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Question Scheme Marks AOs
1(2) Attempts both ‘F@‘ =2 +3 + (—4)2 and ‘@ﬁ‘ = w/52 + (—2)2 M1 3.1a
States that ‘P—Q‘ = ‘@‘ =29 so PORS is a rhombus Al 2.4
2
(b) Attempts BOTH PR = PO+ QR =7i+3j—6k Ml -
. T Jda
AND QOS=-PQO+PS=3i-3j+2k
Correct PR=7i+3j—6k and OS =3i—3j+2k Al 1.1b
Correct method for area PORS. E.g. %x |ﬁ| X |@| dM1 2.1
= /517 Al 1.1b
C))
(6 marks)
Alt (b) <l RZ.( AV Al
Example Attempts |QS|— 3" +(-3) +2 =422 and so M1 3 1a
using the | 22=29+29-2,/29,/29 cos SPQ
cosine 18 18
rule cosPQR:—2—9 or cosSPsz—9 Al L1b
Condone angles in degrees 51.6, 128.4 (1dp) or radians 2.24, 0.901
(3sf) here
Correct method for area PORS. E.g.
517 dM1 2.1
POxQRsin POR=[2" +3"+(-4) x5 +(-2)" x
29
= J517 Al 1.1b
“4)
FYl OR = 5i+0j—2k
PO =2i+3j—4k ¢
SO =-3i+3j-2k ;’F ______} R
/ /
MO =—1.5i +1.5j -1k / PR =Ti+3j- 6k
/
/
. / /
PM =3.5i+1.5j-3k ———
J P —
e
5

(a) Do not award marks in part (a) from work in part (b).
M1: Attempts both |?Q1 = 2" +3 +(J_r4)2 and |@| =5 +(i2)2 or PQ2 and QR2 . For this mark only,
condone just the correct answers ‘P—Q‘ =429 and ‘@‘ =+/29 . Alternatively attempts PR o @ or

PM Z,MQ2 and PQ2 where M is the mid point of PR

Al: Shows that ‘P—Q‘ = ‘@‘ =29 (with calculations) and states PORS is a rhombus.

1 T | EXPERT
IC | TUITION




Condone poor notation such as  PQ =+/29 here, So PQ = OR =+/29 hence rhombus.
Requires both a reason and a conclusion. The reason may be given at the start of their solution.
In the alternatives PR o @ = (7i +3j —6k). (3i— 3j+ 2k) =21-9-12 =0 so diagonals cross at

90° so PORS is a thombus or PM +MQ’ = PQ’ =23.5+5.5=29 = /PMQ =90° = Rhombus

(b) Candidates can transfer answers from (a) to use in part (b) to find the area
Look through their complete solution first. The first two marks are for finding the elements
that are required to calculate the area. The second set of two marks is for combining these
elements correctly. If the method is NOT shown on how to find vector it can be implied by
two correct components. Allow as column vectors.
M1: For a key step in solving the problem. It is scored for attempting to find both key vectors.

Attempts both PR=PQO+QOR=(7i+3j—6k) AND OS=-PQO+PS =(3i-3j+2k)
You may see W—1P—Q+l@— Zi+i'—3k AND Q—M__l@+lp—5_ ii——'+1k
Y =2 P Y ) 2722

Al: Accurately finds both key vectors whose lengths are required to solve the problem.
Score for both PR = 7i+3 j—6k and @ =3i—-3j+2k (Allow either way around.)

or both PM = %i +%j —3k and OM = %i — %j +1k (Allow either way around.)

dM1: Constructs a rigorous method leading to the area PORS. Dependent upon previous M.

E.g. See scheme. Alt: the sum of the area of four right angled triangles e.g. 4 x%x |W| X |Q—M

Al: V517

Alternatives for (b). Two such ways are set out below
Alt 1-Examples via cosine rule but you may see use of scalar product via a Further Maths method.
M1: For a key step in solving the problem. In this case it for an attempt at cos POR or cos SPQ.
Don't be too concerned with the labelling of the angle which may appear as 6.
2 5
Attempts £| 3 o[ 0 |=,[2°+3 +(=4) x[5 +(-2)" cos POR
—4 -2

2

A1l: Finds the cosine of one of the angles in the Figure.

Look for cos...= —% or CoS...= % which may have been achieved via the cosine rule.

Accept rounded answers and the angles in degrees 51.6, 128.4 (1dp) or radians 2.24, 0.901 (3sf) here.
dM1: Constructs a rigorous method leading to the area PORS. Implied by awrt 22.7

317
E.g. POxORsin POR = \/22 137 (=4 ><\/52 +(=2) x -
Al: 517

Alt 2-Example via vector product via a Further Maths method.
MI1: For a key step in solving the problem. In this case it for an attempt at i?Q X @é

i j ok
Eg. POxOR=|2 3 -4 :(3><—2—0><—4)i—(2><—2—5><—4)j+(2><0—3><5)k
50 -2

Al:E.g. POxOR =—-6i—16j—15k

dM1: Constructs a rigorous method leading to the area PORS. In this case @x @

2 2 2
Al = (=6) +(=16) +(-15) = /517
\/ T | EXPERT
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Question Scheme Marks AOs
2(a) QR = PR-PQ =13i -15j—(3i +5j) M1 | 1lla
=10i — 20j Al | 1.1b
)
(b) AD|_ w o onl n2
|QR[="10""+"(-20) ML | 25
~1045 Alft | 1.1b
(2)
© %:Wyg@=3i+5j+§("10i—20j")=...
or M1 3.1a
PS = ﬁ%@ =13i —15j+§(“—10i +20j") =...
=9i—7j Al 1.1b
(2
(6 marks)
Notes
(a)
M1: Attempts subtraction either way round. This cannot be awarded for adding the two

Al:

(b)
M1.

Alft:
(©
M1:

vectors. If no method shown it may be implied by one correct component.
eg 10i —10j on its own can score M1.

. i 10 10i
Correct answer. Allow 10i —20j and but not .
-20 —-20j

Correct use of Pythagoras. Attempts to “square and add” before square rooting. The
embedded values are sufficient. Follow through on their QR

10+/5 following (a) of the form +10i + 20j

- . . 33—
Full attempt at finding a PS . They must be attempting PQ J_rgQR or
PS =PR i%@ but condone arithmetical slips after that.

Cannot be scored for just stating eg PQ i%@

Follow through on their (ﬁ . Terms do not need to be collected for this mark. If no
method shown it may be implied by one correct component following through on their

QR
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9
Al:  Correct vector as shown. Allow 9i—7j and ( 7].

Only withhold the mark for (
10i
-20j

Alt (c) (Expressing PS in terms of the given vectors) They must be attempting %@ +§ﬁ

9i
7_} if the mark has not already been withheld in (a) for
=1}

ML (PS =PQ+2QR=PG+2(FR-PQ))

2— 3— 2. 3
— 2P0 +2PR = £(3i+5j)+=>(13i —15j) = ...
c Q . 5( i) 5( i)

9
Al: Correct vector as shown. Allow 9i—7j and ( 7).

Only withhold the mark for [

(=)

9i
71_] if the mark has not already been withheld in (a) for

T | EXPERT
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Question Scheme Marks AOs
3(a) AC = AB+BC = —-3i—4j—5k +i+j+4K = .. M1 | 1.1b
=-2i-3j-k Al 1.1b

(2)

(b) At least 2 of
(AC?)="22 43 +12"(UB? ) =F + 4 + 52, (BC?) =L + 17 + 4 ML | L1b
2414 8245 4P 41 44223 4 42 1521 412 +42 cos ABC M1 | 3.la
14 =50 +18 — 2./50+/18 cos ABC

— *

. cosqpc_20+18-14 9, Al 2.1
25018 10
3)
(b) Alternative
AB? =3* +4%* 452 BC? =1> +1* + 4° M1 1.1b
BA.BC = (3i+4)+5K )s(i + j+ 4k) = 27 = 32 + 42 +5°J1* +12 + 4 cos ABC M1 | 3.la
27 9
27 = /5018 cos ABC = c0s ABC = =—%* Al* 2.1
J50418 10
(5 marks)
Notes

(a)
M1: Attempts 4AC = 4B + BC
There must be attempt to add not subtract.
If no method shown it may be implied by two correct components

-2 —2i
Al: Correct vector. Allow —2i —3j—kand | =3 | but not | —3]j
-1 -1k

(b)
M1: Attempts to "square and add" for at least 2 of the 3 sides. Follow through on their AC

Look for an attempt at either a” +b° +¢* or \a* +b° +¢*

M1: A correct attempt to apply a correct cosine rule to the given problem; Condone slips on the lengths
of the sides but the sides must be in the correct position to find angle ABC
Al1*: Correct completion with sufficient intermediate work to establish the printed result.
Condone different labelling, e.9g. 4ABC <> @ as long as it is clear what is meant

It is OK to move from a correct cosine rule 14 =50 +18 — 2+/50~/18 cos ABC

_ 4 0.e. such ascos ABC = (5\/5)2 +(3\/§)2 _(\/ﬂ)z
2\/%\/:@ 2x5\/§x3\/§

via cos ABC =

10 cos ABC = i
10

Alternative:

M1: Correct application of Pythagoras for sides AB and BC or their squares

M1: Recognises the requirement for and applies the scalar product

Al1*: Correct completion with sufficient intermediate work to establish the printed result

T | EXPERT
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Question Scheme Marks AOs
4(a) Attempts to compare the two position vectors.
Allow an attempt using two of TO, OB or AB Ml 1.1b
E.g. (-24i-10j)=-2x (12i+5j)
Explains that as AO s parallel to OB (and the stone is Al 24
travelling in a straight line) the stone passes through the point O. '
)
()1 Attempts distance AB = \[(12+24) +(10+5)° M1 1.1b
12+24) +(10+5)
Attempts speed = \/( ) 2 ( ) dMl1 3.1a
Speed = 9.75ms Al 3.2a
3)
(5 marks)
Attempts to find the equation of the line which passes through A
Alt@a) | 4B 110 S Ml 1.1b
Eg. y-5= al (x=12) (y=—=x)
12+24 12
Shows that when x=0, y=0and concludes the stone passes
. Al 2.4
through the point O.
Notes
(@)

M1: Attempts to compare the two position vectors. Allow an attempt using two of E’, OB or AB

either way around.
E.g. States that (—24i—10j)=-2x (12i+5j)

Alternatively, allow an attempt finding the gradient using any two of AO, OB or AB

Alternatively attempts to find the equation of the line through A and B proceeding as far as
y =..x Condone sign slips.

Al: States that as AQ is parallel to OB oras AO is parallel to OB (and the stone is travelling in a
straight line) the stone passes through the point O. Alternatively, shows that the point (0,0) is
on the line and concludes (the stone) passes through the point O.

(b)

M1: Attempts to find the distance AB using a correct method.

Condone slips but expect to see an attempt at v/a” +b”> where a or b is correct

dM1: Dependent upon the previous mark. Look for an attempt at

4

Al: 9.75ms  Requires units

distance AB
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Question Scheme Marks AOs
5(2) AB = (3i-3j-4k)- (2i+5j-6K) M1 1.1b
=i-8j+2k Al 1.1b
)
(b) States OC =2x AB M1 1.1b
Explains that as OC is parallel to AB, so OABC is a trapezium. Al 2.4
)
(4 marks)
Notes:
(@)
M1: Attempts to subtract either way around. If no method is seen it is implied by two of +1i +8j+ 2k .
1
Al: i-8j+2k or | -8 butnot (1,-8,2)
2
(b)

M1: Compares their i—8j+ 2k with 2i —16j+ 4k by stating any one of

e OC=2xAB

2 1
° -16 |=2x| -8
4 2

e OC =AxAB OrVvice versa

This may be awarded if AB was subtracted "the wrong way around" or if there was one numerical slip

Al: A full explanation as to why OABC is a trapezium.
Requires fully correct calculations, so part (a) must be AB = (i—8j+2k)

It requires a reason and minimal conclusion.

Example 1:
OC = 2x AB, therefore OC is parallel to AB so OABC is a trapezium
Example 2:
A trapezium has one pair of parallel sides. As OC =2x AB, they are parallel, so v".
Example 3
2 1
As | 16 |=2x| -8 |, OC and AB are parallel, so proven
4 2
Example 4

Acceptas OC = x AB, they are parallel so true

Note: There are two definitions for a trapezium. One stating that it is a shape with one pair of parallel

sides, the other with only one pair of parallel sides. Any calculations to do with sides OA and CB in this
guestion may be ignored, even if incorrect.
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Question Scheme Marks AOs

6(a) ‘ . y

- N oW s oo O

109 8 7 6 5 -4 3 2 -

Attempts to find an "allowable" angle Eg tan 8 = % Ml 1.1b
A full attempt to find the bearing Eg 180°+"67°" dM1 3.1b
Bearing = awrt 246.8° Al 1.1b
3)
(b) |
Attempts tzo find the (ilstance travelled = M1 1.1b
J(4=-3) +(=2+5) =(/58)
Attempts to find the speed = 2—\/57_2; dM1 3.1b
=awrt2.77km h™' Al 1.1b
3)
(6 marks)
Notes: Score these two parts together.
(a)
M1: Attempts an allowable angle. (Either the “66.8” , “23.2” or (“49.8” and “63.4”))
tand = +Z, tand = ié, tanfd =+ e etc

-3 7 T 4--3
There must be an attempt to subtract the coordinates (seen or applied at least once)

If part (b) is attempted first, look for example for sin@ == _7 ,cosf =+ 7 , etc
"\/%" n 58 "

They may use the cosine rule and trigonometry to find the two angles in the scheme. See
H58"+HZOH_H34"

2)("\/%")("\/2_"

dM1: A full attempt to find the bearing. 180° + arctan ;, 270° —arctan 3 ,

360°-"49.8°"-"63.4°" It is dependent on the previous method mark.

4
above. Eg award for cosé = and tanf =+ 5 or equivalent.

Al: Bearing = awrt 246.8° oe. Allow S 66.8° W
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(b)
M1:

dM1:

Al:

Attempts to find the distance travelled. Allow for d~ = (4- —3)2 +(—2+ 5)2

You may see this on a diagram and allow if they attempt to find the magnitude from their
“resultant vector” found in part (a).

