8)
[14]
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Number Scheme e
141. d—u =-sinx Bl
dx
J' sinxe®dx = —j e"du M1 Al
=—e" ft sign error | Alft
— _eCOSx+1
[—em"”]f = —el—(—ez) or equivalent with » | M1
=e(e-1) * cso | Al (6)
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Question Scheme Marks
Number
142. | (a) f(6)=4cos’ §—3sin’ &
1 1 11
=4| —+=c0s260 |—-3| ——=c0s26
e T B
1 7
==+—-C0S20 * cso | Al A3)
2 2
1 . 10 .
(b) Iecoszedezzesm20—5j3|n20d0 M1 Al
1 . 1
=—4@sin 260 +—co0s 26 Al
2 4
1, 7. . 7
jm(e)ae:ze +05In 20+ 00520 M1 Al
r 2
[ ]P= 7 0-L|-o+04+r M1
0 16 8 8
7
= Al 7
16 4 @
[10]
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Question

Number Scheme Marks
dr
143. | (@ o =0.487—-0.67h M1 Al
V =97xh :>d—V=97rd—h B1
dr de
972'(;—? =0.487-0.67h M1
. dh
Leading to 75a =4-5h %k CsO | Al )
(b) J-ldh = I 1dt separating variables - M1
4-5h [
-15In(4-5h)=1t (+C) M1 Al
-15In(4-5hn)=t+C
When t=0, 7=0.2
-15In3=C M1
t=15In3-15In(4-5h)
When 2 =0.5
t:15In3—15ln1.5:15ln(%j:15In2 awrt 10.4 4 M1 Al
Alternative for last 3 marks
—[-15In(4-5k)]"
t_[ 02
=-15In1.5+15In3 M1 M1
=15In(%j =15In2 awrt 10.4 | Al (6)
[11]
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Question

Number Scheme Marks
144 (@) 1.386,2.291 awrt 1.386, 2.291 | B1 B1 2
1
(b)AzExO.S( ) B1
= ... (0+2(0.608+1.386+2.291+3.296 + 4.385) +5.545) M1
= 0.25(0+2(0.608+1.386+2.291+3.296+4.385)+5.545) ft their (a) | Alft
=0.25%x29.477 ... =7.37 cao | Al (4)
2 2
. 1
c)(i Inxdx="Inx— | Zx=d M1 Al
(©)() jx xdx 5 X szxx
2
zx—lnx—jidx
2 2
x2 X2
=—Inx-= (+C) M1 Al
2 4
2 274
i) [Tnx- =(8|n4—4)—(-1j M1
2 4 4
:8In4—E
4
15 o
:8(2In2)—7 In4=2In2 seen or implied | M1
:%(64In2—15) a=64,b=-15 | Al ©)
[13]
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Question

Number Scheme Marks
145 @) f9x+6dx=ﬂ9+§jdx M1
X X
=9x+6Inx (+C) Al ()
(b) Jildy=fgx+6dx Integral signs not necessary | B1
y? x
Iy%dy=jgx+6dx
X
y?a:gx+6|nx (+C) +hy® = their (a) | M1
3
gyg =9x+6Inx (+C) fttheir (a) | Alft
y=8,x=1
%83=9+61n1+C M1
C=-3 Al
y§:§(9x+6|nx—3)
»* =(6x+4Inx-2)° (=8(3x+2|nx—1)3) Al 6)
[8]
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?\Iﬁrﬁggp Scheme Marks
146 (a) y=0= t(9-1")=1(3-1)(3+1)=0
t=0,3-3 Any one correct value | B1
Att=0, x= 5(0)2 —4=-4 Method for finding one value of x | M1
Att=3, x=5(3)-4=41
(Atr=-3 x=5(-3)-4=41)
AtAd, x=-4;atB, x=41 Both | Al 3)
dx .
(b) d—t=10t Seen or implied | B1
3 dx . )
Jydx_jyadt_jt@—t J10z dr M1 Al
= [(90¢* —10¢* ) de
907 10¢° s s
== (+0) (=30 -2 (+C)) AL
907 10£° "
- =30x3°-2x3" (=324) M1
3 5 |,
A=2J.ydx:648 (units? ) Al (6)
[el
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Question