Attempts to find the speed. There must have been an attempt to find the distance using the

coordinates and then divide it by 2.75. Alternatively they could find the speed in km min™'
and then multiply by 60

awrt 2.77 kmh™'
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Question Scheme Marks AOs
7(1) Explains that aand blie in the same direction oe B1 24
1)
(ii)
M1 1.1b
Attempts sin 30 _m 4 M1 3.1a
6 3
0 =awrt 14.5° Al 1.1b
Angle between vector m and vector m—nis awrt 135.5 Al 392
(4)
(5 marks)
Notes
(i)
B1: Accept any valid response E.g The lines are collinear. Condone "They are parallel”
Mark positively. ISW after a correct answer
Do not accept "the length of line a +b is the same as the length of line a + the length of line b
Do not accept ]a| and |b| are parallel.
(ii)
M1: A triangle showing 3, 6 and 30° in the correct positions.
Look for 6' opposite 30°with another side of 3.
Condone the triangle not being obtuse angled and not being to scale.
Do not condone negative lengths in the tringle. This would automatically be MO
M1: Correct sine rule statement with the sides and angles in the correct positions.
If a triangle is drawn then the angles and sides must be in the correct positions.
This is not dependent so allow recovery from negative lengths in the triangle.
If the candidate has not drawn a diagram then correct sine rule would be M1 M1
Do not accept calculations where the sides have a negative length. Eg sm630 = Sljlf 1s MO
Al: @ =awrt 14.5°
Al: CSOawrt135.5°
10 I" | EXPERT
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Question Scheme Marks | AOs
8(a) AB=0B-04 or simi Ml | Llb
Attempts AB = OB —0A or similar :

AB =—9i + 3] Al 1.1b

(2)
(b) Finds length using 'Pythagoras' |AB| = «f(—9)2 +(3)° M1 1.1b
|AB| =310 Alft | 1.1b

(2)

(4 marks)
Notes
(a)

M1: Attempts subtraction either way around.
This may be implied by one correct component 4B =19i+3j

There must be some attempt to write in vector form.
Al: cao (allow column vector notation but not the coordinate)

-9 —9i
Correct notation should be used. Accept —9i+3j or ( ; j but not ( 3 j
J

(b)

MT1: Correct use of Pythagoras theorem or modulus formula using their answer to (a)

Note that |AB| = ﬂ/(9)2 +(3)” is also correct.

Condone missing brackets in the expression |AB| = f—92 +(3)°

Also allow a restart usually accompanied by a diagram.
Alft: |AB| =310 ft from their answer to (a) as long as it has both an i and j component.

It must be simplified, if appropriate. Note that #3410 would be M1 A0

Note that, in cases where there is no working, the correct answer implies M1A1 in each part of
this question

1
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Question Scheme Marks @ AOs

9(a) | AB=0B-OA=6i-3j —(4i+2j) Ml | Llb
=2i—-5j Al 1.1b
2
9(b) Explains that OC is parallel to ABas 8i—20j= 4><(2i —Sj) M1 1.1b
As OC =4xABitis parallel to it and not the same length Al 24
Hence OABC is a trapezium.
2
(4 marks)
Notes:
(@)

M1: Attempts AB=0B-0A or equivalent. This may be implied by one correct component
Al: 2i-5j

(b)

MI1: Attempts to compare vectors OC and AB by considering their directions

Al: Fully explains why OABC is a trapezium. (The candidate is required to state that OC is parallel
to AB but not the same length as it.)
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10 (a) OA =i+7j—2k, OB = 4i+3j+3k, OC = 2i +10j + 9k
OD = OC + BA = (2i + 10j + 9K) + (=3i + 4j — 5k)
. MIl 3.1a
or OD =0A+BC = (i+7)-2k)+ (=2i+7j+6k)
So OD = —i+14j+ 4k Al | LIb
)
()  {4B=3i-4j+sk >} [4B|=\or + 47+ [=V50=52) | M1 | L
As ‘E‘ = 10v2 then ‘H‘ = Z‘E‘ = AX = 24B
OX = OA+24B = (i+7j - 2K) + 2(3i — 4j + 5K)
- Ml 3.1a
ofr  OX = OB+ AB = (4+3j+3k)+ (3i— 4j + 5k)
So OX = 7i— j+8k only Al | L.Ib
®)
(5 marks)
Question 10 Notes:
(a)
M1: A complete method for finding the position vector of D
Al: ([ _1
-i+14j+4k or | 14
4
(b)
M1: A complete attempt to find ‘ ZE‘ or ‘ 23’74‘
M1: A complete process for finding the position vector of X
Al: [ 7))
7i-j+8k or | -1
8
13 I | EXPERT
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Question Scheme Marks AOs
11(a) Attempts AB = OB —OA or similar M1 1.1b
AB =5i+10j Al | L1b

2
(b) Finds length using 'Pythagoras' |AB| = «/(5)2 +(10)* M1 1.1b
|4B|=53 Alft | 1.1b

(2
(4 marks)

Notes:

(@
M1: Attempts subtraction but may omit brackets
Al: cao (allow column vector notation)

(b)

M1: Correct use of Pythagoras theorem or modulus formula using their answer to (a)
Alft: |AB| =55 ft from their answer to (a)

Note that the correct answer implies M1A1 in each part of this question
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Question Scheme Marks AOs
12 Attempts
S M1 3.1a
AC=AB+BC=2i+3j+k+i—9j+3k=3i—-6j+4k
Attempts to find any one length using 3-d Pythagoras M1 2.1
Finds all of |4B|=+14, |AC|=+f61, [BC|=01 Alft | 1.1b
14+61-91
cos BAC = 14+61-91 M1 2.1
21461
angle BAC =105.9° * AT* 1.1b
)
(5 marks)
Notes:
M1: Attempts to find AC by using AC = AB+BC
M1: Attempts to find any one length by use of Pythagoras' Theorem
Alft: Finds all three lengths in the triangle. Follow through on their |AC |
AB|" +|ac|’ -|BC[’
M1: Attempts to find BAC using cos BAC = | | +| | | |
2|4B]|AC]|
AB.AC
Allow this to be scored for other methods such as cos BAC = ABAC
|AB||AC]|
Al1*: This is a show that and all aspects must be correct. Angle BAC= 105.9"°
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Question Scheme Marks AOs
13(a) Attempts two of the relevant vectors
+AB =+(-4i+7j+k)
+AC =+(-20i+(p+3)j+5K) Ml 31
+BC =+(-16i+(p—4)j+4k)
Uses two of the three vectors in such a way as to find the value
dM1 2.1
of p. E.g. p+3=5x7
p=32 Al 1.1b
3)
(a) Alternative:
r,=4-3j+5k+A(—4i+7j+k) M1 3.1a
4i-3j+5k+A(—4i+7j+k)=—16i+ pj+10k =L =5
dM1 2.1
4i—3j+5k+7»(—4i+7j+k):—16i+pj+10k:>p=35—3
p=32 Al 1.1b
(b) Deduces that OD = LOB = 4\j+6Ak and attempts
- Ml 3.1a
CD =16i+(41~"32")j+ (61 ~10)k
Correct attempt at A using the fact that CD is parallel to OA4
CD =16i+(41—"32")j+(6A~10)k
T dM1 1.1b
0OA4A=4i-3j+5k
40-32=-12=>A=... OR6AL-10=20=>A=...
[OD|=5x\/4" +6" =10J13 Al 1.1b
3
(b) Alternative:
Deduces that OD =1OB = 4)\j+ 6)k and attempts
- M1 3.1a
OD = OC +pOA = —16i +32j+10k + z(4i —3j+ 5k
Correct attempt at A or x using the fact that
AOB = OC + uOA dM1 1.1b
Eg —-16+4u=0=>u=4
[OD| =5xv4"+6" =10413 Al 1.1b
3
(6 marks)
Notes:
(a)

M1: Attempts two of the three relevant vectors by subtracting either way around. See scheme.
Allow equivalent work e.g. +A4B = i(aé + 25)

If no working is shown, method can be implied by 2 correct components.
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dM1: For the key step in using the fact that if the vectors are parallel, they will be multiples of each
other (where the multiple is something other than 1) to find p.
E.g. p+3:5><7, p—4:%(p+3)’ p—4:4x7
Al: p =32 (Condone 32j)
4
5
Note that candidates generally only need to use 2 components to find p and if the 3" component
has errors but is not used, full marks can be awarded.
Alternative:

For reference, BC = 4@, AC = 5@, BC = ﬁ, AC = %FC

M1: Forms the vector equation using A4 or B as position and + 4B as the direction
dM1: For the key step in using the fact that C lies on the line to find p
Al: p =32 (Condone 32j)

. 5

For reference, BC = 4@, AC = SE, BC = %I}, AC = ZBC

Note that candidates generally only need to use 2 components to find p and if the 3" component
has errors but is not used, full marks can be awarded.

There will be other approaches e.g. using “gradients” and “ratios” and the method marks can
be implied — if you are unsure if such attempts deserve credit use Review

(b) Vector approach
M1: Deduces that OD = LOB = 4\j+6Ak and attempts CD = 16i + (4L —"32")j+(6A—-10)k

dM1: Correct attempt at finding A using the fact that CD is parallel to 04
E.g. 16i+(4A—"32")j+(6A—10)k = 4ai-3aj+ 50k > a=4= 40 -"32"= 3x"4"= A =...

AL: |0D|=10413
Alternative:
M1: Deduces that OD = LOB = 47j+6Ak and attempts
OD = OC + nOA = —16i +32j+10k + (41 —3j+ 5k)
dM1: Correct attempt at finding A or x# using the fact that LOB = OC + ,ua
E.g. (—16+4u)i+("32"-3u)j+(10+5u)k =44j+ 61k = —16+4u=0= u=...
May also solve simultaneously using y and z components to find A or u
Al |0D|=10413
Note that the correct vector is 20j + 30k

PTO for similar triangle approach

T | EXPERT
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(b) Similar triangle approach

M1: For the key step in recognising that triangle BCD and triangle BAO are similar with a ratio of
lengths of 4:1

dM1: States or uses the fact that |O—D| =5x |@|
Stating this will score M1 dM1 provided there is no evidence of incorrect work

Note that they may establish this result using the work from (a) but must be used here to

score.

Al: |@| =10413
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Question
Number

14 Attempts any one of
(i@ :)i(q—p), (iﬁ :)i(r—p), (i@ :)i(r—q)
Ore.g.
(+70=)+(00 7). (:7R=)(07-). (:07-}+{0F 00
Attempts e.g.

r-q=2(q-p)
r-p=3(q-p)

1
— =—(r-—
(a-p) 3( %) dM1 3.1a

1
q—p+§U—p)

Scheme Marks AO's

M1 1.1b

2
3

2
q= r+§(p—r)
E.g.

:”—q:2Q—2p:>2p+r=3q:>q:%(r+2p)* Al* 2.1

@)

(3 marks)

Notes:

M1: Attempts any of the relevant vectors by subtracting either way around. This may be implied by sight of any one
of £(q-p), £(r-p), £(r—q)ignoring how they are labelled

dM1: Uses the given information and writes it correctly in vector form that if rearranged would give the printed
answer
Al*: Fully correct work leading to the given answer. Allow OQ = ... as long as OQ has been defined as q earlier.

In the working allow use of P instead of p and Q instead of g as long as the intention is clear.
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Question Scheme Marks | AOs
15
C
A
@) N B
OA=a,OB=Db
(@) {W=ﬁ+m=ﬁ+%ﬁ:}wz—a+%(b—a)
0 " Ml 3.1a
{W:@+W=@+E?A :} CTA:(—2a+b)+§(a—b)
:C—Mz—%a+%b (needs to be simplified and seen in (a) only) Al 1.1b
)
(b) ON =0C +CN = ON =0C + ACM M1 1.1b
—— 3 1 —— 3 1
ON =2a+/1(——a+—bj:> ON = (2——/‘Lja+—/1b * Al* 2.1
2 2 2 2
)
(c) 32 _
Way 1 2 2/1 =0=> 4= M1 2.2a
4  —— 2 — 1
/‘ng :>ON:§b {:NBng}:ON:Nlel* Al* 2.1
2)
©) ON=ub = [2-22]a+=4ib=ub
Way 2
a (2—%}:0 = A= {b l;tzy &;L:f:uzz} M1 2.2a
2 3 3
a=2 orluzz :W:gb{ Wé:lb}DON:NBzzzl* Al* 2.1
3 3 3 3
2)
(6 marks)

20
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Question Scheme Marks | AOs
15 (c) OB =ON +NB = b=[2-24]atrLib+ Kb
Way 3 2 2
3 1 4 1
a: (2——ﬂj=0 = A= {b: I1=—1+K & A=— :>K=—} M1 2.2a
2 2 3 3
1 — 2 — 1
A=—or K=§:>ON=§b or NBng =ON:NB=2:1* Al 2.1
(2)
15©) — e —
Way 4 ON=ub & CN=kCM = CO +ON =kCM
—2a+,ub=k(—§a+lbj
2 2
ai—2= ko k=2 b y=ik :>,u=l(ij=... Ml | 22a
2 3 2 2\3
2 — 2 — 1
,u=§ :>ON=§b {:NBng}zoN:NB=2:1* Al 2.1
(2)
Notes for Question 15
@ —
M1: Valid attempt to find CM using a combination of known vectors a and b
Al: A simplified correct answer for CM

Note: | Give M1 for C—Mz—a+%(b—a) or C—M:(—2a+b)+%(a—b)

or for {CW:OW—(T:} CW:%(a+b)—2a only o.e.