Number Scheme Marks
147 (@) %:—Zsinu B1
du
1 1 ]
————dx= x —2Sinu du M1
JXZ\M—XZ J(Zcow)2 4—(2cosu)’
-2sinu ]
= du Use of 1-cos®u =sinu | M1
J4cos,2 u4sin? u
:—lf 12 du ikf 12 du | M1
4 ) cos“u COS“ u
z—%tanu (+C) tktanu | M1
x:\/z :ﬁzZCOSu: u:%
T
x=1=1=2cosu = uzg M1
Lanu|t = tanZ-tanZ
4 = 4 4 3
3
1 J3-1
:—Z(l—\@) [:TJ Al @
z 2
4
= 1 Ml
(b) V=r x(4_x2)4 dx
1
e
:167TJ dx 167 x integral in (a) | M1
1 x2\4—x?
3-1 .
=167 n 167 x their answer to part (a) | Alft 3)
[10]
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Question
Number Scheme Marks
148 (a) 1.14805 awrt 1.14805 B1 (1)
1 3x
b A=—XxX—/ ... B1
(b) 5 8( )
= .. (3+2(2.77164+2.12132+1.14805)+0) 0 can be implied M1
= %(3+2(2.77164+2.12132+1.14805)) ft their (a) A1ft
kY4
=E><15.08202 .. =8.884 cao A1 (4)
3sin g
(c) Jscos(g]dx:J—JI M1 A1
3
:9sin(f)
3
k¥4
. X 2
4= 9s1n(—) —9-0=9 cao M)
3 0
[8]
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Question

Number Scheme Marks
45 ()= 4-2x __4 B _C
@) (2x+1)(x+1)(x+3) 2x+1 x+1 x+3
4-2x=A(x+1)(x+3)+B(2x+1)(x+3)+C(2x+1)(x+1) M1
A method for evaluating one constant M1
x—>-1, 5=4(3)(3) = 4=4 any one correct constant A1
x—>-1, 6=B(-1)(2) = B=-3
x—>-3, 10=C(-5)(-2) = C=1 all three constants correct A1 (4)
. 4 3 1
b - + dx
(b) O J(2x+1 x+1 x+3)
:%ln(2x+1)—31n(x+1)+1n(x+3)+C Al two In terms correct M1 A1ft
All three In terms correct and “+C” ; ft constants A1ft (3)
() [2In(2x+1)=3n(x+1)+In(x+3)]
=(2In5-3In3+In5)—(2In1-3Inl+In3) M1
=3In5-4In3
3
:ln[%J M1
:m(ﬁ) M)
81
[10]
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%lijeniggp Scheme Marks
150 N Cat))
(@) JV(5-x)dx=[(5-x) dx=""—+ (+C) M1 AT (2)
(:—3(5—x)3+cj
b G J(x—l)\/(S—x)dx=——(x—1)(5—x)%+§j(5—x)%dx M1 Atft
= +§x(5_f)z (+C) M1
—-E(x-l)(s-x)i-%(s-x)i (+C) M@
(i) [——(x—l)(S—x)%——(S—x)g ] =(0—0)—(0——><43)
=%(:8§z8.53J awrt 8.53 MIAT  (2)
150 15
[8]
Alternatives for ( b) and (c)
b) u'=5-x = 2u%=—1 [ = %z—Zu)
dx du
2 dx 2
j(x—l)x/(S—x)dsz(4—u )uaduzj(4—u )u(—2u)du M1 A1
4 2 2 5 8 4
=j(2u —8u )du=§u —gu (+C) M1
:%(S—x)g—g(S—x)% (+C) A1
(©) x=1=u=2, x=5 = u=0
[2u5—§u3:l =(O—O)—(ﬁ—ﬁ) M1
55 3 |, 5 3
:%(: 3%.53) awrt 8.53 A1 2)
150 15
" | EXPERT
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Question