(b)

M1: Uses ON =0OC + ACM

Al*: Correct proof

Note: Special Case

Give SC M1 AO for the solution ON =OA+ AM +MN = ON =OA+ AM + ACM

(Wza+l(b—a)+/1(—§a+lbj =(l—§)tja+(l+l/ljb
2 2 2 2 2 2 2

Note: | Alternative 1:
Give M1 Al for the following alternative solution:

ON =OA+AM +MN = ON =OA+ AM + xCM
— 1 3 1 1 3 1 1
ON=a+—(b-a ——a+—-b|=|-—=ula+|-+-ul|b
+2( )“{ ) j (2 2”) +(2+2ﬂj
U=A-1= OWz(l 3(&—1))a+(%+%(ﬂ—1))b = m=(2—%ﬂja+%/1b

2 2
(c) Way 1, Way 2 and Way 3
M1: Deduces that (2 —%lj =0 and attempts to find the value of 1
Al*: Correct proof
(c) Way 4
M1: Complete attempt to find the value of u

Al*: Correct proof
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Notes for Question 15 Continued
Note: Part (b) and part (c) can be marked together.
(a) Special Case where the point C is believed to be below the origin O
Special A
Case
M
0 B
C
Give Special Case M1 AQ in part (a) for {W =CA+AM :>} CM =3a+ %(b —a)
. —~— 5 1
{whlch leads to CM = —a+—b}
2 2
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Question Scheme Marks | AOs
OA =2i+3j—4k, OB=4i-2j+3k, OC =ai+5j—2k,a<0
16 —_—
AB =BD, |AB|=4
(@) E.g. OD =OB+BD=0B + AB
or OD =OB+BD=0B+AB = 0B +0B — OA = 20B — OA
or OD =0OB+BD=0B+AB=0A+AB+AB =0A+2AB
4 4 2 4 2
=[-2|+|-2|—-| 3 = |=2|+|-5
3 3 -4 3 7
M1 3.1a
2 4 2 2 2
or=| 3|+2||-2|-| 3 = 3(+2|-5
-4 3 -4 -4 7
6
=|-7| or 6i—-7j+10k Al 1.1b
10
)
(b) (@a—2)> +(5-3)* +(—2——4)* Ml 1.1b
{\AT\ =4 :>} (@=2)> +(5-3) +(-2——4)> = (4)°
dM1 2.1
—=@-2°=8=a=.. or =a’-4a-4=0=a=..
(as a<0=) a=2-2J2 (or a=2-+8) Al 1.1b
@)
(5 marks)
Notes for Question 16
@ -
M1: Complete applied strategy to find a vector expression for OD
Al: See scheme
Note: | Give MO for subtracting the wrong way wrong to give e.g.
(41 -2j+3K)+ (2i +3j—4k) — (4i—2j+3Kk) =(4i —2j+3K) + (2i +5]—7K) = (2i +3]—4k)
Note: | Writing e.g. OD =OB+AB or OD =20B — OA with no other work is M0
Note: Finding coordinates, i.e. (6, —7, 10) without reference to the correct position vectors is AQ
Note: | Allow M1A1 for writing down 6i — 7]+ 10k with no working
Note: | M1 can be implied for at least two correct components in their position vector of D
(b) _
M1: Finds the difference between OA and OC, then squares and adds each of the 3 components
Note: Ignore labelling
dM1: | Complete method of correctly applying Pythagoras’ Theorem on ‘E‘ =4 and using a correct
method of solving their resulting quadratic equation to find at least one of a =...
Note: Condone at least one of either awrt 4.8 or awrt —0.83 for the dM mark
Al: Obtains only one exact value, a=2—2+/2
Note: | Writing a=2+2+/2, without evidence of rejecting a =2+ 22 is A0
Note: | Allow exact alternatives such as 2—+/8 or 4 _;/3_2 for A1, and isw can be applied
Note: Writing a=-0.828..., without reference to a correct exact value is A0
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%‘:ﬁ;ﬁgﬁ Scheme Notes Marks
-3 4 9 9+4u 9+2u Let 6 = size of angle
17. OA=| 7|,AB=|-6|, OP=|1[;0Q=|1-6u |or OQ=| 1-3u PAB. A,Blieon |,
2 2 8 8+2u 8+ and P lies on |,
@ | (0B=0A+AB =] Attempts to add OA to AB | M1
-3 4 1 1
OB=| 7|+|-6|=|1=B(,14) (1,1,4)or | 1|ori+j+4k | Al
2 2 4 4
Note: M1 can be implied by at least 2 correct components for B [2]
9 -3 12 -12 .
(b) AP=0P-0A=| 1!=| 712l -6 or PA= 6 An attempt to find f M1
] 5 6 _6 or PA
Applies dot product
12 4 formula between their
—6 o =6 B ~ DA
AP or PA
{COS _ AP.AB }_ 6)| 2 ; A_B( o | o
= = an or ora
|AP[IAB|]  \J(12)* +(=6) +(6)* \(4)* +(—6)* +(2) _ ( )
multiple of these vectors
96 4 4 4 4
cosf=—— =>cosf}t=— or —21 — or —+21 | Al
{ J216.4/56 } NZTE) | 21 0 21
3]
4 . L1-16 5 105 A correct method for converting an exact
(c) cosf =—= r=>sinf= = = . M1
J21 J21 210 21 value for cosq to an exact value for sing
1 NG NG see notes | M1
Area PAB = —(/216 (/56 )| ——= | {=12V21| ——= |} =12/5
“ 2 )(r)[mj { \/_(\/ﬁ]} ¥ 1245 | Al cao
[3]
A 5 p+Ad or p+ud, p#0,d=0 with
0 9 cither p=9i+ j+8K or d=4i—6j+2k | M1
(d) {hajr=| T+u=6forr=/1|+u -3 or d=multiple of 2i—-3j+k
8 2 8 1
Correct vector equation | Al
[2]
9+4u 1 8+4u —8—-4u S .
— — Applies their OQ — their OB
© | BO=|1-6u|-| 1]{=| —6u QB=| 6u PP . oQ Ml
8+2u 4 4424 _4-2y or theirOB — their OQ
8+4u\( 12 .
BQ-AP=0= | —6u | —6|=0= u=.. Apphl‘:_s BQ'A'EZ?’ tf"e('land fowfes the | i1
4+ 24 6 resulting equation to find a value for u
5 120 5
:>96+48,u+36,u+24+12,u=0:>96,u+120=0:>,uz—Z ,u=—9—6 or ,u:—Z Al o.e.
9.+ 4(125) 4 Substitutes their value of u into 0Q | ddMm1
0Q =| 1-6(~1.25) |=| 8.5 |= Q(4, 8.5, 5.5) 4
8+2(~1.25) 55 (4,8.5,55) or | 8.5| or 4i+8.5j+5.5k | Al o.e.
5.5
[5]
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Question Scheme Notes Marks
Number
-3 4 9 9+4u 9+2u Let 6 = size of angle
17. OA=| 7|,AB=|-6|, OP=|1[;0Q=|1-6u |or OQ=| 1-3u PAB. A,Blieon |,
2 2 8 8+2u 8+ and P lies on |,
9+2u 1 8+2u -8-2u S -
. p— Applies thei — thei
A(let)l BO=|1-3u |-| 1| 1=| =34 QB=| 3u pplies their OQ = their OB /|
8+ 11 4 4+ 1 _4—y or theirOB — their OQ
8+2u)( 12 R
BGAP=0= | —3u | -6|=0= u=.. Apphli:.s BQ.AE = ?, f(f.ec.land 1Solvfes the M1
4+ 6 resulting equation to find a value for
5 5
=96+24u+18u+24+6u=0=48u+120=0= yz—z yz—E Al o.e.
9+ 2(-2.5) 4 Substitutes their value of u into 0Q | ddMm1
0Q=|1-3(-2.5) |=(8.5|= Q4,8.5,5.5) 4
8+1(-2.5) 55 (4,8.5,5.5) or | 8.5| or 4i+8.5j+5.5k | Al o.e.
5.5
[5]
(b) Vector Cross Product: Use this scheme if a vector cross product method is being applied
Alt1l 9 -3 12 -12 .
AP=0P-0A=| 1!=| 712l -6 or PA= 6 Anattempttoﬁndﬁ M1
] ) 6 _6 or PA
12 4 i j k
d,xd,=| -6 [x| -6 |=4[12 -6 6| = 24i+0j—48k
6 2 4 -6 2
Applies vector cross product formula
\/(24)2 +(0)> +(—48) between their(ﬁ or ﬁ) and
sinf = _ .. |dM1
J(12) +(=6)* +(6)> \[(4)* + (=6)* +(2)? (AB or BA)
or a multiple of these vectors
. \/2880 5 16 4 4 4 4
— = cosf ! =,]— = — or —+/21 —or—\/ﬁ Al
{ ~ 21656 21}{ | 21 21 21 21
(3]
(b) Cosine Rule
Alt 2 9\ (-3 12 -12
AP=0OP-OA=| 1 |-| 7|=|-6| or PA=] 6 An attempt to find AP or PA | M1
8 2 6 -6
Note: |PA|=+/216 \/56 and |PB|=+/30
2 (5T YN Applies the cosine rule
(\/%) _( 216) + (\/%) 2( 216)(\/%)(:086 the correct way round M1
cos0—216+56_80— 192
24216 F 24216456
= cosf} =—— or —\ﬁ T =
{ } \ﬁ J— or \F Al
(3]
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Question 17 Notes

17.(b) | Note | If no “subtraction” seen, you can award 1** M1 for 2 out of 3 correct components of the difference
Note | For dM1 the dot product formula can be applied as
12 4
J12)? +(=6)* +(6)* \[(4) +(=6)* +(2) cos O =| —6 |+ —6
6 2
Note | Evaluation of the dot product for 12i —6j+ 6k & 2i —3j+Kk is not required for the dM1 mark
4 4 4 4
Al For either — or —\ﬁ or cosd =——— or —\E
21 21 21 21
.. . 24+18+6 48 4 4
Using 12i —6j+6k & 2i—3j+k gives cosd= or —+21
Note | Using 121=0] Jree NN ff 2L
- . 4+3+1 8
Using 2i—j+k & 2i—3j+Kk gives cos@ = = or —F
Note | bsing 21— Iree Jo1d 221 ﬁ
Note | Give MIMIAO for finding & =awrt 29.2 without reference to cos@ = ﬁ or —F
Note | Condone taking the dot product between vectors the wrong way round for the M1 dM1 marks
Note | Vectors the wrong way round
— . 4 4
e E.g. taking the dot product between PA and AB to give cosd = ——— or — —«/ﬁ
g g p g NGl X
with no other working is final AO
_— - 4 4
e E.g. taking the dot product between PA and AB to give cosd = ——— or — —\/ﬁ
g g p g NIl 3
followed by cos@ = 4 or 4 21 or just simply writing 4 or 4 211s final Al
NCTE) | P21 0 21
Note | In part (b), give MOAMO for finding and using AP = OP — AB = (5i + 7j + 6k)
2
(©) Note | Give 1* MO for sin@ = sin{cos' [42—J12_IJJ or sind =1 —(%\/i J unless recovered
M1 | Give 2" M1 for either
o %(their length AP)(their length AB)(their attempt at sin &)
o %(their length AP)(their length AB)sin(their 29.2° from part (b))
o %(their length AP)(their length AB)sin@; where cos@=... in part (b)
Note %(\/216)(\@ ) sin(awrt 29.2° or awrt 150.8°) {= awrt 26.8} without reference to finding sin &
as an exact value if MO M1 A0
Note | Anything that rounds to 26.8 without reference to finding sin& as an exact value is MO M1 A0
Note | Anything that rounds to 26.8 without reference to 124/5 is A0
Note | If they use AP =OP — AB = (5i +7j+6K) in part (b), then this can be followed through in part (c)
for the 2" M mark as e.g. —(«/1 10)(ﬁ)sin9
Note | Finding 12+/5 in part (c) is M1 dM1 Al, even if there is little or no evidence of finding an exact
value for sind. So %(\/216)(\@)@11(29.20) =125 is M1 dM1 Al
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Question 17 Notes Continued