Number Scheme Marks
P | o1
151 (a) Ism 0d9=EJ-(I—cos29)d6’=59—Zsm20 (+C) M1 A1 (2)
dx
b x=tanf = —=sec’ @
(b) 0
7rJ.yzdx:7[-“);2Ed@:ﬁj(ZsinZ@)2 sec’dé M1 A1
de
2x2sinfcosB)’
:”J‘( 51112005 ) » M1
cos” 0
= 16ﬂjsin2 6do k=167 A1
x=0 = tanf=0 = 6=0, x=;:>tan9=;:>9=£ B1 (5)
3 \3 6
[V:16njésin29d6)
0
(c) V=167z|:lt9—sm26]6 M1
2 4 0
=16 [(%—lsmz)—(O—O)} Use of correct limits M1
T N3) 4 , 4
—167| E -2 =222 _2nv3 =2 g==2 A1 3
(12 8) 3 N ®
[10]
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Question

Number Scheme Marks
2 3 2 s
152.(a) | Area(R) = |——=—dx = |3(1+4x)* dx
®) '([«/(1+ 4x) '(',‘
Integrating 3(1+ 4x)_% to give M1
— 1 2 1
| 3(1+4x)* Th(d+4x)?.
=| =——~
_5—'4 0 Correct integration.
ce | Al
Ignore limits.
— 1 2
=_ga+4xy}o
Substitutes limits of 2 and 0 into a
= (%x@ ) -(3) changed function and subtracts the | M1
correct way round.
= $-% = 3(units)’ 3| AL
[4]
(Answer of 3 with no working scores MOAOMOAO.)
(b) Volume j‘( : Jz d Use of V:”jyz dr. B1
u =T —_— -
| \/(1+4x) Can be implied. Ignore limits and dx.
2
~(r) | o
o 1+4x
> tkinl+4x] | M1
= (72') I:%In|1+ 4x|]0 .
2Inl+4x| | AL
_ 9 (9 Substitutes limits of 2 and 0
=(7) [(4In9) (4In1)] and subtracts the correct way round. dM1
So Volume = 27In9 27In9 or 2zIn3 or £7In3 | A1 oe isw
[S]
9 marks

Note the answer must be a one term exact
value. Note, also you can ignore
subsequent working here.

242

Note that In1 can be implied as equal to 0.

Note that = 271In9 + ¢ (oe.) would be awarded the final AO.
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Question

Number Scheme Marks
153. (a) | [tan’x dx
[NB : sec’ A=1+tan’ 4 gives tan® 4 = sec® 4 — 1] The correct underlined identity. | M1 oe
= J'secz x—1dx
Correct integration
= tanx — . .
Rl B (+¢) with/without + ¢ Al
[2]
(b) j L nxd
X
u=Ihx = $=1
1 | 1 1 q Use of ‘integration by parts’ formula M1
- S0y Nx = J'_? - u in the correct direction.
Correct expression. | Al
1 171 An attempt to multiply through
= ——2|n + —J'—3 dx k
2x 2J x —,nell,n...2by<andan
X
1 1 1 attempt to ...
=——Inx+=| -——|(+¢)
2x 2\ 2x ” .
. “integrate”(process the result); | M1
correct solution with/without + ¢ | Al oe
[4]
Correct direction means that u = In x.
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Question