17.(d) | Note | Writing r=... or |, =... or I =... or Line 2 = ... is not required for the M mark
9 4 9 2 9
Al | Writingr=| 1 |+ul-6|lorr=| 1 |+pu -3|orr=|1]|+ud,
8 2 8 1 8
where d =a multiple of 2i—3j+k
Note | Writing r=... or |, =... or I =... or Line 2 = ... is required for the A mark
9 13 5 13 4
Note | Othervalid p=| 1| aree.g. p=| =5|or p=|7|. Sor=| =5 |+ u| -6 | is M1 Al
8 10 6 10 2
9 4 9 4
Note | Give AO for writing I, :| 1 [+ u| —6| or ans= | 1 |+ x| —6 | unless recovered
8 2 8 2
Note | Using scalar parameter A or other scalar parameters (e.g. g or S ort) is fine for M1 and/or Al
(e) ddM1 | Substitutes their value of z into OQ, where OQ = their equation for I,
Note | Ifthey use AP = OP — AB = (5i + 7j+6K) in part (b), then this can be followed through in part (e)
for the 2" M mark and the 3¢ M mark
Note | You imply the final M mark in part (e) for at least 2 correctly followed through components for Q
from their u
(12\1131?181%2? Scheme Notes Marks
17. (¢) | Vector Cross Product: Use this scheme if a vector cross product method is being applied
Alt1l 12 4 i j kK
APxAB=| —6 |x| -6 |={[12 -6 6| = 24i+0j—48k
6 2 4 -6 2
1 Uses a vector product and \/("24")2 +("0") +("—48")* | Ml
Area PAB = —«f(24)2 +(—48)° 1
2 Uses a vector product and 5\/’("24”)2 +("0")° +("—48")° | M1
=125 124/5 | Al cao
(3]
17.(c) Note: cos APB = i or lﬁ Note: ‘ﬁ‘zm and ‘ﬁ‘z
Alt 2 306
. m \/g \/g A correct method for converting an exact
sin6 = B0 Bo 6 value for cosq to an exact value for sing Ml
1 . . .
Arca PAB :%( 216)(@)(£]{ 12x//_(£}=12\/§ E(thelr PA)(their PB)sind | M1
30 0 124/5 | Al cao
[3]
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Question Scheme Notes Marks
Number
4 -1 > 3 - 20 Let g, bethe
18. lir=128{+4] -5, Lir=3|+u| 0|;pq=| 18 |liesonl | e angle
4 1 1 -4 6 between 1, and 1,
@ =, =) 28-51-3 (= 1=-5) 28-54=3 or
4 1-5.3 44t 1-1_4 ) 4-1=5+3mand 4+ 1=1-4m | B1
or 4-A=5+3u and 4+ A=1-4u (= pu=-2; or A=5or u=-2 (Can be implied).
4 -1 5 3 Puts / = [, and solves to find / and/or m
{OX :} 28 |+5/-5] or [3|-2] O and substitutes their value for A into I, | M1
4 1 1 -4 or their value for 4 into /,
- -1,3,9) or | 3| or —i+3j+ 9k orcondone
So, X(-1,39) ( ) J 3 | AL cao
9
3]
-1 3 -1 3 Realisation that the dot product
(b) d=|-5|, d,=| 0|=|-5|¢ O is required between d,and d, | M1
Way 1 .
1 4 1) (-4 or a multiple of d, and d,
-1 3 dependent on the
3 1t M mark. Applies
S dot product formula | gm1
oS0 — 1) \-4 {z —/ } between d, and d, or a
JEDP (57 + 7 B2+ (07 +(-47 | V27425 multiple of d, and d,
{7=1056303588... P} 6,,,, =74.36964117... = 7437 (2dp) | awrt 7437 seenin (b) only | Al
3]
-1 2 -3
(© | AX="0X"-0d=| 3 |-| 18 |=| ~15 |or 4, ,, X, P Ax=3d, {\dl\zx/ﬁ}
9 6 3
— Full method for finding AX or XA | M1
= -3)? + (- 2 + 2 {: } = _
Ax ‘/( H(L7+E) or 3\/5 243 9\/5 94/3 seenin (c) only | Al cao
Note: You cannot recover work for part (c) in either part (d) or part (e). [2]
q YA YA_ =tan6f or YA = (their ‘E‘)tan@, where 4 is
(d | 1 - (an("74.36964...") their ‘AX‘ M1
Way 1 | "g./3"
their acute or obtuse angle between |, and 1,
YA =55.71758... =55.7 (1 dp) anything that rounds to 55.7 | Al
[2]
(€) {A_,, X, s =S0 AX =2AB=Soat B, 1=350r 1=05)}
Way 1 _ i i +
S 4 ! 0.3 Substitutes either / :(thelr I, found in (a)) + 2
OB=| 28 |+3.5| -5 [;=| 105 2 M1:
4 1 75 or 1,=3- (their 7, fozund in (a)) into 1,
4 -1 3.5 At least one position vector is correct.
_ X Al
OB=| 28 |+05| -5 [;=| 255 (Also allow coordinates).
4 1 4.5 Both position vectors are correct. |
(Also allow coordinates).
[3]
13
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Question Scheme Notes Marks
Number
18.(e) | {AX=24B= AB=14X. S0,0B=0A+ AB= OB=0A +1AX|
Way 2 2 -3 0.5 —
- Applies either 04+ 0.54X or O4-0.54X
OB=| 18 |+0.5] =15 |;=| 105 S — o —  —1 | M1;
) . S where (their AX )= i[(thelr 0X)- OA]
) _3 35 At least one position vector is correct | 4
e ) (Also allow coordinates)
OB=| 18 |-0.5| —-15 [;=| 255 "
6 45 Both position vectors are correct Al
3 : (Also allow coordinates)
(3]
) . 4—Q 2 2-A 12-2) I ,
V\:/;é(e:)), AB=| 28-51 || 18 |=| 10-54 |=| s52-2) |} ax=| -15 Ax"=243P
y 4+ 2 6 -2+A ~1(2-2) 3 AB*=27(2- 1)
2 2 2 2 9 2 189
AX =2AB B AX" =4A4B° B 243=427)2- )" b (2- 1) :Zor 271 _108I+T:0
or 108/° -4321+189=0or 4/ -16/+7=0b F=350r I=05
4 _1 05 Full method of solving for I_the equatiﬂl
0B=| 28 |+35| =5 |:=| 105 AX? = 44B° using (their AX) and AB ML
4 1 75 and substitutes at least one of their values '
' for /1 into /,
4 -1 35 At least one position vector is correct
o . : Al
OB=1 28 |+05| -5 |-=| 255 (Also allow coordinates)
’ Both position vectors are correct
4 4.5 ;
1 (Also allow coordinates) Al
Note: AX =2A4B = AX = +2AB. Hence, 7 =3.5o0r 7=0.5 can be found from solving either 3]
x:-3=x2(2-1)or y:-15=+2(10-5/)or z: -3=x2(-2+ 1)
18. (e) . e i
Way4 | -1 3 0.5 Applies either (their 0_X)+0.5£A
OB = +0.5] 15 |;=| 105 or (their OX)+1.5X4 | M1;
9 -3 73 where (their XA)= OA — (their OX)
-1 3 35 At least one position vector is correct AL
OF — 3 le1s| 15 |- 25"5 (A.Iso allow coordinates)
45 Both position vectors are correct Al
9 -3 : (Also allow coordinates)
(3]
18. (e)
Way5 | -1 2 0.5 . -
OB=05|| 3 |+ 18 |:=| 105 Applies —[(their OX )+ OA} ML1;
9 6 75 2
At least one position vector is correct
2 -3 ;
— 3.5 (Also allow coordinates) Al
OB=| 18 |-0.5| —-15 [;=| 255 "
6 Both position vectors are correct Al
3 4.5 (Also allow coordinates)
(3]
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Question Scheme Notes Marks
Number
18. (€) ‘AX‘ 3«/_:>K_9‘/—_3=E=3d;30,079:51iiﬁ 04 +1(3d)
Way 6 \/_ 1 2 2 1
2 - 02 04+0.5(K oﬁpp(l)leslt?ther
0B=| 18 |+0.5[3] =5 ||:=] 105 +0.5(Kd, ) or S(Kd,), ML
6 1 75 their '
where K = ——=——
343
. 2 -1 3.5 At least one position vector is correct | ,
OB=| 18 |[-05[3] =5 |[;=| 255 (Also allow coordinates)
6 1 4.5 Both position vectors are correct |
(Also allow coordinates)
3]
Question 18 Notes
18. (a) Note | M1 can be implied by at least two correct follow through coordinates from their /or from their m
(b) Note | Evaluating the dot product (i.e. (-1)(3) + (-5)(0) + (1)(-4)) is not required
for the M1, dM1 marks.
Note | For M1dM1: Allow one slip in writing down their direction vectors, d, and d,
Note | Allow M1 dM1 for
[ 1) 3
(Ve (57 + @ Y@+ @F + (-4¢Jeosg= | -5 || o0
1 -4
Note | g=1.297995...°, (without evidence of awrt 74.37) is AO
18. (b) | Alternative Method: Vector Cross Product
Way 2 | Only apply this scheme if it is clear that a vector cross product method is being applied.
(1) ([ 3) s Realisation that the vector
- i j Kk . .
o cross product is required
d xd,=| -5 |x 0 = -1 -5 1|= 20i-j+15k betweend, and d, M1
1 -4 s 0 -4 or a multiple of d,and d,
Applies the vector product
sing = ‘/(20) +(-)"+(15)° formula betweend, and d, | dm1
VD2 + (-5)% + (1% /(3 + (0)2 + (- 4 or amultiple of d, and d,
. \626 .
sSing = ——— P g =74.36964117... = 74.37 (2dp) awrt 74.37 seen in (b) only | Al
V27 25
3]
18. (¢) | M1 | Finds the difference between their O.X and 04 and applies Pythagoras to the result to find AX or XA
OR applies ](their 1, found in (a)) - 2|.J(-1)2+ (=5)2+ (1)?
Note | For M1: Allow one slip in writing down their OX and 04
[ 3
Note | Allow M1ALfor | 15 | leadingto AX = /(3 + (15)° + (3) = /243 =943
3
(e) Note | Imply M1 for no working leading to any two components of one of the OB which are correct.
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Question

Scheme Notes Marks
Number
18, (d) \/5 their‘ﬂ’ their‘ﬁ|
) " n " " — 11—t 90 — @) or AY:*,
Way 2 = tan(90 - "74.36964...") 7 an( ) tan(90 — 0)’ | M1
where @ is the acute or obtuse angle between |, and I,
YA =55.71758... = 55.7 (L dp) anything that rounds to 55.7 | Al
[2]
their | AX
18. (d) YA _ "94/3" Ya __ 4 oe., where disthe |y,
Way 3 | in("74.36964..")  sin(90 - "74.36964..") sing  sin(90-6)
acute or obtuse angle between |, and I,
= 9\@5'“(74'36964"') = 55.71758... = 55.7 (1dp) anything that rounds to 55.7 | Al
sin(15.63036...)
[2]
[ 1) 5 3 5+3u
18. (d) _| _ v _ _
Way 4 d = 5|, oY= 3 |+u|l 0 |= 3
1 1 -4 1-4u
2 5+3u -3-3u
YA=| 18 |- 3 = 15
6 | | 1-4u 5+4u
—3-3u -1 (Allow a sign slip in copying d,)
Yded, =0 = 15 lo] =5 |=0
5+4u 1 . — — M1
Applies YAed =0 or AYed =0
b 3+3m-75+5+4m=0 b m:g or YAe(Kd)=0 or AYe(Kd)=0
to find /7 and applies Pythagoras to find a
( 67 \2 2 [ 67 \2 numerical expression for 4Y? or for the
2 _
V' = -3- 4% ) (as) -5 (] ) distance AY
222’ > (303)°
So, YA = [-—] +(15) +[—]
7 7
=55.71758... =55.7 (1 dp) anything that rounds to 55.7 | Al
— — 2
Note: OY:@HSj—@k,AY:—gi+15j+&k [2]
7 7 7 7
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Question

Scheme Notes Marks
Number
8 -5 e . |
19. Lir=| 1|+u| 4| sod-| 4. OA occurswhen u=1. op=| 5
-3 3 3 2
@ | A3 5,0) | (3,5,0) |B1
[1]
a+Ador a+ud,a+td,a=0,d=0
1 -5 with either a = i + 5j + 2k or d = —5i + 4j + 3k, | M1
(b) {lx}r=15+4| 4 or a multiple of —5i + 4j + 3k
2 3
Correct vector equation usingl = or | = or |2 = Al
d, is the direction vector of |2 Do not allow |2 Sor |2 — or |1 = for the A1 mark. [2]
- 1 3 -2
(©) AP=0P-04=| 5 |-| 5 |=| 0
2 0
Full method for finding AP | M1
AP = /(=2)* + (0)* + (2)* =+/8 =242
JE27 + (07 +(2)° =8 =242 22 | AL
[2]
) (s _92\ (_5 Realise_xtion that the dot product is
@ |soap=| o |and 4 | , |=| ol 4 required between (AP or PA) ML
3 2 3 and +Kd, or £Kd,
dependent on the
-2 -5 previous M mark.
t 0 |of 4 Applies dot product formula d
[eos0=) AP od, 3 between their (Zs or ﬁ) and | <M1
CoS U = — =
|4P[la| =27 + 07 + (27 =57 + (@) +GF +Kd, or £Kd,
+(10+0+6) 4
{COS 9} _£(10+0+6) _4 {cose}zﬂor 0.80r 2 or 2 | At cso
V850 _5 5 10 20
[3]
() | {Area APE=] %(their 242)?sing %(their 24/2)%sing or %(their 24[2)sin(their 6) | M1
=24 2.4 0r 12 or 24 orawrt 2.40 | Al
5 10
— B
(| PE=(=5A)i + (4A)j+ (3A)k and PE = their 242 from part (c)
{PE2 :} (=54)° + (42 + (34)° = (their 2v/2) This mark can be implied. | M1
{:>50/12=8:>/12=i:>} /1=ig Eitherﬂzgoriz_g Al
25 5 5 5
1 ) -5 dependent on the previous M mark
L:r=|5|+ c 4 Substitutes at least one | dM1
2 3 of their values of Aintol,.
3 _1 At least one set of coordinates are Al
_ 17 3 _ 33 -1 correct.
{oE}=| = Jor| 34 |, {0E}=| = |or| 66
> 0.8 > 32
% % Both sets of coordinates are correct. | Al
[5]
15
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Question 19 Notes

3 3
19. (a) B1 Allow A(3,5,0) or 3i+5j or 3i +5j+ Ok or | 5| or benefit of the doubt 5
0 0
(b) Al Correct vector equation usingl = or | = or |2 = or Line2=
1 -5 ( 1 ) -5
i.e.Writing r={5|+A4| 4| or r=| 5 | +4d, where dis a multiple of | 4
2 3 2 3
Note | Allow the use of parameters £¢ or tinstead of A .
(c) M1 | Finds the difference between OP and their ©.4 and applies Pythagoras to the result to find AP
(2
Note | AllowM1Alfor | o |leadingto AP = \/(2)2 +(0)+(2) =+/8 =242,
2
(d) Note | For both the M1 and dM1 marks 42 (or P4) must be the vector used in part (c) or the difference
OP and their O4 from part (a).
Note | Applying the dot product formula correctly without cosé as the subject is fine for M1dM1
Note Evaluating the dot product (i.e. (-2)(-5) + (0)(4) + (2)(3)) is not required for M1 and dM1 marks.
Note | In part (d) allow one slip in writing .42 and d,
-10+0-6 4
Note c0Ss § = —=—— =—— followed by cos @ = 4 is fine for Al cso
850 5 5
(2 ( -10)
0 |e 8
Note ] L 2 J L 6 J
Give M1dM1AL1 for {cos 9= = _20+12_4
V8.10v2 40 5
Note | Allow final Al (ignore subsequent working) for cosé@ = 0.8 followed by 36.869.."
Alternative Method: Vector Cross Product
Only apply this scheme if it is clear that a candidate is applying a vector cross product method.
Realisation that the vector
) -5 i j ok cross product is required
_ between their
APxd,=| 0 |x| 4 | =] -2 0 2|=-8i-4j-sk SRR
(4P or P4) and
2 -5 4 3
+Kd, or £Kd,
Applies the vector product
. _ \/(—8)2 +(-4)" +(-8)° formula between their
sing = - dm1
V2 + (0 + (27 (-5)° + (4 +(3) (4P or P4) and £Kd, or £Kd,
. 12 3 4 4 8 16
sin @ = == cosf = — =— —or=—=
J8J50 5 = 5 cosé E or 0.8 or 10 or 20 Al
. 1 2 . ° 1 2 . o o
(e) Note | Allow M1;Al for E(2\/5) sin(36.869...") or 5(2\/5) sin(180° — 36.869..."); = awrt 2.40
Note | Candidates must use their ¢ from part (d) or apply a correct method of finding
their sing = 3 from their cosé = 4
5 5
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Question 19 Notes continued

19. (f) Note Allow the first M1A1 for deducing A = % or 1= 2 from no incorrect working
SC Allow special case 1* M1 for A = 2.5 from comparing lengths or from no working
Note Give 1 M1 for \(=54)° + (44)° + (31)° = (their 2v/2)
Note Give 1% MO for (~51)° + (44)* + (31)" = (their 2\/5) or equivalent
Note | Give 1M1 for 4 _their AP="2V2" g1 aq for 4 22
JE5)7 + @) + 3y 52
-5 -5
Note Soldi=—| 4 |=! "vector"= 22 owial
2|, 2|
Note The 2" dM1 in part () can be implied for at least 2 (out of 6) correct x, y, z ordinates from their
values of A.
Note Giving their “coordinates” as a column vector or position vector is fine for the final ALAL.
CAREFUL | Putting |, equal to A gives
(1) (5 [3) (2 =% Give MO0 dMO for finding and
S|+A4 A=l 5S> 4=0 using A = 2 from this incorrect method.
2 3 0 A=-2 5
CAREFUL | putting Ad, = AP gives
(5) [ 2) ( A=—% ) Give M0 dMO for finding and
A 4=l 0o 4=0 using A = _ 2 from this incorrect method,
3 -2 A=-2 5
General You can follow through the part (c) answer of their AP = 2\/5
for (d) M1dM1, (e) M1, (f) M1dM1
General You can follow through their a, in part (b) for (d) M1dM1, (f) M1dM1.
34 " | EXPERT

IC | TUITION




Question Scheme Marks
Number
5 0 8 3
20. l:r=|-3|+4 1|, L:r=| 5|+ u| 4| Leté& =acuteanglebetween |, and |,.
p -3 -2 -5
_Note: Youcan mark parts (a) and (b) together. |
(@) fh=l,=i}5=8+3u=pu=-1 Finds zand substitutes their ginto 1, | M1
8 3 sy Ty 5 """"""""""""""""
so.{od}=| 5 |-1l 4 |=]|1 5i+j+3k or |[1] or (5,1,3) | Al
] -5 3 3
Equates j components, substitutes
(b) {J: -3+4=5+4u j} —8+ 4= 5+4( 1):”1 4 their 4 and solves to give 4= M1
K: p 3/1 _ _2 5u = Equates K components substitutes their A and thelr
0—3(4)=—2—5(-1) = p=15 u and solves to give p =.. _ or
— equates k components to give | M1
' their " p— 34 =the k value of A found in part (a)”,
or ki p-3i=3= substitutes their 4 and solves to give p =...
B S e S T p=15 AL
_________________________________________________________________________________________________________________________ (3].
3 0 3 Realisation that the dot product is
() d,=| 1|, d,=| 4| =| 1|e| 4 required between | M1
-3 -5 -3] | =5 *Ad,and £Bd,.
"""""""" (0314_3_5\Anattempt toapply thedot |
cos @ =+ KL - (2)+( )(2 )+ ( - X )2 ZJ product formula between + Ad, gm%
VO + U+ (-3 (3 + (4 +(-5) and 4B | 0
19
cos @ = NI = 0=31.8203116... = 31.82 (2 dp) anything that rounds to 31.82 | Al
Y o 11
11 11 5 6 3 6
d |0B=| 9 | 4B=| 9 |-| 1 |=| 8 |or4B=2 4 |=| 8
See M1
7 7 3 -10 -5 -10 notes
48] = \/62+82+( 10y’ {—10\/5}
d T Wirites down a correct trigonometric equation involving |
——==sind . . dM1
the shortest distance, d. Eg: =sinéd, oe.
102 J their AB
{d 10/25in31.82... = } d = 7.456540753... = 7.46 (3sf) anything that rounds to 7.46 | Al
""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""" [3]
11
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20. (b)

Alternative method for part (b)

Eliminates A to write down an

3xj: —9+31=15+12u 0—9-13+74 wril M1
K: p-31=-2+5u equation inp and u
Substitutes their £ and solves to give M1
p-9=13+7(-1) = p=15 p=..
p=15 | Al
20. (d) | Alternative Methods for part (d) Let X be the foot of the perpendicular from B onto I,
0 5 0 5
d=| 1|, OX=| -3 |+A] 1 |=| -3+41
-3 15 -3 15-31
5 11 -6
BX=| -3+ |-| 9 |=| -12+4
15-34 -7 22 =31
Method 1
—6 0 (Allow a sign slip in
— copying d
BXed =0 = 124+ A4 |e 1 |==12+A-66+94=0 . Pying d,)
2 _3) _3 Applies BXed =0and
solves the resulting | M1
leadingto 104 —-78 =0 = A= 39 equation to find
5 a value for A.
Substitutes their value of
-6 -6 ) L
39 ,1 A into their BX.
BX = —12 +— = -— . .| dMm1l
5 5 Note: This mark is
39 7 dependent upon the
22 -3 5 o previous M1 mark .