Number Scheme Marks
e3x
c dx
© J'1+ e’
pelre = o ’ dx 1 & 1 Differentiating to find any one of the | 5,
dx du e du  u-1 three underlined
H 2x __
o2% o¥ w-12e" 1 Attempt to substitute for e =f(u),
= X dx = J‘ T x du . dx 1
1+e u e’ their —=— and u =1+¢"
du e ; M1*
_1)3 or e =f(x), their — = and
Orzj.(u 1). ! du ) du u-1
u (u-1) u=1+e".
_ 2 _1 2
= J’(u ) du J-u du | Al
u u
w? —2u+1
= J.— du An attempt to
“ multiply out their numerator
to give at least three terms
= Iu 24 1 du and divide through each term by u | gm1*
u
u? Correct integration
=5 " 2u+Inu (+c) with/without +c | AL
(1+e')? Substitutes u =1+e" back into their
== 2(l+e")+In(l+e") +c integrated expression with at least | dM1*
two terms.
=lte" +1e¥-2-2e"+In(l+e") +c
=lt+e +1e* -2-2e" +In(l+e") +c
=le” —e" +Inl+e)-2+c
, le* —e' +In(l+e) +k
=le” —e"+Inl+e")+k AG -
must use a +cand " —2" combined. | Al cso
[71
13 marks
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Marks

Question Scheme
Number
u=x = %=1
154. @) | 1, . ;
w=€ = v=e
Use of “integration by parts’
J‘xex dx = xe* _j‘ e* 1dx formula in the correct direction. | M1
' (See note.)
Correct expression. (Ignore dx) | Al
=xe" —j e* dx
=xe* —e" (+¢) Correct integration with/without + ¢ | Al
[3]
(b) u=x = =72
L-eg" = v=e
Use of ‘integration by parts’ formula
J.xze" dr = x%e" - _fex.Zx dx in the correct direction.
Correct expression. (Ignore dx)
= x%" — ZI xe*dx
_ Correct expression including + c.
= x%" — Z(xe* - e*‘) +c (seen at any stage! in part (b)) ISW
You can ignore subsequent working.
[3]
=x’" —2xe" +2e" + ¢
[ s Ignore subsequent working
=g (x —2x+2)+c
6 marks

Note integration by parts in the correct direction means that u
and & must be assigned/used as u =x and $-=e" in part (a)

for example

245

+ c is not required in part

(a).
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Question

Number Scheme Marks
155. (@) _ 2 _ 2 __4 [ B
4-y" (2-0Q2+y) (2-y) @+y)
Forming this identity.
2=A2+y)+ B(2-y) NB: A & B are not assigned in | M1
this question
let y=—2, 2=B(4) = B=4%
Let y=2, 2=4(4) = A=% Either one of 4=1 or B=1 | Al
2 2 2 2
giving + + ,aef | A1 cao
(2-y) (2+)y) (2-y) (2+)y) -
(If no working seen, but candidate writes down [3]
correct partial fraction then award all three marks. If
no working is seen but one of 4 or B is incorrect then
MOAOAO.)
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Question

Number Scheme Marks
Separates variables as shown.
2 1
155. (b) 1 dy = j dx Can be implied. Ignore the | B1
4 cot x integral signs, and the ‘2.
1 1
2+ —2 _dy = Itanx dx
2-y)  (@2+))
In(secx) or —In(cosx) | B1
Either taln(A-y)or £ bIn(A+y) | M1;
- =3In2-y) +3In(2+y) = In(secx) +(c) their [ dx =LHS correct with ft
for their A and B and no error | A1y
with the “2” with or without + ¢
Use of y=0and x=% inan
y=0x=% = —3In2+3In2= In(cosl(%)) +c integrated equation containing ¢ | M1*
{0=In2+c = c=-In2
—3In(2—») + 3In(2+ ») = In(secx) — In2
Using either the quotient (or
L In{m) = In(sech product) or power laws for | M1
2 \2-y 2 logarithms CORRECTLY.
n( 272 _ 2In(serj
2—y 2
2 Using the log laws correctly to
| (2+yJ = In(serj obtain a single log term on both | dM1*
2-y 2 sides of the equation.
2+y sec’x
2-y 4
Hence, sec’x = 8+4y sect x = 24 Al aef
2—-y -y
(8l
11 marks
247 T" | EXPERT