2 21Y’ 7Y’ 7 46
d=BX =,/(-6) + = +| - ) = 7.456540753... awrt 7. Al
Method 2

— 2 2

Let B=|BX| = 36+ 144- 242+ 2> + 484 - 1322+ 92° Finds ff = |BX| in terms of 4,

_ 2

= 1047 ~1567 + 664 finds 92 and sets this result | M1

dg 39 dA
SO a1 204 -156=0 =4 =— equal to 0 and finds a value for
A.
—2
2 Substitutes their value of A into their | BX]

J——) .
55 10 2] 152 64 = 18 i vl B |

5 5 5 Note: This mark is dependent upon the

.......................................................................................... previous Mimark. |
d=BX = /% = 7.456540753... [ awrt 7.46 | A1
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Question 20 Notes

20. (a) M1 Finds 4 and substitutes their xinto I,

5
Al Point of intersection of 5i +j+ 3k . Allow |1| or (5,1,3).
3
~_Note | You cannot recover the answer for part (a) in part (c) or _part (d).
(b) M1 Equates j components substitutes their 7 and solves to give A =

M1 Equates k components, substitutes their A and their # and solves togive p=..
or equates k components to give their " p—34 =the k value of A” found in part (b)

(©) NOTE | Part (c) appears as M1A1Al on ePEN, but now is marked as M1M1A1l.
M1 Realisation that the dot product is required between +Ad and +Bd,.

Note | Allow one slip in candidates copying down their direction vectors, d, and d,.

dM1 | dependent on the FIRST method mark being awarded.
An attempt to apply the dot product formula between +Ad,and +Bd, .

Note | 6= 05553..° is AO.
( 0-16-60 V-
L\/(0)2+ (4)?+ (-12)2 A/ (=3)2 + (~4)* + (5)? J J160.4/50

Alternative Method: Vector Cross Product
Only apply this scheme if it is clear that a candidate is applying a vector cross product method.

Note M1A1 for cos @ =

(o) [ s bk Realisation that the vector
dxd,= 1 |x| 4 | =410 1 -3|=7i-9j-3k |crossproductisrequired M1
-3 -5 3 4 _5 between +Ad,and £Bd, .
sing - JO+ (-9 + (3 An attempt to apply the dM1
JO)2+ @2+ (=32 (37 + (4)2 + (-5 vector cross product formula | (s
V13 :
sing = \/_ \/_ = 6 =31.8203116... = 31.82 (2 dp) anything that rounds to 31.82 | Al

(d) M1 | Full method for finding B and for finding the magnitude of AB or the magnitude of BA.

dM1 | dependent on the first method mark being awarded.
Writes down correct trigonometric equation involving the shortest distance, d.

Eg: - =sing or -
their AB their AB
and @ ="their@" or stated as 9

=c0s(90-6), o.e., where “their AB” is a value.

Al | anything that rounds to 7.46
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Question

Scheme Marks
Number
21. | OA=-2i+4j+7k, OB=—i+3j+8k & OP =0i + 2j+ 3k
(a) AB = = +((~i + 3j+8K)— (-2 + 4j+ 7K)); = i —j+ k M1; Al
2]
-2 1 -1 1
(b) {Il: r }= 4 |+ -1| or {r}z 3| +4| -1 B1ft
7 1 8 1
1]
-1 0 -1 1
©) PB=0OB-OP=| 3|-|2|=| 1| or BP=| -1 M1
8 3 5 -5
1) (-1 Applies dot product
1le| 1 formtﬁ betvE(?n
AB « PB 1 5 their (AB or BA) M1
{cos 0 =} —— = A
[AB|[PB|  J@?+ (-7 + @7 D+ @7+  andtheir (PB or BP)
{cos 0} = A-iis s 1 Correct proof | Al
BV 9 3 orrect proo €S0
[3]
p+Ad or p+ ud, p=0, d= Owith
d) 0 1 either p=0i + 2j + 3k or d = their AB,ora | M1
{lrr=}| 2] +pu| -1 . =
3 1 multiple of their AB.
Correct vector equation. | Al ft
- L [2]
0 1 1 0 1 Either OP + their AB M1
OC=|2|+|-1|=|1| or OD=|2|-|-1 or OP — their AB
(e) 3 1 4 3 1 At least one set of coordinates are AL ft
correct.
{C (1 1 4)’ D(_l’ 3 2)} Both sets of coordinates are correct. | Al ft
[3]
(M h —sin® = =sind | g
Way 1 | [(-)?+ @)+ (5) their | PE|
5 8
h =/275sin(70.5...) {: ﬁ? = 26 = awrt 4.9} 275in(705..) or 27. 3 | Al oe
or 2+/6 or awrt 4.9 or equivalent
1 . . .
Area ABCD = % 2\/6(\/5 + 2\/§) E(thelr h)(their AB + their CD) | dM1
{:%2\%(3\6)=3J1§}=9ﬁ 942 | Al cao
[4]
15
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21. (f)

Helpful Diagram!

Area A APB = 4.2426... ‘j NE]

DA =PB =

P_A:C_B.:

h =2+/6 =34/3. (@J: 4.8989...

2
-2 1 _
PA=CB=| 2|and AB =| -1/, so BC L AB Candld_ates do not need to
A L prove this result for part (f)

Attempts ‘ﬁ‘ or ‘@‘

M1

21. () =5 2 2 2
h=[CB|= (-2)* +(2)* + (4)* =24 =2./6 = 4.8989... o
Way 2 ‘ ‘ ‘PA‘ = ‘CB‘ =24 | Al oe
Area ABCD =~ \24(v3+2V8) or S V24V3+2AN3  Jh(tneir AB+ teirCD) | dML oe
=942 942 | Al cso
[4]
Way3 | Finds the area of either triangle APB or APD or BCP and triples the result.
21.(f) | Area AAPB = % J3 (3J§)sin9 Attempts% (their AB)(their PB)siné | M1
1 .
_1 V/3(3+/3)sin(705...) 5 V3(3V3)sin(705..) or 32 | 5
2 or awrt 4.24 or equivalent
Area ABCD =3 (3\/5) 3 x Area of AAPB | dM1
=942 942 | Al cso
[4]
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Question 21 Notes

21. (@) | M1 | Finding the difference (either way) between OB and OA.
If no “subtraction” seen, you can award M1 for 2 out of 3 correct components of the difference.
1 1
Al |i—-j+kor |-1|or (1,-1,1) or benefit of the doubt -1
1 1
-2 1 -1 1
(b) Bift | {r}=| 4|+A|-1| or {r}=| 3|+4|-1|, with AB or BA correctly followed through from (a).
7 1 8 1
Note | r = is not needed.
(c) | M1 | Anattempt to find either the vector PB or BP.
If no “subtraction” seen, you can award M1 for 2 out of 3 correct components of the difference.
M1 | Applies dot product formula between their (E or ﬁ) and their (ﬁ or ﬁ)
Al | Obtains {cos6)} =% by correct solution only.
: _ ABePB .
Note | |f candidate starts by applying ————— correctly (without reference to cosé =...)
‘AB HPB‘
they can gain both 2™ M1 and A1 mark.
Note | Award the final A1 mark if candidate achieves {cos 9} = % by either taking the dot product between
1 -1 -1 1
(|-1jand| 1| or (ii) | 1|and | —-1|. Ignore if any of these vectors are labelled incorrectly.
1 5 -1 -5
Note | Award final A0, cso for those candidates who take the dot product between
1 1 -1 -1
@iii) [ -1]and | =1| or (iv) liand | 1
1 -5 -1
. . 1 1
They will usually find {cos@} = — 3 or may fudge {cosg} = 3
If these candidates give a convincing detailed explanation which must include reference to the direction
of their vectors then this can be given Al cso
(©) Alternative Method 1: The Cosine Rule
-1 0 -1 1 _
PBE=0OB-0P=| 3|-12l=| 1! or BB =| -1 Mark in the same way M1
as the main scheme.
8 3 5 -5
Note‘ﬁ‘ =27, ‘ﬁ‘ =+/3 and ‘P—A‘ =24
2 2 2 Applies the cosine rule
(\/ﬁ) B (\/ﬁ) * (\/5) Z(Jﬁ)(ﬁ)cow the correct way round M1 oe
cosfd = 2r+3-24 =1 Correct proof | Al cso
18 3
[3]
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21. (c) | Alternative Method 2: Right-Angled Trigonometry

-1 0 -1 1
PBE=0B-0P=| 3|-l2l=| 1| or BB =!| -1 Mark in the same way M1
as the main scheme.
8 3 5 -5
Elther \/§) = (\/ﬁ)z
1 Confirms APAB is right-angled | M1
or ABePA =|-lle| 2|= -2-2+4=0
1 4
cosf = A— = ﬁ L Correct proof | Al cso
PB V27 03
3]
0
(d) M1 | Writing down a line in the form p + Ad or p + xd with either a =| 2 | or d = their AB d = their AB,
3
or a multiple of their AB found in part (a).
0 1 0
Alft | Writing | 2 |+ -1| or |2|+ud, where d = their AB or a multiple of their AB found in part (a).
3 1 3

Note | r = isnot needed.
Note | Using the same scalar parameter as in part (b) is fine for Al.

(e) M1 | EitherOP + their AB or OP — their AB.

Note | This can be implied at least two out of three correct components for either their C or their D.
A1ft | At least one set of coordinates are correct. Ignore labelling of C, D

Alft | Both sets of coordinates are correct. Ignore labelling of C, D
Note | You can follow through either or both accuracy marks in this part using their AB from part (a).

h .
Wayl: ————— =sind
(0 M1 their ‘PB‘

Way 2: Attempts‘ﬁ‘ or ‘@‘
Way 3: Attempts% (their PB)(their AB)sin&
Note | Finding AD by itself is MO.

Al Either
e h=427sin(705..) or ‘ﬁ‘ = ‘@‘ = /24 or equivalent. (See Way 1 and Way 2)
or

o the area of either triangle APB or APD or BDP = % \/5(3\/§)sin(70.5...) 0.e. (See Way 3).

dM1 | which is dependent on the 1* M1 mark.
A full method to find the area of trapezium ABCD. (See Way 1, Way 2 and Way 3).

Al 9+/2 from a correct solution only.
Note | A decimal answer of 12.7279... (without a correct exact answer) is AQ.
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Question

Number Scheme Marks
1 0 7 3 1 4 A lieson |, and
22. L:r=|2(+4] 2|, L:r=|0|+ul-5 OA=|2|,0B=|p
3 -1 7 4 3 3 B lieson |,
1]
i 1=7+3u
(b) {l,=1, =} 1j: 2+24= -5u
k: 3—- 41 =7+4yu
eg. i 7+3u=1 Writes down an equation involving M1
only one parameter.
So, u=-2 H=—-2 | Al
Point of intersection is OC = i +10j — k i+10j-k | Bl
Finds A =4 and either
e checks A =4and u =-2 is true for the third component. B1
e substitutes 4 =-2 into |, togive i +10j -k
and substitutes 4 =4 into I, to give i +10j -k
[4]
(b) Alternative Method: Solving j and k simultaneously gives
8=14+3y oOF 23+31=35 Writes down an equation involving M1
only one parameter.
SO, u=-2ori1=4 Either u=-2o0or1=4 | Al
Point of intersection is OC = i +10j — k i+10j-k | B1
Finds A =4 and either
e checks u =-2 istrue for the i component. B1
e substitutes x =-2 into |, to give i +10j -k
and substitutes 4 =4 into |, to give i +10j -k
[4]
1 1 0 1 4 _3 An attempt to find both the
¢ |AC=|10|-|2|=| 8|and BC=[10|-|5|=| 5 vectors(AC or CA) | g
-1 \3) (-4 -1) (3) (-4 and (BC or CB).
0) (-3 Applies dot product
n glel 5 formula between
IC o BE a4l g their (E or C—A) M1
cos ACB = ——— = and their
[AC|[BC|  J(0)! +(®) +(-4)° (=3)" +(5)" +(-4)" _ andihe
(BC or CB).
~0+40+16 56 _ _ Anything that
{cos ACB = T80 750 Ja000 :} ACB = 27.69446... = 27.7 (3 sf) rounds to 27 7 Al
3]
1 . . See notes | M1
d Area ACB= —(+/80)(~/50)sin27.69446... =14.696888... .
@ 2(\/_)(\/_) ! Anything that rounds to 14.7 | Al
2]
10
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Question 22: Alternative Methods for Part (¢)

22. (c)

Alternative Method 1: Using the direction vectors of Line 1 and Line 2

0 3
d,=| 2|, d,=|-5
-1 4
0 3
2 el —5 Applies dot product
1 4 formula between | M2
cosg= S _ _ their d, and d,
[di[dy [ )+ (27 + (<27 @) +(-5)" + (4’
cosg =2—10-4_ ~7310 =+ 0 =152.3054385...
J5.4/50 25
Angle ACB =180 —152.3054385... = 27.69446145... = 27.7 (3 sf) Anything that rounds to 27.7 | Al
[3]
Alternative Method 2: The Cosine Rule
1 1 0 1 4 _3 An attempt to f@ both_the
AC=|10|-|2|=| 8| and BC=|10|-[5|=| 5 vectors(AC or CA) | 1y
-1) (3] (-4 -1) (3) (-4 and(BC or CB).
4 1 3
Also AB=|5|-|2|=|3
3 3 0
Note|AC| - &0, [BE]| - 50 and [A8)| - 18
2 2 2 Applies the cosine rule
(\/ﬁ) _(@) * (\/%) 2(@)(@)%59 the correct way round. M1 oe
710
{cose = 2—\/; } = 0 =27.69446145... = 27.7 (3 sf) Anything that rounds to 27.7 | Al
[3]
Alternative Method 3: Vector Cross Product
Only apply this scheme if it is clear that a candidate is applying a vector cross product method.

1 1 0 1 4 _3 An attempt to fm both_the
AC=[10|-|2|=| 8| and BC=|10|-|5|=| 5 vectors(AC or CA) | ;3
-1) (3] |-4 “1) (3) (-4 and (BC or CB).

0) (-3 i j k Full method for applying the
ACxBC =| 8|x| 5| =1{| 0 8 -4 = 24i +12j+ 24k vector cross product formula
—4) (-4 35 4 _ between |
their (AC or CA)
Gin ACE J(24)7 + (12)* + (12)? SN
\/(0)2+(8)2+(—4)2 .\/(_3)2 TG+ (D) and their (BC or CB).
. J864 3415
sin ACB = = = 0 = 27.69446145... = 27.7 (3sf)  Anything that rounds to 27.7 | Al
{ JB0.B0 25 yihing
[3]
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Question 22 Notes

22. (a) B1 | p =5 (lgnore working.)
(b) Method 1
M1 | Writes down an equation involving only one parameter.
This equation will usually be 7 +3x =1 which is found from equating the i components of I, and 1,.
Al Finds p=-2
1
B1 Point of intersection of i +10j— k. Allow (1,10, -1) or |10 |.
-1
B1 Finds A =4 and either
e checks A =4and x = -2 istrue for the third component.
e substitutes 4 =-2 into |, togive i +10j — k and substitutes A =4 into |, to give
i+10j-k
(b) Alternative Method
M1 | Writes down an equation involving only one parameter.
Solving the j and k components simultaneously will usually give either 8 =14 + 3z or 23+ 31 =35
Al Finds either u=-2 or A =4
1
B1 Point of intersection of i +10j — k. Allow (1,10, -1) or |10 |.
-1
Finds A =4 and either
e checks x =—2 is true for the i component.
Bl e substitutes 4 =-2 into |, togive i +10j -k
and substitutes 4 =4 into I, to give i +10j — k
(c) M1 | Anattempt to find both the vectors(ﬁ or GA) and(ﬁ or @) by subtracting.
M1 | Applies dot product formula between their (E or @) and their (ﬁ or @)
Al anything that rounds to 27.7
Note | Ananswer of 0.48336... in radians without the correct answer in degrees is AO.
Note | Some candidates will apply the dot product formula between vectors which are the wrong way
round and achieve 152.3054385...". If they give the acute equivalent of awrt 27.7 then award Al.
(d) M1 %(their length AC)(their length BC)sin(their 27.7 from part(c))
Al anything that rounds to 14.7. Also allow 6+/6.
Note | Area ACB= %(J%)(@)sin(152.3054385...°) = awrt14.7 is M1AL
44 T" | EXPERT

I_ | TUITION




Question

Number Scheme Marks
13 2 -p
23, |l:r=|8|+4 2|, A(3,-2,6), OP=| 0
1 -1 2p
3 -p -p 3 Finds the difference
(a) {ﬁ} = -2|-1 0 {ﬁ} =/ 0|-]-2 between OA and OP . | M1
6 2p 2p 6 Ignore labelling.
3+p -3-p
= =2 = 2 Correct difference. | Al
6-2p 2p-6
3+p 2
-2 |o| 2|=6+2p—-4-6+2p=0 See notes. | M1
6-2p) \-1
p=1 Al cso
[4]
(b) |AP| = \/4? + (-2)* + 4% or |AP| = \/(—4)2 + 2% + (-4)° See notes. | M1
So, PAor AP =+/36 or 6 cao Al cao
It follows that, AB ="6" {=PA} or PB="62" {=+2PA| See notes. | B1 ft
{Note that AB ="6" = 2(the modulus of the direction vector of 1)}
3 2
OB =|-2|+2 2| or
6 -1 Uses a correct method in order
to find both possible sets of | M1
. 13 2 . 13 copordinates of B.
OB=|8|-3 2| and OB=|8|-7
1 -1 1 -1
7 -1
=|2|and | -6 Both coordinates are correct. | Al cao
4 8
[5]
9
Notes for Question 23
23.(a) | M1: Finds the difference between OA and OP. Ignore labelling.
If no “subtraction” seen, you can award M1 for 2 out of 3 correct components of the difference.
3+p -3-p
Al: Acceptany of -2 |jor B+p)i—-2j+(6-2p)k or 2 or(-3- p)i+2j+(2p - 6)k
6-2p 2p—6
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Notes for Question 23 Continued

23. (a)

(b)

M1: Applies the formula PAe

2
2
-1

or APe

2

2 | correctly to give a linear equation in p which is set equal to

-1

2
zero. Note: The dot product can also be with k| 2
-1

Eg: Some candidates may find

13 3 10
8 | - | —2 | = 10 |, for instance, and use this in their dot product which is fine for M1.
1 6 -5

Al: Finds p =1 from a correct solution only.

Note: The direction of subtraction is not important in part ().
M1: Uses their value of p and Pythagoras to obtain a numerical expression for either AP or PA or AP’ or

PA2.  Eg: PAOr AP = 42 + (<2)2 + 42 or \J(=4)? + 22 + (—4)? or 4 + 22 + 42
or PA? or AP? = 4% + (=2)* + 4% or (=4)* +2° + (—-4)* or 4> +2° + 4

Al: APorPA =+/36 or 6 cao or AP? =36 cao

B1ft: States or it is clear from their working that AB ="6" {= their evaluated PA} or

PB="6"2 {: V2 (their evaluated PA) } .

Note: So a correct follow length is required here for either AB or PB using their evaluated PA.
Note: This mark may be found on a diagram.

Note: If a candidate states that ‘ﬁ‘ = ‘E‘ and then goes on to find ‘ﬁ‘ =6 then the B1 mark can be implied.
IMPORTANT: This mark may be implied as part of expressions such as:

{AB =} /(10 + 24)% + (10 + 24)? + (-5- 2)* =6 or { AB* =} (10 +22)* + (10 + 24) + (-5- 2)* = 36

or {PB =} (14 + 22)? + (8 + 24)" + (-1- 4)* = 62 or { PB? = (14 + 22)" + (8+ 22)" + (-1- 1)’ =72

M1: Uses a full method in order to find both possible sets of coordinates of B:
3 2 13 2 13 2

—2|+2| 2 Eg2: OB=|8|-3 2| ad OB=|8|-7 2
6 -1 1 -1 1 -1
Note: If a candidate achieves at least one of the correct (7, 2, 4) or (-1, — 6, 8) then award SC M1 here.
3 2 3 2
Note: OB = | —-2|-3 2| and OB =|-2|-7 2
6 -1 6 -1
Al: Forboth (7,2, 4) and (-1, —6,8). Accept vector notation or i, j, k notation.
Note: All the marks are accessible in part (b) if p =1 is found from incorrect working in part (a).
3 2
-2|x2| 2
6 -1

Eg 1: OB =

is MO.

Note: Imply M1A1B1 and award M1 for candidates who write: OB = , with little or no

earlier working.
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Notes for Question 23 Continued

23, Helpful Diagram!
[AB| = 947 + 904 + 225
13+ 22 |
10 + 24 Bl 8+24
AB = | 10+ 22
AS//1
'6\ﬁ &\
14+ 24 Pl 0= 0
PB=| 8+24 2 2p
-1-1
[PB] = 947 + 902 + 261
23. (b)| Way 2: Setting AB ="6" or AB? ="36" Note: Itis possible for you to apply the main scheme for Way 2.

{AB="6"= AB® ="36"=} (10+21)" + (10 + 22)* + (-5 1)’ ="36"  BLft could be implied here.
947 + 904 + 225=36 = 94° + 904 +189=0
A2 +101+21=0= (A +3)(A1+7)=0
A=-3,-7
Then apply final M1 Al as in the original scheme. | .. M1Al

23. (b)| Way 3: Setting PB = "6+/2" or PB?="72" Note: Itis possible for you to apply the main scheme for Way 3.
{PB ="6"\2 = PB? ="72" :»} (14 +22)* + (8 + 22)* + (-1- A)* ="72"  B1ft could be implied here.
91% + 901 + 261=72 = 91> +901 +189=0
A2 +101+21=0= (A +3)(A1+7)=0
A=-3,-7
Then apply final M1 Al as in the original scheme. | ... M1 Al
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Notes for Question 23 Continued

(You need to be convinced that a candidate is applying this method before you apply the Mark Scheme for

Way 4).
s = —— . PAePB
Way 4: Using the dot product formula between PA and PB, ie: cos 45 = m
PA.|PB

4\ (14 + 24
PAePB = | —2|e| 8+21 | =56+81—-16-41-4-41=36
4) (-1-4
For finding ‘ﬁ‘ as before. | M1
S 1 36
Cos4d =f —= = 36 or 6 | Al cao
{ } V2 6 \J04? + 904 + 261 - V36
[PB|= /92? + 904 + 261 | B1 0e
1 36

2 94% + 904 + 261
94% +904 + 261=72 = 91?2 +901+189=0
A2 +101+21=0= (A +3)(1+7)=0

A=-3,-7
Then apply final M1 A1 as in the original scheme. | ... M1 Al

23.0)| \way 5)
AB e PB

(You need to be convinced that a candidate is applying this method before you apply the Mark Scheme for

Way 5: Using the dot product formula between AB and PB, ie: cos 45 = W
AB|.|PB

Attempts the dot product formula M1
between AB and PB.

10+24) (14+ 24 o .

10+ 21 le| 8424 Correct statement with ‘AB‘ and ‘PB‘ Al

-5_72 1-2 simplified as shown.
Either [AB| = /947 + 902 + 225 or

Bl

cos45 =—— =
V2 Jo2% + 904 + 225 ([947 + 904 + 261

[PB|= /92 + 902 + 261

140 + 204 + 281 + 442+ 80 + 204 + 164 +44* + 5+ 51 + 4 + A2

45" = -
foos 45" J9AZ + 904 + 225 947 + 904 + 261
fcos 45 =} L 947 + 904 + 225
J9AZ + 904 + 225 947 + 904 + 261

(942 + 904 + 225)?
(947 + 904 + 225)(947 + 904 + 261)
(947 + 904 + 225)
2~ (947 + 90/ + 261)
947 + 904 + 261 = 2(942 + 904 + 225) = 94% + 901 + 189 = 0
A2 +101+21=0= (A +3)(A1+7)=0
A=-3,-7

H
| N §‘||—\ §‘|r—\

Then apply final M1 A1 as in the original scheme. | ... M1 Al
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Notes for Question 23 Continued

23. (b)| Way 6:
4 2
PA=|-2|=2|-1| and direction vectorof lis d=| 2
4 2 -1
So, ‘ﬁ‘ _5 |d| or PA=2 |d| A correct statement relating these M1 A1 B1
distances (and not vectors)
Apply final M1 A1 as in the original scheme. | ... M1 Al
Note: PA = 2d with no other creditable working is MOAOBO...
3 2
Note: PA=2d,followedby OB = | -2 [+2| 2| is M1A1B1M1 and the final A1 mark is for both sets of
6 -1
correct coordinates.
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Question

Number Scheme Marks
a 6 21 25
24. l:r=| b|+4| c|, OA=|-17|, OB=|-14
10 -1 6 18
21 a 6
(a) Aisonl,so | =17 |=| b |+4| ¢
6 10 -1
{k:10-1=6=} 1=4 A=4|B1
{ia+61=21=} a+6(4)=21 S“bsit‘fﬁtgef g’j"iezof M1
a=-3 a=-3 | Al cao
[3]
25 21 21 25 Finds the difference
(b) {Kﬁ } =|-14 |- | -17 {453 } =|-17|- | -14 between OA and OB . | M1
18 6 6 18 Ignore labelling.
-4
[AB} =| 3 {BA}=|-3
12 -12
4 6
{ng_l = KEEOdzO} = | 3|ef c|=24+3¢c-12=0;=>c=-4 See notes. | M1; Al ft
12) (-1
{j: b+cA=-17 =} b+ (-4)(4) =-17;= b=-1 See notes. idl“ﬂié a0
[5]
() |AB|= /42 + 3 +12% or |AB|= JE4? + (<3)2 + (-12)° See notes. | M1
So, |AB| =13 Al cao
[2]
o 21 -4 17 See notes for
(d) OB'{= OA+BA} = |-17 |+| -3 |;=|-20 alternative | M1;Al cao
6 12 -6 methods.
[2]
12
Notes for Question 24
@) B1l: A =4 seen or implied.
M1: Substitutes their value of 1 into a + 64 =21
Al: a=-3.
Note: Award BIM1AL1 if the candidate states a = —3 from no working.
Alternative Method Using Simultaneous equations for part (a).
B1: For 60 - 61 =36
M1: 60 - 64 =36 and a + 64 = 21 solved simultaneously to give a = ...
Al: a=-3, cao.
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Notes for Question 24 Continued

24,
(b)
ctd | M1: Finds the difference between OA and OB . Ignore labelling.
If no “subtraction” seen, you can award M1 for 2 out of 3 correct components of the difference.
6 6
M1: Applies the formula ABe| c | or BAe| c | correctly to give a linear equation in ¢ which is set equal
-1 -1
6
to zero. Note: The dot product can also be with k| c |.
-1
Alft: ¢=-4 or for finding a correct follow through c.
ddM1: Substitutes their value of A4 and their value of ¢ into b + ¢4 =-17
Note that this mark is dependent on the two previous method marks being awarded.
Al: b=-1
© M1: An attempt to apply a three term Pythagoras in order to find |AB| :
so taking the square root is required here.
Al: 13 cao
Note: Don’t recover work for part (b) in part (c).
(d) M1: For a full applied method of finding the coordinates of B'.
Note: You can give M1 for 2 out of 3 correct components of B'.
17
Al: For either | -20 | or 17i-20j—6k or (17,-20,-6) cao.
-6
Helpful diagram!
51 T | EXPERT

IC | TUITION




Notes for Question 24

Continued

Acceptable Methods for the Method mark in part (d)