IC | TUITION




Question

Number Scheme Marks
156. (3) | At P(4,2+/3) either 4=8cos: or 2+/3 =4sin2s 4=8cost or 2+/3=4sin2t | M1
L - t =% orawrt 1.05 (radians) only
=only solutionis t =% where 0<7r< 5. — Al
3 2 .
stated in the range 0 < ¢ < 72‘
[2]
(b) x =8cost, y=4sin2t
Attempt to differentiate both x and y
due _ dy wrt ¢ to give +psint and | M1
o —8sint, o 8cos 2z +¢ Cos 2¢ respectively
Correct &and & | AL
Divides in correct way round
2 and attempts to substitute their
At P, d_ 8CO_S( ) value of t (in degrees or | \1*
dv 8sin(5) radians) into their &
expression.
You may need to check
8(—i) 1 candidate’s substitutions for
= 2 - =—==awrt 0.58 M1*
(—8)(7) J3 Note the next two method
marks are dependent on M1*
-1 1
Hence m(N) = —/3 or — UsesM(N) =————. | dM1*
N their m(T)
Uses y—2+/3 = (their m, )(x — 4)
or finds c using x=4and
N: y-2v3=-+3(x-4 dMm1*
7 (x ) y= 24/3 and uses
y = (their m,)x +"c".
N: y=—-3x+6/3 AG y=—/3x+63 | Al cso
AG
or  2V3=-V3(4)+c = c=23+4/3 =643
so N: [y: —\/§x+6\/§]
[6]
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Question Scheme Marks
dx
4 5 attemptat 4= y—dr | M1
156. (c) | 4= [ydx=[4sin2:(-8sin¢) dr —dt
0 3 correct expression AL
(ignore limits and d¢)
A= j—325in 2t.sint dt = j—32(25intcost).sint de Seeing sin Zt.: 2sincos? M1
l l anywhere in PART (c).
A= I—64.sin2tcost dt Correct proof. Appreciation
H of how the negative sign
affects the limits. | A1 AG
3 Note that the answer is
A= |64.sin*tcost dt given in the question.
[4]
(d) {Using substitution u =sinr = % =cos¢}
{change limits:
whens==, u=L &when r=2, u=1}
sin®s1F AT ksin®t or ku®with u =sint | M1
4=164 or  A=64|— Correct integration
3 1 3 s AL
; 2 ignoring limits.
Substitutes limits of either
(r=%andr=%) or
el 13343 (v=1and u=-) and | dM1
3 (32 22 subtracts the correct way
round.
1 1 64 64 Al aef
= ——-= = — - — —-8+3
A 64(3 8@) 83 3 V3 A
Aef in the form a + b/3, [4]
with awrt 21.3 and anything
that cancels to ¢« =% and
b=-8.
(Note that a =%, b = —8)
16
marks
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Question

Number Scheme Marks
b 2 b _ 2
157. Volumeznj( 1 j dr = zj L Useof V=zy*de. | o)
_da\2x+1) @ (Zx +1) Can be implied. Ignore limits.
b -2
= 7Z'J‘ (2x+1) dx
x+1)*
:(”){ D2 }
- b Integrating to give = p(2x+1)" | M1
= (7)| —1(x+1)* ] —
- -« -1(2x+1)" | AL
~ (x) (-1 ) ( Substitutes limitsof band aand | ./
2(2b+1) 2(2a +1) subtracts the correct way round.
T —2a-1+2b+1
2| (2a+1)(2b+1)
T 2(b—a)
2| (2a+1)(2b+1)
__nb-a) (b a)
(2a+1)(2b+1) (2a+12b+1) |ALeef
[5]
5 marks
Allow other equivalent forms such as
nb—ra —r(a—Db) nb—ra
(2a+1)(2b+1) (2a+1)(2b+1) dab+2a+2b+1 4ab+2a+2b+1
Note that 7 is not required for the middle
three marks of this question.
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Question Scheme Marks
Number
Aliter b 2 b _ 2
157. VqumezﬁJ( ! ] dx = ﬁJ.—de USEOfV_”Iy dr. B1
Way 2 _Jda\2x+1) « (2x+1) Can be implied. Ignore limits.
b -
= 7Z'J. (2x+1) dx
Applying substitution u =2x+1 = % =2 and changing
limits x > u sothat ¢ > 2a+1 and b —2b+1 , gives
2b+1 -2
= (2) j Y gy
2041 2
r 1,[1 2b+1
=(~)
_(_1)(2) 2a+1
- et Integrating to give + pu™ | M1
= ()| —3u L . .
B “o —5u Al
T 1 Substitutes limits of 25 +1and
(”) [2(2[) +1)J - (2(2‘1 +1)j 2a +1and subtracts the correct | dM1
- way round.
T —2a-1+2b+1
2| (2a+1)(2b+1)
T 2(b-a)
2| (2a+1)(2b+1)
_ r(b-a) 7(b—a)
(2a+1)(2b+1) 2a+1)2b+1) | AL el
[S]
5 marks
Note that 7 is not required for the middle