21 -4
Way 1 | OB’ {: OA + Bﬁ} =|-17|+| -3 (using their BA)
6 -12
21 4
Way 2 | OB’ {z ﬁ—ﬁ} =|-17|-| 3 (using their AB)
6 12
25 —4
Way 3 | OB’ {: OB + 2483} = |-14|+2| -3 | (usingtheir BA)
18 -12
25 4
Way 4 | OB’ {: OB - Zﬁ} = |-14|-2| 3| (usingtheir AB)
18 12
25 Minus 4 21 Minus 4 17
Way5 | |-14| —| Minus3 | »|-17 | »| Minus3 | {—|-20|; , so OA + their BA
18 Minus 12 6 Minus 12 -6
21 25
Way 6 | OB'{= 20A-0B| =2/ -17 |- -14
6 18
Way 7 | OB = 25i —14j + 18k, OA=21i —17j + 6k and OB’ = pi + gj + rk,
(21,—17,6)=(25+ P —14+q’18+ rj
2 2 2
p=21(2) -25=17 M1: Writing down any two equations correctly and
q=-17(2) +14=-20 an attempt to find at least two of p, q or r.
r=6(2)-18=-6
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Question

Number Scheme Marks
-9 5
25. L:r=| 8|+u -4
5 -3
(a) A(L,0,-1) correct coordinates | B1
[1]
1 5
(b) OA=| 0|,d,=|-4| and #isangle
-1 -3
1 5 _
0lel 21 Applies dot product
OA od, a3 formula between OA and | M1
Cos 0= — = d,.
CAJdy| V@ +(0)+ (-1 .J5)* + (-4)* +(-3)°
5+0+3 8
cos d = = - Correct ft expression or
JO2 + 07 + (D7 B + (47 +(-3) | (V2)(5v2 equation, | AL Tt
8 4 8 4 .
cosd = — or — or 0.8 — or — or 0.8 Isw
0758 10 %508 Al cao
[3]
1 3
() OB=30A =3 0|=| 0
-1 -3
In the form of their OB + Ad
3 5 with any one of either d, or their ft OB | M1
lpir= 2 A _: correct.
Correct equation and r = ﬁ;lft
[2]
(d) OB =/(3)° + (0)° + (-3)’
=18 = 32 32 |Blft
[1]
OX . OX .
So, —= =sind =sin @
(€) 32 theros o | Ml
{cos 0 = %:} sing = g Converts cos @ into an expression for sind | M1 oe
OX {: 32 @J - %ﬁ } — 2.5455844... OX=awrt 255 | Al
[3]
10
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Notes on Question 25

(b) Note: Obtaining cos 6 = —g is M1A1AO.
(e) Note: 2" M1 mark can be awarded instead for candidate using sin(awrt 37)
(e) Alternative Method 1 for part (e)
) 3 5 3+54
d,=|-4|, OX =| 0|+4|-4|=| -44
-3 -3 -3) (-3-31 o
M1: Applies OX ed, =0 and
3+54 5 . . .
— solves the resulting equation to find
OXed, =0 = —41 |o| -4 | =15+ 254+164+9+91=0 a value for 4
-3-31 -3
. 12
leading to 504 +24 =0 = /1:—£
dM1: Substitutes their value of 2
3 3 5
Position vector OX =| 0|-12|_4|=| 28 -3 -3
-3 5 -3 25 Note: This mark is dependent upon
_39 the previous M1 mark if a
25 candidate uses this alternative
method.
2 2 2
OX = [§j + (ﬁj + (_ QJ = 2.5455844... Al: For OX = awrt 2.55
5 25 25
(e) Alternative Method 2 for part (e)
ﬁ=cos€ :BX=3\/§ﬂ =M M1: I?X =c0s 4
32 5 5 their OB
2 2 M1: Subtracts using Pythagoras to
S0, OX = \/(NE) - (2442 find OX. Y
OX = 2.5455844... Al: For OX = awrt 2.55
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Questio

n Scheme Marks
Number
i: 9+4A=2+2u (1) )
2.0 b=t @ ot
k: 3-21= 1+u (3) '
Eg: 2)-(3): 16+64=-2 or An attempt to eliminate dM1
(2)-4Q1): -23 =-9-T7u one of the parameters.
Leadingto A =-3 or u=2 Either A=-3 or u=2 | Al
9 1 6 2 2 6
L:r=113|-3 4|=|1| or L:r=|-1{+2/1|=|1 See notes | ddM1 Al
-3 -2 3 1 1 3
o []
1 2 1) (2 Reallsatc;ontt_hat the_do;
product is require
() |di=| 4] d={1) =) 41e1 between +Ad,and | M1
2+4-2 .
cos g =+ i Correct equation. | Al
J(l) +(@ + (27 @+ O +
c0s = —— = 60 =69.1238974...=69.1 (1Ld
[3]
4 9 1 9+ 1
(c) | OA=|16 ,@:13 + A 4|=|13+44
-3 -2 -3-21
9+ 1 A+5
=113+42 =423 M1IAl
-3-24 -2
A+5 1
AP o d =0 =|41-3|e¢] 4|=21+5+16A-12+41=0 daMm1
-2 -2
1 1
leading to {211 -7 =0 = }/‘L:g ﬂzg Al
ol) (28
9 1 3 3
.. — 1 1 43
Position vector OP =| 13 | + 3 4= 14§ or 3 ddM1 Al
-3 -2
32 i
3 3
[6]
14
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26. (a)

(b)

(©)

56

M1: Writes down any two equations. Allow one slip.
dM1: Attempts to eliminate either A or x to form an equation in one parameter only.

Al: Foreither 2=-3 or x=2. Note: candidates only need to find one of the parameters.
ddM1: For either substituting their value of Ainto I, or their x into I,.

6
2" Al: Foreither |1| or 6i+j+3k or (6 1 3).

3
Note: Each of the method marks in this part are dependent upon the previous method marks.
M1: Realisation that the dot product is required between +Ad,and +Bd,. Allow one slip in
d, =i+ 4j — 2k.
Al: Correct application of the dot product formulad, ed, = +|d,||d,|cosé or cos@ =i[%}

1 2

The dot product must be correctly applied and the square roots although they can be un-simplified must
be correctly applied.
Al: awrt 69.1. This can be also be achieved by 180 —110.876 = awrt 69.1. € =1.2064...° is AO.

-12-24+12 _ -24
JE32 4 (-12)7 4 (6)2 (47 +(22+ (27 ) V189424

Alternative Method: Vector Cross Product
Only apply this scheme if it is clear that a candidate is applying a vector cross product method.

Common response: cos 8 = is M1AL...

1) (2 i ok M1: Realisation that the vector cross
d,xd,=| 4|x/1| =<]1 4 -2/ =6i-5-7k product is required between +Ad, and
-2) 1 2 1 1 £Bd,. Allowoneslipin d, =i+ 4j — 2k.

J(6)2 +(5)% + (-7)*

sin @ = Al: Correct applied equation.
JO7+ @7+ (27 @ + W + Q) PRIEE &
. /110
sinfd = ———— = 0=69.1238974...=69.1 (1d Al: 1 69.1
J21.J6 (tp) anr

M1: Attempts to find AP in terms of the parameter by subtracting the components of OP from I, and

OA. Ignore the direction of subtraction and ignore any confusion between OP and PO or between OA
and AO. The correct subtraction of two components is enough to establish that subtraction is intended.
The coordinates or position vector of P must be given in terms of a parameter. Taking P :(x, Y, z) gains
no marks although this can be recovered later. See Additional Solutions.

Al: (M1 onepen) A correct expression for AP . Again accept the reverse direction.

dM1: Depends on the previous M. Taking the scalar product of their expression for AP with
d, or a multiple of d, and equating to 0 and obtaining an equation for 4. The equation must derive from

an expression of the form x x, +V,y, +z,z, =0. Differentiation can be used. See Additional Solutions.
Al: Solvingto find 2=1%.
ddM1: Depends on both previous Ms. Substitutes their value of the parameter into their expression for

OP . Substituting into AP is a common error which loses the mark.
Note: Needs 2 correct co-ordinates if 2 =% found and then P stated without method to gain ddM1.
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‘ Al: 9%i + 14%j - 3§k. Accept vector notation or coordinates. Must be exact.

57

T | EXPERT
I | TUITION



Question

Number Scheme Marks
o 10 -2
27. @ AB=|3|-| 2 |= M1Al1 (2
4 3
10 -2 8 -2
(b) r=| 2 [+t r=[3 |+t 1 M1 Alft (2)
3 4 1
ur 10-2t 3 7-2t
(c) CP=| 2+t |-|12|=|t-10 M1 Al
3+t 3 t
7-2t) (-2
t-10 || 1|=-14+4t+t-10+t=0 M1
t
Leading to t=4 Al
10-8 2
Position vector of Pis | 2+4 |=| 6 L | M1A1 (6)
3+4 7
[10]
Alternative working for (c)
ur 8-2t 3 5-2t
CP=| 3+t |-|12 |=| t-9 M1 Al
4+t 3 t+1
5-2t) (-2
t-9 || 1|=-10+4t+t-9+t+1=0 M1
t+1 1
Leading to t=3 Al
8-6 2
Position vector of P is 3+3}: 6 M1Al (6)
4+3 7
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Sﬂﬁ]ﬂz? Scheme Marks
28, |OA=2i-j+5% , OB=5+2j+10,{OC= 2+ 4+ &} & OD=-i+]+4k
(a) AB==2(Gi+2j+10k)-(2 -j+%));= 3+ I+ % M1; Al
[2]
2 3 5 3
(b) l:r=|-1]+A|3| or r=| 2|+A|3 See notes M1 Alft
5 5 10 5
(2]
Let 8 = BAD
Letd be the shortest
distance fronC to .
B I
-3 3
(c) 2| orDA=|-2 M1
4 5 -1 1
3) (-3 Applies dot product
3le| 2 formula betweer
2B« AD 5] | 1 their (KE or ABGA) M1
cosf= ——— = C—  —
|AB||AD|  |3)+ @)+ (6] JE 3+ (2F+ €1 andtheir (AD or DA).
cosd =+ -9+6-5 Correct followed througt AL
\/(3)2 + (312 + (57 \/ C3F+ 25+ € 15 expression oequation.
-8 Al cso AG
cosfd = ——— = 6=109.029544..= 109 (nearést
NZENEY, ( ) awrt 109
S [4]
(d | OC=0D+DC=0D+AB=(-i+]j+4k)+ (3+3J+K) V1
OC = OB+BC= OB+ AD = (5i + 2j + 1) + (-3 + 2j - k)
S0,0C = 2i + 4j + K Al
[2]
(e) | Area ABCD = (%(\/4_3)(\/ﬁ)sin109) x 2= 23.19894905 awrt 23.2 | M1; dM1 Al
[3]
d .
f ——=sin7l or ~/43d = 2319894905... M1
O T
0 d =+14sh71 = 3.537806563... awrt3.54 | Al
(2]
15
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28. (a)

(b)

(c)

(d)

(e)

(f)

M1: Finding the difference betweddB ardOA.

Can be implied by two out of three components correct #n g+ B or5—3i — 3j— K
Al 3i+3+ XK
M1: An expression of the forr(13 canponent veCt(jri )I( 3 component ve@ttor
Alft: r=OA+A(ther +AB) or r=0B+A(ther +AB).

Note: Candidate must begin writing their lineas or |=..or|y|=.. So, Line=.. would be AO.

M1: An attempt to find either the vectdD or DA.
Can be implied by two out of three components correctin+ 3 —K or 3 — 3 +k, respectively.
M1: Applies dot product formula between théﬁ or ﬁ) ard their(ﬁ or ﬁ)

A1ft: Correct followed through expressionaguation. The dot product must be correctly followed throug
correctly and the square roots although they can be un-simplified must be followed through correctly.
Al: Obtains an angle of awrt 1@ correct solution only.

Award the final A1 mark if candidate achieves awrt 109 by either taking the dot product between:

3

-3

-3

(i (3] and

5

-3
-5

2( or (ii)
-1

3
and| — 2|.
1

Ignore if any of these vectors are labelled incorrectly.

Award A0, cso for those candidates who take the dot product between:

(iii)

-3
-3| and
-5

-3
2| or (iv)
-1

3
3| and
5

3

- 2.

1

They will usually find awrt 71 and apply 180 — awrt 71 to give awrt 109. If these candidates give :
convincing detailed explanation which must include reference to the direction of their vectors then this
given Al cso. If still in doubt, here, send to review.

M1: Applies eitherOD + theirAB or OB + their AD .

This mark can be implied by two out of three correctly followed through components i®Eheir
Al For2 + 4+ %.

M1 4(ther AB)(theirCB)sin( their 109 or 71 from (t)) Awrt 11.6 will usually imply this mark.

dM1: Multiplies this by 2 for the parallelogram. Can be implied.
Note: 4((ther AB +their AB))(their CB) sir( their 109 or 71 from (91)
awrt 23.2
d
their AD
Award MO for (their AB) in part (f), if the area of their parallelogram in part (e) is
(their AB)(their CB).