three marks of this question.

Allow other equivalent forms such as

zh—rma

251

—7(a—>b) 7n(b—a) nhb—ra
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Question Scheme Marks
Number
du 1
u=1In(z) T=i=t
158. (i) J.In(g) dr = J.l.ln(g) dr = 2
dv
—=1 = v=Xx
dx
Use of ‘integration by parts’
formula in the correct | M1
z = AN VL
J.In(z) dx xln(z) Jx.x dx direction.
Correct expression. | Al
An attempt to multiply x by a
— xIn(2)- I 1d .
xIn(3)-|L1dr candidate’s < or L or £, | M1
=xIn (3) —-x+c Correct integration with + ¢ | Al aef
[4]
(ii) rsinzxdx
[NB: cos2x=+1+2sin*x orsin’x=1(+l+ cos 2x)] Consideration of double angle |,
formula for cos 2x
= J‘7 1-cosax dx =1 'F (1—COSZx) dx
i 2 2J;
Integrating to give
Lin2 z tax+tbhsin2x;a,b =0 dm1
- _[ X osINex L Correct result of anything
equivalent to £x —2sin2x Al
_ 1| (z_sinx) £ _ sin(5)
B %[(2 R )_ (7_ 2 )} Substitutes limits of Zand £
and subtracts the correct way | ddM1
round.
=3[G-0 - (G-3)]
=1(£+1) =2+1 L(£+%) or £+ or £+2 fiaef'
Candidate must collect their [5]
7 term and constant term
together for Al
No fluked answers, hence cso.
9 marks

/

Note: jln(g) dx = (their v)ln(g)—j(their v).(their &) dv for M1 in part (i).
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Question

Number Scheme Marks
Aliter
158. (i x
Way(Z) [in(z)ar = [(nx-in2)ax = [inxar - [In2ax
u=Inx = 3—” =1
J'Inxdxzjl.lnxdx: X
dv
—=1 = v=x
dx
_ (.1 Use of ‘integration by parts’
jlnx dr = xlnx ,[x'x dr formula in the correct | M1
direction.
= Nx—x+c Correct ir)tegratiqn of Inx Al
with or without + ¢
Jlnz dx = xIn2+¢ Correct integration of In2 M1
with or without + ¢
Hence, J'ln(%) dr = xInx—x—xIn2+c Correct integration with + ¢ | Al aef
[4]
Note: Ilnx dx = (their v)lnx—J.(their v).(their &) dx for M1 in part (i).
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Question

Number Scheme Marks
Aliter
158. (i) J‘I 5 d
Way 3 n(3) dx
. du 1
u== —_—=
dx
Applying substitution
correctly to give
[in(z)ar =2 nu du [in(z)ar =2 nu du
Decide to award
2" M1 here!
J'Inu dr = Il.lnu du
Use of ‘integration by parts’
J'Inu dx = ulnu —Iu.% du formula in the correct | M1
direction.
—ulNu—u+e Correct iqtegratiqn of Inu Al
with or without + ¢
Decide to award
2 M1 heret | M1
-[In(%)dx = 2(u|nu—u)+c
Hence, J'In(g) dr =xIn($)-x+c Correct integration with + ¢ | Al aef
[4]
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Question Scheme Marks
Number
Aliter
158. (ii) rsinz xdx = rsin xsinxdx and 7= Isinz x dx
Way2 | J. H

u=sinx = % =cosx
& =sinx = v=-C0Sx

1= {—sin xcos;c+J.cos2 x dx}

An attempt to use the correct
M1
by parts formula.

o= {—sinx005x+j(1—sin2x)dx}

'[sinz x dx = {—sin xCOSx—i—Il dx — jsinz X dx}
ZJ‘sin2 xdx= {—sin xCOSx+J.1 dx}

For the LHS becoming 27 | dM1
ZJ‘sin2 x dx = {-sinxcosx + x}
Isinz xdx= {—%sin XCOSx + g} Correct integration | Al
rsinz x dx= [(—%sin(g) cos(Z) + %) - (—%sin(%) cos(Z) + (?)} Substitutes limits of Z-and 4
§ and subtracts the correct way | ddM1
= [(0+%) - (_%+%)] round.
P x x P Al aef
SE! 1(£+%) or 2+ or 242 csoae
Candidate must collect their [5]
7 term and constant term
together for Al
No fluked answers, hence cso.

Note £+ = 0.64269...

255

T | EXPERT
I | TUITION



Question Scheme Marks
Number
1 dx 1 dx 1
159. =In(t+2), y=—"-|, =—=—"ro Must state — =—— | Bl
59. (a) [x (t+2), » HJ dt t+2 de t+2
Area = idx
weoq 2 1 1 Sl ML
Area(R) = J. ;:I (—j(—jdt Ignore limits.
o £ 41 o\t+1)\t+2 1 1
I(_jx(_Jdt' Ignore limits. | A1 AG
t+1 t+2
Changing limits, when: o
=In2 =>In2=In(t+2) = 2=t+2 =¢=0 . czhan%esh?:ts;cazt B1
—IN4 =INd=In(t+2) = b=1+2 =1=2 sothat In2—0 and In4 -
2 1
Hence, Area(R) = J. ——dt
o (t+1)(t+2)
[4]
(b) 1 = 4 + B i+— with 4 and B found | M1
t+D)(+2) t+) (@+2) t+) (+2)
1=A(t+2)+ B(t+1)
Letr=-1 1=4(1) = 4=1 Finds both 4 and B correctly.
Can be implied. | Al
Lett=-2, 1=B(-1) = B=-1 (See note below)
J'Z 1 1
—dtr=| — - ——dr
o (t+1D(r+2) o (t+1)  (t+2)
Either +aln(z+1) or +bIn(r+2
= [N+ -In(t+2)]’ ainfe+) +2) | dmi
0 Both In terms correctly ft. | A1/
= (IN3-1In4) — (In1-In2) Substitutes both limits of 2 and 0 ddM1L
and subtracts the correct way round.
In3—In4+In2or In(2)-1In(%)
= In3-In4+In2=In3-In2=1In(3) | Alaefisw
or In3—In2 or In(%)
(must deal with In 1) [6]
£ d L f b
Writing down = + means first M1AO0 in (b).
Takes out brackets. g t+D(+2)  (t+1)  (1+2) (b)
Writing down = ! _ means first M1ALl in (b).
(t+D(r+2) (+1D) (¢t+2)
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QNllJﬁtggp Scheme Marks
1
x=In(t+2), =—
( ) 4 t+1
159 ¥ ee2 2 Attempt to make ¢ =... the subject | M1
-© € =ive = =8~ giving r=e* -2 | Al
1 1 Eliminates ¢ by substituting in y | dM1
Y e*-2+1 Y e* -1 giving yzm Al
[4]
1 1 1-y .
Aliter f+1=; = t=;—1 or f=7 Attempt to make 7 =... the subject | M1
7. (c)
Way 2 yit+)=1 = yt+y=1 =>y=1-y =22 Giving eithertzl—l or tzl_—y Al
y Y Y
1 1-y . S
x=In| =-1+2| or x=In|——+2 Eliminates ¢ by substituting in x | dM1
y y
x=|n(£+1]
y
e=—+1
y
e —1=—
y
_ 1 giving y= Al
4 e’ -1 4 e’ -1
[4]
(d) Domain: x>0 x>0orjust>0 | Bl
1]
15 marks
257 T | EXPERT