Al:

M1: :sin(theirlog or 71 from (b))or (their AB)d = (their AreaABCD )

Award MO for =sin71  or (their \/1_4)d = 23.19894905...

d
theirm
Al: awrt 3.54

57

jh

can

Note: Some candidateswill usetheir answer to part (f) in order to answer part (€).
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Alternative method for part (c): Applying the cosine rule:

-1 2 -3 3
AD=0OD-OA=| 1|-|-1|=| 2| orDA=|-2 M1: as above.
4 5 -1 1
5 -1 6 -6
DB=OD-OA=| 2|-| 1|=|1| orBD=| -1
10 4 6 -6

So [AB| = Va3, [AD| = T4 ar[OB| =73

. a’+b*-c* .
M1: Cosine rule structure afos§ =—— assigned
2 2 2 2ab
(V) + () - (79 N — |
cosd@ = each of ‘AB‘, ‘AD‘ ard ‘DB‘ in any order as thea, b andc.
24314
A1l: Correct application of cosine rule.
cosd = _-16 = 6 =109.029544..;= 109 (nearést )A1: awrt 109 (no errors seemnA\G
2.43./14 ' ) '
Alternative method for part (d):
2 3
OE=|-1|+1|3
5 5
2+ 34 -1 3+ 31
DE=|-1+31|-| 1| =|-2+ 3
5+ 51 4 1+ 5
3+34 3
DE*AB=0= |-2+31|+|3|=0 .
1+ 5] 5 M1: Takes the dot product betwe®iE aland

g progresses to find a value af
9+ -6+91+5+ 3 = 0:>/1:—Zg

2+ 34 -1 108

43
DE=|-1+31|-| 1| = |- dM1: Uses their value ofl tofind DE
5+ 51 4 =
Length DE = 3.537806563... Al: awrt 3.54
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Question

Number Scheme Marks
29, |(@) & 6-1=-5+2u
J: -3+24=15-3u Any two equations —| M1
leadingto A4=3, u=4 M1 Al
6 -1 3 -5 2 3
r=|-3(+3] 2|=|3| or r=|15|+4| -3 |=|3 M1 Al
-2 3 7 3 1 7
ki LHS =-2+3(3)=7, RHS =3+4(1)=7 Bl (6)
(As LHS = RHS, lines intersect)
3
Alternatively for B1, showing that A =3 and =4 both give | 3
7
-1 2
(b) 2 || -3 |=-2-6+3=+V14+14cos¢d (6~110.92°) M1 Al
1
Acute angle is 69.1° awrt 69.1 | Al 3
6 -1 5
(¢ r=|-3|+1 2|=|-1| ( = Bliesonl,) B1 (1)
-2 3 1
Il
(d) Letd be shortest distance fromB to |,
i 5) (3 2 d
AB=| -1|-|3|=| 4 A~ oM
1) \7) | -6 ?
uu 2 2 2
‘AB‘=\/(2 _|_(_4) +(_6) ):\/56 awrt 7.5 Al
4 _ino - M1
V56
d =v565in69.1° ~ 6.99 awrt6.99 | Al 4)
[14]
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Question

Number Scheme Marks
30.
(@) | AB=-2i+2j—k—(i—3j+2k)=-3i+5j-3k MLAL  (2)
(b) | r=i-3j+2k+4(-3i+5j-3k) M1 Alft  (2)
or  r=-2i+2j—k+A(-3i+5j—-3k)
(c) | AC = 2i + pj—4k —(i —3j+2k)
=i+(p+3)j-6k or CA |B1
1 -3
AC.AB=| p+3|.| 5 |=0 M1
-6 /| -3
-3+5p+15+18=0
Leading to p=-6 M1 Al 4)
(d) | AC?=(2-1)"+(-6+3)" +(-4-2)° (=46) M1
AC =46 acceptawrt 6.8 | Al
(2)
[10]
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Question

Number Scheme Marks
31. (@) j components 3+24=9 = A1=3 (1=1) M1 Al
Leading to C:(59,-1) accept vector forms | Al (3)
(b) Choosing correct directions or finding AC and BC | M1
1)(5
21.10[=5+2=+6+29cos ZACB use of scalar product | M1 Al
1)(2
ZACB =57.95° awrt 57.95° | Al 4)
(c) A:(2,3,-4) B:(-5,9,-5)
3 10
AC=|6|, BC=|0
3 4
AC*=3+6°+3> = AC=36 M1 Al
BC’=10*+4> = BC=2v29 Al

AABC :%AC x BCsin ZACB
1

=53x/6x2vz9sin4ACBz33.5 15V5,awrt34 | M1 A1  (5)
[12]
Alternative method for (b) and (c)
(b) A:(2,3,-4) B:(-59,-5) C:(59,-1)
AB* =7°+6+1° =86
AC?=3"+6"+3"=54
BC?=10*+0%>+4° =116 Finding all three sides | M1
cos/ACB=110424780 53066 ) M1 Al
211654
Z/ACB =57.95° awrt 57.95° | Al 4

If this method is used some of the working may gain credit in part (c) and
appropriate marks may be awarded if there is an attempt at part (c).
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Question

Number Scheme Marks
32 (@) A:(-6,4,-1) Accept vector forms | B1 1)
4 3
(b) | -1||—4|=12+4+3= /4 +(<1)" +3° /3’ +(~4) +1’ cos0 M1 AL
3 1
0039:E awrt 0.73 | Al 3)
26
(c) X: (10,0,11) Accept vector forms | B1 (1)
10 -6
%
(d AX=|0|-| 4 Either order | M1
11 -1
16
—| -4 cao | Al )
12
(e) |AX|= 16" +(-4) +12° M1
= /416 =\/16x 26 = 4./26 * Do not penalise if consistent | AL )
incorrect signs in (d)
(f) |
1
Use of correct right angled triangle —| M1
A% i
——=cosé M1
d
d= 4\{92_6 ~27.9 awrt 27.9 | Al (3)
26
[12]
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Question

Number Scheme Marks
10 8 2 -2
3 () AB=0B-04=|14 |- 13 |=| 1 or BA=| -1 M1
—4 -2 -2 2
8 2 10 2
r=|13[+A| 1 |orr=|14 |[+4] 1 accept equivalents M1 A1ft (3)
-2 -2 —4 -2
10 9 1 -1
(b) CB=0B-0C=|14|-|9|=| 5 or BC=| =5
—4 6 -10 10
CB=(1"+5%+(~10)")=(126) (=3V14~112) awrt 11.2 M1 AT (2)
(c) CB.AB = ‘@HZE‘ cos
(£)(2+5+20)=+126V9cos M1 A1
cosO=—— = 0~367° awrt 36.7° A1 (3)
V14
(d)
——=siné M1 A1ft
V126
d=35(=6.7) awrt 6.7 A1 (3)
(e) BX*=BC?-d*=126-45=81 M1
1 1 2745
! CBX=E><BX><d=Ex9><3\/5= (z 30.2) awrt 30.1 or 30.2 M1 AT (3)
[14]
Alternative for ()
! CBX=%><d><BCsinLXCB M1
= %x3 V5x~126 sin(90—36.7)° sine of correct angle M1
~30.2 2745 , awrt 30.1 or 30.2 A1 3)
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Question

Number Scheme Marks
34.(a) | d,=-2i+j-4k , d,=qi+2j+2k
As
-2\ (q Apply dot pro?uct (;:_aICL:!ation btetwefen
B B wo direction vectors, ie. | M1
died,=| 1 | 2] +=(-2xQ)+(1x2)+(-4x2) (=2x Q)+ (Lx2) + (—4 x 2)
-4) (2
d,ed,=0 = -29+2-8=0 Sets d,ed, =0
. Al cso
-20=6 = g=-3 AG and solves to find q = -3
[2]
(b) Lines meet where:
11 -2 -5 q
2 |+A 1 | = |11 |+pul2
17 —4 p 2
it 11-21 =-5+qu @) Need to see equations
Firsttwoof j: 2+ 4 =11+2u (2) (1) and (.2)' M1
i Condone one slip.
k:17 =42 = p+2u (3 (Note that q=-3.)
o 3 _ Attempts to solve (1) and (2) to find
(1) +2(2)gives: 15=17+u = u=-2 one of either 2 ory | 9M1
) Anyoneof A=50r u=-2 | A1
(2)gives: 2+ 1=11-4 = A=5
Both A=5and u=-2 | A1
Attempt to substitute their A and
@) = 17 -4 = p+2(-2 into their k component to give an | ddM1
equation in p alone.
= p=17-20+4 = p=1 p=1|Al cso
[6]
11 -2 -5 -3 _ _ _
© r=lolesl 11 or rel11l-9 2 Substitutes theltLvaIue oftiu- orI u |r|1to M1
17 4 1 5 e correct line Iy or I, .
1 1
Intersectat r=| 7 | or (1,7,-3) 7| or(1,7,-3) | A1
-3 -3
[2]
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gﬂrist:gn Scheme Marks

(d) Let OX =i + 7j — 3k be point of intersection

I 9 -8 Finding vector AX by finding the
AX=0X-OA=| 7 |-|3|=| 4 difference between OX andOA. Can | M1/ +
-3) (13) |-16 be ft using candidate’sOX .

OB =OA + AB = OA + 2AX

9 -8 9
OB =|3|+2 4 3 |+ 2| their AX | | gm1+/
13 -16 13
7
I . 11 | or —7i +11j—19k
Hence, OB =| 11 | or OB =-7i+11j-19k 19 Al
-19 e
— or (=7,11,-19)
[3]
13 marks
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Question Scheme Marks
Number
35. (a) | Lines meet where:
-9 2 3 3
O |+A| 1| =1]1|+u-1
10 -1 17 5
10 -9+22=3+3u (1) Need any two of these correct
Any two of j: A =1- pu (2) equations seen anywhere in part | M1
k: 10-1 =17+5u  (3) (a).
Attempts to solve simultaneous
(1)-2(2) gives: -9=1+5u = u=-2 equations to find one of | dM1
either 1 oru
(2) gives: A1=1--2=3 Both A=3& u=-2 | A1
Substitutes their value of either
-9 2 3 3 L or p into the line I, or I,
r=0[+3 1 or r=|1]|-2-1 respectively. This mark can be | ddM1
10 1 17 5 implied by any two correct
components of (-3, 3,7).
3 -3
B o 3| or -3i+3j+7k
Intersectat r=| 3 | or r=-3i+3j+7k 7 — | Al
7 =~ 7
- or (-3,3,7)
Either check thatA =3, u=-2
Either check k- in a third equation or check
A= 3: LHS=10-1 =10-3=7 _ that1=3, | o,
L=—2: RHS=17+5u =17 -10=7 4 =-2give the same
coordinates on the other line.
Conclusion not needed.
(As LHS = RHS then the lines intersect.) [6]
(b) d,=2i+j-k , d,=3i-j+5k
Dot product calculation between the
2 3 two direction vectors:
Asd,ed, =| 1 |o[ -1| = (2x3)+(Lx-1) + (-1x5)=0 (2x3)+(1x-1) + (-1x5) | M1
-1) {5 or6-1-5
Then |, is perpendicular to I,. Result ‘=0’ and Al
appropriate conclusion
[2]
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Question

Number Scheme Marks
35. (c) | Equatingi; -9+21=5 = A=7
-9 2 5 . . re g _ 7
Substitutes candidate’s A = 7 into
r=0|+7 1 1=|7 the line I; and finds 5i + 7j+ 3k . | 5,
10 -1) 3 The conclusion on this occasion is
(= OA. Hence the point A lies on I,.) not needed.
[1]
(d) Let OX =-3i + 3j + 7k be point of intersection
Finding the difference between
3 (5 o their OX (can be implied) and
. OA.
AX=0X —OA=|3 |-|7|=|-4 3y ey | MLVt
) \3) \4 AX=x||3|-|7
7 3
OB = OA + AB = OA + 2AX
5 -8 5
OB =|7|+2| -4 7|+ 2| their AX | | gm1/
3 4 3
-11
I e _ -1 | or -11i - j+11k
Hence, OB =| -1 | or OB =-11i — j+ 11k 11 - | Al
11 -_—
~7 or (-11,-1,11)
[3]
12 marks
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Question

Number Scheme Marks
2 3
36.(a) | OA=| 6| & OB=|4
-1 1
3 2 1 Finding the difference ML+
AB=OB-OA=|4|-|6|=|-2 between OB and OA. -
1 -1 2 Correct answer. | Al
_ [2]
An expression of the form
2 1 3 1 (vector) + A(vector) | M1
L:r=|6 |+A|-2| or r=|4|+4|-2 r = ﬁiﬂ(theirﬁ)or
-1 2 1 2 __ R
r = OBJ_r/l(thelr AB) or
(b) _ A
-1 3 -1 r = OA+ A(their BA)or | 4ef
L:r=|6|+A 2| or r=|4|+4| 2 rzﬁii(theirﬁ)
-1 -2 1 -2 .
(ris needed.)
[2]
0 1 1
(c) L:r={0|+u/0| = r=u40
0 1 1
AB=d,=i-2j+2k,d,=i+0j+k & 6 isangle
1 1
- —210/0 « Considers dot product
cosgo Bedy 2 ) \1 between d, and their AB. M1
(8| Ja.])  (Vor+ 27+ @7 Vo + @7 +@?)
cos O = 1+0+2 Correct followed through AL
\/(1)2 +(-2)*+(2)? _\/(1)2 +(0)2 +(1)? expression or equation.
cos @ = i = 6@=45" or £ or awrt 0.79. 0 =45 or Z or awrt 0.79 | Al cao
3.2
[3]
This means that cosé does not
necessarily have to be the subject of
the equation. It could be of the form
3v2cos6=3.
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Question

Number Scheme Marks
2 1 1
36.(d) |[Ifliandl;intersectthen: | 6 |+ A| -2 | = 4|0
-1 2 1
ii 2+A=u 1) Either seeing equation (2) written
‘. down correctly with or without any
: 6-21=0 2 . . .
] . (2) other equation or seeing equations M1y
Ki-1+22=u ©) (1) and (3) written down correctly.
Attempt to solve either equation (2)
(2) yields 1 =3 or simultaneously so_Ive any two of | dM1
. the three equations to find ...
Anytwo vyields 1=3, u=5
either one of A4 or u correct. | A1
5
2 1Y) (3 1)y (° 0 | or 5i+5k
lL:r=|6|+3 -2|=|0] or r=5/0(=|0 5 Al cso
-1 2 i 1 5 Fully correct solution & no incorrect
values of A or u seen earlier.
[4]
Aliter 3 1 1
36.(d) | Ifliandl;intersectthen: |4 |+ A| -2 | = |0
Way 2 1 2 1
i: 3+A=u @) Either seeing equation (2) written
. _ down correctly with or without any
: 4-21=0 2
] _ (2) other equation or seeing equations M1y
ki 1+20=u ) (1) and (3) written down correctly.
(2) vyields A =2 Attempt to solve either equation (2)
Anvi ields 4= 2 _5 or simultaneously solve any two of | dM1
nytwo yields A=z, u= the three equations to find ...
either one of A or u correct. | A1
5
3 1Y) (5 1) (5 0 | or 5i+5k
L:r={4|+2/-2|=|0] or r=50(=|0 5 Al cso
1 2 i 1 5 Fully correct solution & no incorrect
values of 1 or u seen earlier.
[4]
11 marks

Note: Be careful! A and u are not defined in the question, so a candidate could interchange these or use different scalar

parameters.
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Question

Number Scheme Marks
Aliter 2 -1 1
36. (d) | Iflyand I, intersect then: 6 |+4] 2| =0
Way 3 -1 -2 1
i: 2-A=u 1) Either seeing equation (2) written
. down correctly with or without any
© 6+24=0 2 . . .
] . " (2) other equation or seeing equations M1y
kKi-1-24=p ) (1) and (3) written down correctly.
Attempt to solve either equation (2)
(2) vyields 2 =-3 or simultaneously solve any two of | dM1
i the three equations to find ...
Anytwo vyields A=-3, u=5
either one of A4 or u correct. | A1
5
2 -1} (5 1) (5 0| or 5i+5k
|1:I’= 6 |-3 2 |=|0| or r=5/0|=|0 5 A1l cso
-1 -2 i I 5 Fully correct solution & no incorrect
values of 4 or u seen earlier.
[4]
Aliter 3 -1 1
36.(d) |[Iflyandl;intersectthen: |4 |+ Al 2 | =u|0
Way 4 1 -2 1
i 3-A=u 1) Either seeing equation (2) written
. _ down correctly with or without any
4424 =0 2 . . .
] . " (2) other equation or seeing equations M1y
ki 1-24=u ©) (1) and (3) written down correctly.
(2) yields A =-2 Attempt to solve either equation (2)
Anvt ields A= -2 =5 or simultaneously solve any two of | dM1
Nytwo yields A =-z, p= the three equations to find ...
either one of A4 or u correct. | Al
5
3 -1} (5 1)y (5 0 | or 5i+5k
L:r=[4|-2| 2 |=|0| or r=5/0|=|0 5 Al cso
1 -2 i 1 5 Fully correct solution & no incorrect
values of A4 or u seen earlier.
[4]
11 marks
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