IC | TUITION




Question

Number Scheme Marks
Aliter Attempt to make ¢ +1= ... the subject | M1
159. (c) e'=t+2 = t+1=e"-1 . .
Way 3 giving r +1=e"-1 | Al
1 1 Eliminates ¢ by substituting in y | dM1
) Yo e 1 giving y =— Al
e' -1
[4]
Aliter 1 1 1y Attempt to make ¢+ 2 =... the subject | M1
159.(c) | t+1l=— = t+2=—+1 or t+2=—" Eith 2_1 1 2_1+y
Way 4 y y y ither ¢ + —;+ or t+ _—y Al
1 1+y . S
x=In|=+1| or x=In|—— Eliminates 7 by substituting in x | dM1
y y
x=|n(£+1]
y
ef=—+1 = ¢ —1=l
y y
_ 1 giving y= Al
4 e' -1 d e' -1
[4]
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Question

Number Scheme Marks
dv dv .
160. (2) EzlGOO—c\/ﬁ or EzlGOO—k\/ﬁ , Either of these statements | M1
dh dh dy 4000
dv dh dV 4
_ e X — = =
d dv dr &
Either, 3 - 1600—cVh _ 1600 _eVh o, 4
dt 4000 4000 4000 dh
Convincing proof of m Al AG
o Un_1600-kvh 1600 vk _04-iJR
dt 4000 4000 4000
[31]
dv
(b) When £ =25 water leaks out such that o 400
400 = c\h = 400 = ¢~/25 = 400 = ¢(5) = ¢ =80
c 80 .
From above; k=——=——=0.02 as required Proof that £=0.02 | B1 AG
4000 4000
1]
Aliter
(b) 400 = 4000k
Way 2
= 400 = 4000k /25
Using 400, 4000 and 4 =25
= 400 = £(20000) = k = 5507 = 0.02 or ~/h =5. Proofthat k=0.02 | Bl AG
1]
Separates the variables with
dh dh dh . i
c —=04-kJh = J.—z jdt j— and _[dt on either side | M1 oe
© d 0.4—k/h 0.4—kh
with integral signs not necessary.
100 .
.. time required :j ! dh +0.02
o 04-0.02Jh  +0.02
d 100 50 dh
time require :J' Correct proof | Al AG
| 0o 20-+h P
2]
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Question Scheme Marks
Number
P50 _ 45 with substitution 4= (20 x)?
160. (d J. with substitution #=(20-x
() 0 20—\/Z
ah =2(20-x)(-1) or an =-2(20-x) Correct ah Bl aef
dx dx dx
h=(20-x)* = Jh=20-x = x=20-+h
i/lj 20=% v or
dh-j——220 x) dx o M1
j 20—+/h ( ) 20-x
20— (20—x)
where A is a constant
- 1ooj x=20 g,
X
= 100I (1 - —J
+ax+ ;
~100(x - 20Inx) (+¢) taxtfiny;a, fz0 | M1
100x—2000Inx | Al
change limits: when 2=0 then x =20
and when 2 =100 then x =10
100
j 0 g - [100x —20001n x];,
o 20-+h 0
100 100
or I 0 _ g - [100(20—[) 20001 (20 - \F)}
o 20-+/h Correct use of limits, ie. putting
them in the correct way round
_ B B B Either x=10 and x=20
= (1000-2000In10)— (2000 — 20001 20) or 71=100 and /-0 ddm1
= 2000In20-2000In10—-1000 Combining logs to give...
2000In2-1000
= 2000In2-1000 or —2000In(+)—1000 | AL aef
[6]
(e) Time required = 2000In2-1000 = 386.2943611... sec
= 386 seconds (nearest second)
= 6 minutes and 26 seconds (nearest second) 6 minutes, 26 seconds | B1
1]
13 marks
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